
͸͡Ίʹ

ඍ෼ํఔࣜͱࠩ෼ํఔࣜ͸͍ͯࣅΔͱ͜Ζ͕ଟʑ͋ΔͱΑ͍͘ΘΕΔ. ,ࡍ࣮ ඍ෼ํఔࣜ

ͰಘΒΕͨ݁Ռʹྨࣅత݁Ռ͕ଟ͘͞ݟࢄΕΔ. ͱ͍͏ΑΓΉ͠Ζ, ΊΔٻͷ݁ՌΛࣅྨ

΄͏͕؆୯Ͱ͋ͬͨͱ͍͏΂͖ͩΖ͏. ͋Δఔ౓͕ڀݚਐΊ͹, ಉ༷ͷख๏͕ద༻͢Δ͜

ͱ͕ࠔ೉ʹͳͬͯ͘Δ. ࣮͸ٯʹࠩ෼ͷ៉ྷͳ݁Ռ͕ඍ෼ʹ൓ө͍ͯ͠ΔΑ͏ʹΈ͑Δ.

ಛผͳม׵
ed/dx

͕ +1ࠩ෼Λද͍ͯ͠ݱΔ͜ͱ͔Βྨਪ͞ΕΔΑ͏ʹ, ඍ෼͔ΒಘΒΕΔࠩ෼ʹؔͯ͠ͳ

ΜΒ͔ͷ݁Ռ͕͋ΔͳΒ, ͦΕ͸ඍ෼ʹΑͬͯදݱͰ͖Δ͜ͱʹͳΔ. ͔͠͠, ·͸͏ٯ

͍͔͘ͳ͍. యܕతͳྫ͸, Kolchinͷҙຯͷීวඍ෼֦େ͸ࠩ෼ʹ͓͍ͯ͸ͦͷଘࡏΛ

.Ͱ͋Δ࣮ࣄΔ͜ͱ͕Ͱ͖ͳ͍ͱ͍͏͑ߟ ΋ͬͱ΋ॏେͳҧ͍͕୅਺֦େΛ͢࡯ߟΔ৔߹

ʹΈΒΕΔ. ͨͱ͑͹ࢦ਺ؔ਺ͷఆٛࣜ

De = e != 0

ʹΑͬͯඍ෼ମ C(e)Λͭ͘Γ, ͦͷ 2֦࣍େΛK = C(f), f2 = eͱ͢Δ. K ͸ඍ෼ମ

ʹͳΔ. ඍ෼͕

Df =
1

2
f

ʹΑܾͬͯ·Δ. ࡍ࣮ f2 = eΛඍ෼ͯ͠ 2fDf = De = e = f2 Ͱ͋Δ͔Β. Ұํ τ Λ

τx = x+ 1ʹΑͬͯఆٛ͞ΕΔม׵ͱ͠, τe = 2eʹΑͬͯఆٛ͞ΕΔࠩ෼ମ C(e) ͷ 2

֦࣍େK = C(f), f2 = eʹ͸,
τf = ±f

ͱ 2छͷม׵ ͷՄೳੑ͕Ͱͯ͘Δ. ม׵ͷෆఆੑ͕ඍ෼ͷ৔߹ͱҧͬͯෳࡶͳٞ࿦ͷඞ

ཁੑΛ΋ͨΒ͢ͷͰ͋Δ.

͜ͷΑ͏ʹඍ෼ͱࠩ෼ͱͷؒͷ૬ҧ͕ҰମͲ͏͍͏΋ͷͳͷ͔Λ஌Δ͜ͱ͸େมڵຯ

͋Δ͜ͱ͕ΒͰ͸͋Δ͕, .ΘΕΔࢥΔͱ͜Ζ͸Ͳ͔͜Λ஌Δ͜ͱ΋ҙٛ͋Δͱ͍ͯࣅ ͱ

͍͏ΑΓ, Ή͠Ζ͍ͯࣅΔͱ͜Ζͷݶքͱͯ͠ಛҟੑ͕ग़͢ݱΔͱ͍͏΂͖ͩΖ͏. ࣅྨ

ͷ݁ՌΛ༧૝͠, ,Δ͜ͱͰ͑ߟͷূ໌Λͦʹࡍ࣮ ͸͡Ίͯ૬ҧ఺ΛΈ͚ͭΔ͜ͱ͕Ͱ͖

Δ. ,ൠΘ͕ͨ͠චΛͱͬͨཧ༝΋ͦ͜ʹ͋Γࠓ ͜͜Ͱٞ࿦ͨ͜͠ͱ͕Β͕, ֶੜͷΈͳ

͞Μ͕૬ҧ఺ΛͲΜͲΜ͚ͭݟΔखॿ͚ʹͳΕ͹ͱظ଴͢Δ.
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ͯ͞, ͜ͷ࿦આͰ͸͢࡯ߟΔ؀΍ମ͸Մ׵Ͱ͋Γ, ༗ཧ਺ମQΛ෦෼؀΍෦෼ମͱͯ͠

ؚΉ΋ͷͱ͢Δ. ͢ͳΘͪඪ਺ 0ͷՄ׵ମΛ࡯ߟͷର৅ͱ͢Δ. ؀ R͕ඍ෼؀Ͱ͋Δͱ

͸, ಺෦ʹ࡞༻͢Δඍ෼࡞༻D : R → RΛٞ࿦ʹྀ͓͍ͯߟʹೖΕΔͱ͖ʹ͍͏. ͜͜Ͱ

D(a+ b) = Da+Db, D(ab) = aDb+ bDa (a, b ∈ R)

؀ R͕ࠩ෼؀ͱ͸ม׵ τ : R → RΛྀߟʹೖΕͨ৔߹Λ͍͏.

τ(a+ b) = τa+ τb, τ(ab) = τ(a)τ(b) (a, b ∈ R)

͢ͳΘͪ τ ͸ Rͷࠩ෼࡞༻ͱΑ͹ΕΔ಺෦४ಉܕͰ͋Δ. τR = Rͷͱ͖, R͸

inversive Ͱ͋Δͱ͍͏. [R : τR] < +∞ͷͱ͖, R͸ quasi-inversive (੢Ԭ੪࣏ͷ༻ޠ)

ͱশ͑Δ. ඍ෼ͷ৔߹, ͜ΕʹରԠ͢Δ༻ޠ͸ͳ͍.

ຊ֓೦ج

K ͸ඪ਺ 0ͷՄ׵ମͱ͢Δ. K ͕ඍ෼ମ (ඍ෼؀Ͱମ)ͷͱ͖,

CK = {c ∈ K | Dc = 0}

ΛK ͷ constant field ͱ͍͏. ,ࡍ࣮ ͜Ε͸K ͷ෦෼ମʹͳΔ. CK ͷݩΛK ͷ

constant ͱ͍͏.

K ͕ࠩ෼ମ (ࠩ෼؀Ͱମ)ͷͱ͖,

CK = {c ∈ K | τc = c}

ΛK ͷ invariant subfield ͱ͍͏. ,ࡍ࣮ ͜Ε͸K ͷ෦෼ମʹͳΔ. CK ͷݩΛK ͷ

invariant ͱ͍͏. a ∈ K ͸͋Δ੔਺ n > 0Ͱ τna = aͳΔͱ͖, K ͷ periodic element

ͱΑ͹ΕΔ. periodic elements શମ͸K ʹ͓͚Δ CK ͷ୅਺ดମʹͳΔ. ,ࡍ࣮

τna = a (n > 0)ͱ͢Δͱ a, τa, . . . , τn−1aͷରশࣜ͸K ͷ invariant ʹͳΔ͔Β. ٯ

ʹ, a ∈ K ͕ CK ্୅਺తͳΒ͹, ͦΕ͸ periodic Ͱ͋Δ. ͳͥͳΒ, τka͸ CK ্͢΂

ͯಉ͡୅਺ํఔࣜΛΈ͔ͨ͢Β, ͋Δ hͰ τha = a͕੒Γཱ͔ͭΒͰ͋Δ.

[K : CK ] < +∞ͷͱ͖, K ͸ periodic ͱΑ͹Ε, ͦ͏Ͱͳ͍ͱ͖ aperiodic ͱΑ͹

ΕΔ. લऀͷ৔߹, a ∈ K ͸ CK ্୅਺తͰ͋Δ͔Β, K ͷ֤ݩ͸ periodic Ͱ͋Δ.

Մݸࢉͷෆఆݩ Y0, Y1, . . .ʹΑΔମK ্ͷଟ߲ࣜ؀ΛK[Y0, Y1, . . .]ͱॻ͘. K ͕ࠩ

෼ମͷͱ͖, Y = Y0, Yk = τkY ͱ͢Δ͜ͱʹΑͬͯK[Y0, Y1, . . .]͸ࠩ෼؀ʹͳΔ. ͜Ε
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ΛK{Y }ͱॻ͖, K ্ Y ʹؔ͢Δࠩ෼ଟ߲ࣜ؀ͱ͍͏. K ্୅਺త (ৗ)ࠩ෼ํఔࣜͱ

͸, ͋Δ F ∈ K{Y }ʹΑͬͯ

F (y, τy, . . . , τny) = 0

ͱදࣔ͞ΕΔํఔࣜͰ͋Δ. Yn ͕ F ʹਅʹݱΕΔ͕, Yk (k > n)͸ F ,Εͳ͍ͱ͖ݱʹ

nΛ F ͷ order ͱ͍͍, n = ord F ͱهड़͢Δ. ͜ͷͱ͖, ୅਺తࠩ෼ํఔࣜ F (y) = 0

͸ n֊Ͱ͋Δͱ͍ΘΕΔ.

L/K Λࠩ෼֦େͱ͢Δ. ͢ͳΘͪ, L͸K ্ͷͦΕʹҰக͢Δࠩ෼࡞༻ τ Λ΋ͭͱ͢

Δ. y ∈ LΛؚΉ࠷গͷࠩ෼֦େM/K ΛK〈y〉ͱ͠ه, y Λੜ੒ݩͱ͢Δࠩ෼֦େͱ

͍͏.
M = K〈y〉 = K(τky | 0 ≤ k)

ͱॻ͍ͯ΋ҙຯ͸Θ͔Δͱ͏ࢥ. ͍͔ͭ͘ͷݩΛੜ੒ݩͱ͢Δࠩ෼֦େ΋͑ߟΔ͜ͱ͕Ͱ

͖Δ. ಉ༷ͷه๏Λ༻͍Δ͜ͱʹ͢Δ.

K〈y1, . . . , yn〉 = K(τhyk | 0 ≤ h, 1 ≤ k ≤ n)

y ∈ L͸ඇྵͳ A ∈ K{Y }Ͱ A(y) = 0ΛΈͨ͢ͱ͖, K ্ࠩ෼୅਺తͰ͋Δͱ͍͏. ͜

ͷͱ͖,
td K〈y〉/K ≤ ord A

Ͱ͋Δ. ͜͜Ͱ td͸௒ӽ࣍਺Λࣔ͢. y ͕K ্ࠩ෼୅਺తͰͳ͍ͱ͖, ͦΕ͸K ্ࠩ෼

௒ӽతͰ͋Δͱ͍ΘΕΔ. ͜ͷͱ͖ td K〈y〉/K = +∞Ͱ͋Δ.

L/K Λࠩ෼֦େͱ͢Δ. y1, . . . , yn ∈ L͸, ֤ k ʹରͯ͠ yk ͕K〈y1, . . . , yk−1〉্ࠩ
෼௒ӽతͰ͋Δͱ͖, K ্ࠩ෼ಠཱͱ͍͏. ͜ͷͱ͖ Lͷ֤͕ݩK〈y1, . . . , yn〉্ࠩ෼୅
਺తͳΒ͹, y1, . . . , yn ͸ LͷK ্ࠩ෼௒ӽجఈͱΑ͹ΕΔ.

จࣈ Y1, . . . , Ym Λ༻͍ͯଟม਺ͷࠩ෼ଟ߲ࣜ؀K{Y1, . . . , Ym} Λ̍ม਺ͷK{Y }ͱ
ಉ༷ʹఆٛ͢Δ͜ͱ͕Ͱ͖Δ. ࠩ෼֦େ L/K ͷݩ y1, . . . , ym ͕K ্ࠩ෼୅਺తʹैଐ

Ͱ͋Δͱ͸,
A(y1, . . . , ym) = 0

Λຬͨ͢ඇྵͳ A ∈ K{Y1, . . . , Ym}͕ଘ͢ࡏΔͱ͍͏͜ͱͰ͋Δ.

y1, . . . , ym ͸K ্ࠩ෼ಠཱͰ͋Δͱ͢Δ. ͜ͷͱ͖ z ∈ K〈y1, . . . , ym〉͕K ্ࠩ෼୅

਺తͳΒ͹ z ∈ K Ͱ͋Δ. n = 1ͷͱ͖ z /∈ K ͳΒ, z ͸K{y1}ͷ ,ͷൺͰදΘ͞Εݩ2

෼฼෼ࢠͲͪΒ͔ʹ͋Δ τky1 ؚ͕·ΕΔ. y1 ͸͕ͨͬͯ͠K〈z〉 ্ࠩ෼୅਺తͰ͋Δ. z

͕K ্ࠩ෼୅਺తͰ͋Δ͔Β, y1 ΋ͦ͏Ͱ͋Γ, ໃ६. ͋ͱ͸ inductionͰূ໌Λྃ׬

͢Δ.
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Cyclic vectors

K Λ inversive difference fieldͱ͠, V/K ΛϕΫτϧۭؒ, Ճ܈४ಉܕ Λ τ ͱ͢Δ. ͜

Ε͸ τ(av) = τ(a)τ(v), a ∈ K, v ∈ V ΛΈͨ͢΋ͷͰ͋Δ.

໋୊ K Λ aperiodic ͱ͢Δ. ͜ͷͱ͖, ΋͠ n = dimV < ∞ ͳΒ͹, cyclic vector

v0 ∈ V ͕ଘ͢ࡏΔ. ͢ͳΘͪ

V = 〈v0, τv0, . . . , τn−1v0〉 =
n−1⊕

i=0

Kτ iv0

ূ໌ 0 != u ∈ V Λ೚ҙʹͱΓ, U = 〈u, τu, . . . , τm−1u〉, m = dimU ͱ͠ τmu ∈ U ͱ

Ծఆ͢Δ. m = nͳΒ͜͜Ͱূ໌Λऴ͑Δ. m < nͱԾఆ͢Δ. v /∈ 〈u, τu, . . . , τm−1u〉
ΛͱΓ, tΛࠩ෼ෆఆݩͱͯ͠ z = u+ tv ͱ͓͘.

ω0 = u ∧ τu ∧ · · · ∧ τm−1u ∧ τmv

ͱ͢Δ. ͢Δͱ ω0 != 0Ͱ͋Δ. ͳͥͳΒ u͸K ্ઢࠩܗ෼ํఔࣜͷղͰ͋Δ͜ͱ͔Β U

͸ inversive ͱͳΓ, ΋͠, τmv ∈ U ͳΒ͹ v ∈ U ͱͳΔ. ͜Ε͸Ծఆʹ൓͢Δ. (ω)Λ

ω0 ΛؚΉK ,ఈͱ͠ج্

z ∧ τz ∧ · · · ∧ τmz =
∑

ω

Fωω

ͱද͢. ֤ Fω ͸ tʹؔ͢Δࠩ෼ଟ߲ࣜͰ͋Δ. ͦͷ tʹؔ͢Δઢ߲ܗ͸

tv ∧ τu ∧ · · · ∧ τmu+ u ∧ τ(tv) ∧ · · · ∧ τm(u) + · · ·+ u ∧ τu ∧ · · · ∧ τm(tv)

͕ͨͬͯ͠ Fω0 ͸ τ
mtΛؚΈ, 0ʹͳΒͳ͍. K ͸ aperiodic Ͱ͋Δ͔Β, ͭ͗ͷઅΑΓ,

͋Δ a ∈ K Ͱ, Fω0(a) != 0 ͕੒Γཱͭ. Αͬͯ

z ∧ τz ∧ · · · ∧ τmz

͸, t = aͷͱ͖, 0Ͱ͸ͳ͍. ͢ͳΘͪ, z, τz, . . . , τmz ͸K ্ઢܗಠཱͰ͋Δ. z ͷ࡞

ΓํΛඞཁͳճ਺࣮͢ߦΕ͹ v0 ͷଘ͍͕͑ࡏΔ.

ઢैܗଐੑ

K Λඪ਺ 0ͷࠩ෼ମ, CK ΛK ͷෆมݩશମ͔ΒͳΔ෦෼ମͱ͠, L/K Λࠩ෼֦େͱ

͢Δ.
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0 != A ∈ K{Y }Λ deg A = 1, ord A = n ͷ੪࣍ࠩ෼ଟ߲ࣜͰ͋Δͱ͢Δ. ํఔࣜ

A(y) = 0Λ n֊ઢܗ੪࣍ࠩ෼ํఔࣜͱ͍͏. A(y) = 0ΛΈͨ͢ y ∈ Lશମ͸ߴʑ n࣍

ݩ CL-vectorۭؒͰ͋Δ͜ͱΛࣔͦ͏.

ࡍ࣮ A =
∑n

k=0 akYk, an != 0ͱ͓͘. ͍· y1, . . . , yn+1 ∈ L ͕ A(yi) = 0ΛΈͨ͠,

CL ্ઢܗಠཱͰ͋Δͱ͢Δ.

n∑

k=0

akτ
kyi = 0 (1 ≤ i ≤ n+ 1)

Ͱ͋Δ͕, ͭ͗ʹࣔ͢Α͏ʹ Casoratian det(τkyi) != 0 (0 ≤ k ≤ n, 1 ≤ i ≤ n+ 1) Ͱ͋

Δ͔Β, ak = 0 (0 ≤ k ≤ n)Λಘͯ, ໃ६ʹͳΔ.

໋୊ y1, . . . , yn ∈ L͕ CL ্ઢैܗଐͰ͋ΔͨΊʹ͸ det(τ iyj) = 0 (0 ≤ i ≤ n− 1,

1 ≤ j ≤ n)Ͱ͋Δ͜ͱ͕ඞཁे෼Ͱ͋Δ.

ূ໌ y1, . . . , yn ∈ L͕ CL ্ઢैܗଐͰ͋ΔͱԾఆ͢Δ. ඇࣗ໌ͳ CL ্ઢࣜ܎ؔܗ

n∑

j=1

cjyj = 0

͕੒ཱ͢Δ. (cj) != 0Ͱ͋Δ. ͜ΕΑΓ

n∑

j=1

cjτ
iyj = 0 (0 ≤ i)

Αͬͯ det(τ iyj) = 0ΛಘΔ. ʹٯ Casoratian͕ 0ͱԾఆ͢Δ.

n∑

j=1

cjτ
iyj = 0 (0 ≤ i ≤ n− 1)

Λຬ଍͢Δ, ͢΂͕ͯ 0ͱ͸ݶΒͳ͍ cj ∈ L͕ଘ͢ࡏΔ. ͨͱ͑͹ c1 = 1ͱͯ͠Α͍.
∑

j cjτ
i−1yj = 0ʹ τ Λ࡞༻ͤͯ͞, ্ࣜͱͷࠩΛͱΕ͹

n∑

j=2

(τc2 − c2)τ
iy2 + · · ·+ (τ icn − cn)τ

iyn = 0 (1 ≤ i ≤ n− 1)

ΛಘΔ. ͢΂ͯͷ cj ͕ CL ʹଐ͢ΔͳΒ͹࿩͸ऴΘΔ. ΋͠ τ icj != cj ͳΔ j ͕ଘ͢ࡏΕ

͹ det(τ iyj)1≤i≤n−1,2≤j≤n = 0ͱͳΔ. ,͹͑࢖ೲ๏Λؼͯͦ͠ ͢΂͕ͯ 0ͱ͸ݶΒͳ͍

aj ∈ CL ͕ଘͯ͠ࡏ
∑n

j=2 ajτyj = 0ΛಘΔ. Αͬͯ
∑n

j=2 ajyj = 0ΛಘΔ.
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ҎԼ, K ͸ aperiodic ͢ͳΘͪ, CK ্ແݩ࣍ݶ vectorۭؒͱԾఆ͢Δ.

[K : CK ] = +∞Ͱ͋Δ.

K ্ඇࣗ໌ͳઢܗ੪࣍ࠩ෼ଟ߲ࣜ A ∈ K{Y }ʹରͯ͠, ͋Δ u ∈ K Ͱ A(u) != 0ͱͳ

Δ΋ͷ͕͋Δ. ,ࡍ࣮ nΛ Aͷ֊਺ͱ͢Ε͹, A(y) = 0ͷղ y ∈ K શମ͸ CK ্༗࣍ݶ

.Ͱ͋Δۭؒܗઢݩ ͕ͨͬͯ͠, A(u) = 0ΛΈͨ͞ͳ͍ u ∈ K ͕ଘ͢ࡏΔ.

Ұൠͷ (0 !=)A ∈ K{Y }ʹରͯ͠, A(u) != 0ͳΔ u ∈ K ͕ଘ͢ࡏΔ. n = degAʹؔ

͢Δؼೲ๏Ͱ͜ΕΛࣔ͢. A ∈ K ͷ৔߹໌Β͔. ͋Βͨͳࠩ෼ෆఆݩ Z Λ༻͍ͯ

B =
∂A

∂Y
Z +

∂A

∂Y1
Z1 + · · ·+ ∂A

∂Yn
Zn ∈ K{Y, Z}

ͱ͓͘. n͸ Aͷ֊਺Ͱ͋Δ. ೲ๏ͷԾఆʹΑΓؼ ∂A
∂Yn

(a) != 0 ͳΔ a ∈ K ͕ଘ͢ࡏΔ.

·ͨ, B(a, Z)͸ઢܗͰ͋Δ͔Β B(a, b) != 0ͳΔ b ∈ K ͕ଘ͢ࡏΔ͜ͱ͕Θ͔Δ. ೚ҙ

ͷ੔਺ k ʹରͯ͠ A(a+ kb) = 0͕੒ΓཱͭͳΒ͹, B(a, b) = 0 Ͱͳ͚Ε͹ͳΒͳ͍͔

Β, ͋Δ k Ͱ A(a+ kb) != 0͕੒ཱ͢Δ.

͜ͷ݁Ռ͸ඍ෼ମʹ͓͍ͯ΋ྨࣅతʹ੒ཱ͠, ಉ༷ʹূ໌͞ΕΔ.

໋୊ K Λ aperiodic ͢ͳΘͪ [K : CK ] = +∞ΛΈͨ͢ inversive ࠩ෼ମ, ࠩ෼֦େ

L/K Λ inversive, ͦͯ͠ମͱͯ͠༗ݶੜ੒ͱ͢Δ. ͜ͷͱ͖, ͋Δ η ∈ LͰ L = K〈η〉
ͳΔ΋ͷ͕ଘ͢ࡏΔ.

ূ໌ ͭ͗Λূ໌͢Ε͹Α͍: α, β ∈ Lͱ͢Ε͹, ͋Δ e ∈ K ͰK〈γ〉 = K〈α, β〉ͳΔ΋
ͷ͕ଘ͢ࡏΔ. ͨͩ͠ γ = α+ eβ ͱͨ͠. ͯ͞ tΛࠩ෼ෆఆݩ, u = α+ tβ ͱ͢Δ. t, u

͸K ্ࠩ෼୅਺తʹैଐͰ͋Δ͔Β 0 != A ∈ K{y, z}͕ଘ͠ࡏ

A(t, u) = 0

͕੒Γཱͭ. ∂A
∂zr

(t, u) != 0ͱԾఆͯ͠Α͍. ͜͜Ͱ r = ordz Aͱͨ͠. Λࣜ܎ͷؔه্

tr Ͱඍ෼͢Ε͹
∂A(t, u)

∂tr
=
∂A

∂yr
(t, u) +

∂A

∂zr
(t, u)τ rβ = 0

ΛಘΔ. K ͸ aperiodicͰ͋Δ͔Β e ∈ K Ͱ

∂A

∂zr
(e, γ) != 0 (γ = α+ eβ)

ͳΔ΋ͷ͕͋Δ. tʹ eΛ୅ೖͯ͠

∂A

∂yr
(e, γ) +

∂A

∂zr
(e, γ)τ rβ = 0

6



͕ͨͬͯ͠ τ rβ ∈ K〈γ〉Ͱ͋Δ͕, K,L͸ inversive Ͱ͋Δ͔ΒK〈γ〉΋ inversive Ͱ͋

Δ. ͕ͨͬͯ͠ β ∈ K〈γ〉, K〈γ〉ʹނ = K〈α, β〉ͱͳΔ.

ඍ෼Ճ܈

K Λඪ਺ 0ͷՄ׵ମ, L/K Λ֦େମ, M Λ LՃ܈ͱ͢Δ. L͔ΒM ΁ͷK ্ඍ෼ͱ͸

D(a+ b) = Da+Db, D(ab) = aDb+ bDa (a, b ∈ L)

ΛΈͨ͢ D : L → M Ͱ, K ্ࣗ໌ͳ΋ͷͰ͋Δ. ͦΕΒશମΛ DerK(L,M)ͱද͢.

DerK(L,M)͸ LՃ܈ʹͳΔ. M = Lͷͱ͖, Der(L/K)ͱ͢ه. ͦΕ͸ަࢠ׵ʹΑͬ

ͯ Lie؀ʹͳΔ. ͦͷ૒ରՃ܈Λ ΩL/K ͱ͠ه, LͷK ্ඍ෼Ճ܈ͱশ͢Δ. Ճ܈४ಉܕ

dL/K : L → ΩL/K ͕
dx(D) = Dx (x ∈ L)

ʹΑͬͯఆٛ͞ΕΔ. ΩL/K ͸ dL/KL = {dL/Kx | x ∈ L}ʹΑͬͯੜ੒͞ΕΔ.

M Λ LՃ܈ͱ͢Δͱ͖, ೚ҙͷ D ∈ DerK(L,M)ʹରͯ͠, ͋Δ L্ઢ૾ࣸܗ

α : ΩL/K → M Ͱ
D = α ◦ dL/K

͕ L্Ͱ੒ཱ͢Δ΋ͷ͕͋Δ. Mࡍ࣮ ͸ L্ϕΫτϧۭؒͰ͋Δ͔Β, M = Lͷ৔߹

Λࣔͤ͹Α͍.
α(ω) = ω(D) (ω ∈ ΩL/K)

͕ͦͷఆٛͰ͋Δ. x ∈ Lʹରͯ͠

α(dL/Kx) = dL/Kx(D) = D(x) (x ∈ L)

Ͱ͋Δ͔Β well-definedͰ͋Δ.

K ͸ࠩ෼ମ, L/K ͸ࠩ෼֦େͰ͋Δͱ͠Α͏. ม׵ τ ͔Βඍ෼Ճ܈ ΩL/K ͸ͭ͗ʹ

Αͬͯ, ͋Βͨͳ LՃ܈ʹͳΔ.

x · ω = τ(x)ω (x ∈ L)

͕ͨͬͯ͠, ͭ͗ͷՃ܈४ಉܕ τ∗ : ΩL/K → ΩL/K ͕ಘΒΕΔ.

τ∗(adL/Kb) = τ(a)dL/Kτb (a, b ∈ L)

ͨͱ͑͹, g ∈ L ͕ f = δg = τg − g ∈ K ΛΈͨ͢ͱ͖

τ∗dL/Kg = dL/Kτg = dL/K(g + δg) = dL/Kg
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·ͨ a = τg/g ∈ K ͷͱ͖

τ∗(g−1dL/Kg) = (τg)−1dL/K(τg) = (ag)−1dL/K(ag) = g−1dL/Kg

͕੒Γཱͭ.

Ore domain

ग़య͸

S.A. Amitsur: Commutative linear differentail operators, Pacific J. Math. 8(1958),

1-10

K Λࠩ෼ମͱ͢Δ. τ ʹؔ͢ΔෆมݩશମΛ F Ͱࣔ͢.

F = {a ∈ K | τa = a}

ੵΛ
ξa = δa+ τ(a)ξ, δ(a), τ(a) ∈ K

ʹΑͬͯ, ෆఆݩ ξ ʹؔ͢Δࣜܗత࿨
∑n

i=0 aiξ
i, ai ∈ K શମ͔ΒͳΔू߹K[ξ]͕݁߹

๏ଇͱ෼഑๏ଇ͕੒Γཱͭ؀ʹͳΔΑ͏ʹ͢Δ. ͢Δͱ, δ ͸ඍ෼Ͱ͸ͳ͍͕,

δ(ab) = δ(a)b+ τ(a)δb

͕੒Γཱͭ. K[ξ]Λ Ore domain ͱ͍͏. deg͸௨ৗͷଟ߲ࣜ؀ͱಉ༷ʹఆٛ͞ΕΔ.

Ore domain ͸ྵҼࢠΛ΋ͨͳ͍ (͔ͩΒ, domain).

deg(fg) = deg f + deg g

͕ͳΓͨͭ. ΋͠ δ = 0ͳΒK[ξ]͸ࠩ෼؀ͱͳΔ.

K[ξ]ͷݩ f = a0ξn + a1ξn−1 + · · ·+ an ͷத৺ԽΛ

Zf = {g ∈ K[ξ] | fg = gf}

ʹΑͬͯදΘ͢. Zf ͸K[ξ]ͷ෦෼؀Ͱ͋Δ.

ͭ͗ͷఆཧ͸༩͑ΒΕͨඍ෼࡞༻ૉ f ʹՄ׵ͳඍ෼࡞༻ૉ͸ f ͱ୅਺తؔ܎Λ΋ͭͱ

͍͏प஌ͷ݁ՌͷྨࣅͰ͋Δ. Ұൠͷ Ore domain K[ξ] ͘ڧΔͨΊ৚͕݅͑ߟ͍͓ͯʹ

ͳ͍ͬͯΔ. ఆཧͷূ໌͸, Amitsurͷٞ࿦ͦͷ··ͩ. ͔ͩΒ Amitsurͷఆཧͱ͍͏΂

͖Ͱ͋Δ.
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ఆཧʢAmitsur) F ͸K ಺Ͱ୅਺తʹด͍ͯ͡, δF = {0}ΛΈͨ͢ͱԾఆ͢Δ. ͜ͷͱ

͖, Zf ͸ࣗ༝ F [f ]-Ճ܈Ͱ͋Δ. ͦͷ࣍ݩ͸ nͷ໿਺Ͱ͋Δ. ͦͯ͠ Zf ͸Մ׵Ͱ͋Δ.

ূ໌ ·ͣ a ∈ K ͕पظత, ͢ͳΘͪ τka = a͕੒ཱ͢Δͱ͢Δͱ a͸ F ্୅਺తͰ͋

Δ͔Β, a ∈ F ͦͯ͠ δa = 0, ξa = aξ Ͱ͋Δ͜ͱʹ஫ҙ͠Α͏. Αͬͯ F [f ] ⊂ Zf Ͱ͋

Δ. ͍· g ∈ Zf , m = deg g ͷ initialΛ g0 ͱ͢Ε͹ τm+n ͷ܎਺Λൺֱͯ͠

a0τ
ng0 = g0τ

ma0

ΛಘΔ. ͕ͨͬͯ͠, ΋͠, h ∈ Zf , deg h = mͳΒ͹ hͷ initial h0 ΋ಉ༷ͷؔࣜ܎Λ

Έͨ͢. Αͬͯ, ͋Δ c ∈ F Ͱ g0 = ch0 ͱͳΔ΋ͷ͕ଘ͢ࡏΔ (Amizurͷ Lemma 1.

Amitsurͷূ໌ͷຊ࣭). ͜ΕΑΓ Amitzurͷ Lemma 2͕͍͏ͱ͜Ζͷͭ͗ͷ݁Ռ͕ಘ

ΒΕΔɿ࣍਺mҎԼͷ Zf ͷݩશମ͸ F ্༗ݩ࣍ݶՃ܈Ͱ͋Δ.

Mf = {deg g | g ∈ Zf}ͱ͠, π : Z → Z/nZΛ canonical projection ͱ͢Δ. Mf ͸

࿨ʹؔͯ͠ด͍ͯ͡Δ. πMf ͸ Z/nZͷ෦෼Ճ܈Ͱ͋Δ͔Β, Ґ਺ ρ|nͷ cyclic

submodule Ͱ͋Δ. πMf = {πm1, . . . , πmd} ͱ͢Δ. ͜͜Ͱm1 = 0Ͱ, mi > 0͸࠷গ

ͱ͢Δ. ʢ͜͜Ͱ͸܈࿦ͷૅجత࣮ࣄΛ࢖༻͍ͯ͠Δ. ʣ

gi ∈ Zf Λmi = deg gi ͳΔ΋ͷͱ͢Ε͹, ͦΕΒ͸ F [f ]্ઢܗಠཱͰ͋Δ. ࡍ࣮

g1φ1 + · · ·+ gdφd = 0, φi ∈ F [f ]

Ͱ, ͋Δ φh != 0ͱ͠Α͏. ࣍਺Λ͑ߟΕ͹ deg giφi = deg gjφj ͳΔ i != j ͕ଘ͢ࡏΔ.

mod n ͰΈΕ͹mi ≡ mj ͱͳΓໃ६Ͱ͋Δ.

೚ҙͷ g ∈ Zf ͸
g = g1φ1 + · · · gdφd, φi ∈ F [f ]

ͱද͢͜ͱ͕Ͱ͖Δ͜ͱΛࣔͦ͏. deg g ʹؔ͢Δؼೲ๏ʹΑͬͯূ໌͢Δ. deg g = 0͸

g ∈ F Λ͔ࣔ͢Βओு͸ਖ਼͍͠. m = deg g > 0ͱԾఆ͢Δ. m ∈ Mf Ͱ͋Δ͔Β, ͋Δ i

Ͱm ≡ mi mod n, ͕ͨͬͯ͠m = mi + nk ͱදͤΒΕΔ. c ∈ F Λ

deg(g − cgif
k) < m

ͳΔΑ͏ʹબͿ. .ೲ๏ͷԾఆʹΑͬͯΘΕΘΕͷओு͕ࣔ͞ΕΔؼ

Zf ͕Մ׵Ͱ͋Δ͜ͱΛࣔ͢. g ∈ Zf Λ deg g ͕Mf Λ mod n Ͱੜ੒͢Δ΋ͷͱ͢Δ.

֤ deg gi ͸mod n Ͱ, ͋Δ g ͷ΂͖ͷ࣍਺ͱ߹ಉͰ͋Δ. Mf ʹଐ͢Δ਺͸, ͋Δmi ʹ

߹ಉͰ͋Δ͔Β, Zf ͷ֤ݩ͸༗ݸݶΛআ͍ͯ F [f, g]ͷ͋Δݩͱಉ࣍͡਺Λ΋ͭ. আ֎͞

ΕΔଟ߲ࣜͷ࣍਺Λ N ҎԼͱ͠Α͏. ͢Δͱ೚ҙͷ h ∈ Zf ʹରͯ͠, j Λ೚ҙͷඇྵਖ਼
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਺ͱ͢Δͱ͖, f jh = uj + vj ͳΔ uj ∈ F [f, g], vj ∈ Zf , deg vj ≤ N ͕ଘ͢ࡏΔ. ͜ͷ

Α͏ͳ vj શମ͸ F ্༗ݩ࣍ݶͰ͋Δ. Αͬͯ p ∈ F [f ], u ∈ F [f, g]Ͱ ph = uͳΔ΋ͷ

͕ଘ͢ࡏΔ. ͯ͞ φ, ψ ∈ Zf ͱ͢Δ. ͋Δ p.q ∈ F [f ]Ͱ pφ, qψ ∈ F [f, g]ͳΔ΋ͷ͕

͋Δ.
(pq)(φψ) = (pφ)(qψ) = (qψ)(pφ) = (pq)(ψφ)

Ͱ͋Δ. ͳͥͳΒ F [f, g]͸Մ׵Ͱ͋Δ͔Β. Αͬͯ φψ = ψφ ͢ͳΘͪ, Zf ͸Մ׵Ͱ

͋Δ.

͜ͷ AmitsurͷఆཧʹΑͬͯ, ͕࣍ಘΒΕΔ. Zf ͸Մ׵੔ҬͰ͋Δ. ͦͷ঎ମΛ 〈Zf 〉
ͱॻ͘. F (f) ⊂ 〈Zf 〉Ͱ͋Δ. ͷه্ g ͸ Zf ্ d࣍୅਺తͰ͋Δ. Αͬͯ

[〈Zf 〉 : F (f)] = d

ΛಘΔ.

Harris-Sibuyaͷఆཧ

ग़య͸

W.A.Jr. Harris & Y. Sibuya: The reciprocals of solutions of linear ordinary

differential equations, Adv. in Math. 58(1985), 119-132

K Λ inversiveࠩ෼ମ, L/K Λࠩ෼֦େͱ͢Δ. y ∈ L͸K ্ͷઢܗ੪࣍ࠩ෼ํఔࣜ

τny + a1τ
n−1y + · · ·+ any = 0

ͷඇࣗ໌ղͱ͢Δ. ͜ͷͱ͖K〈y〉͸ inversiveͰ͋Δ. ͳͥͳΒ͹ hΛ ah != 0ͳΔ࠷େ

਺ͱ͢Δ.
τh(τn−hy + b1τ

n−h−1y + · · ·+ bhy) = 0 (τhbk = ak)

Ͱ͋Δ͔Β
τn−hy + b1τ

n−h−1y + · · ·+ bhy = 0

ΛಘΔ. y ͸ τky (1 ≤ k ≤ n− h)ͰදΘ͞ΕΔ͔Β, y ∈ τ(K〈y〉)Ͱ͋Δ.

ఆཧ (Harris-Sibuya) K Λ inversive ͱ͠, L/K Λࠩ෼֦େͱ͢Δ. y ∈ L ͓Αͼͦͷ

਺ٯ 1/y ͸ K ্ઢܗ੪࣍ࠩ෼ํఔࣜΛΈͨ͢ͱԾఆ͢Δ. ͜ͷͱ͖, ࣗવ਺ hͰ τhy/y

͕K ্୅਺తͱ͢Δ΋ͷ͕ଘ͢ࡏΔ.
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ূ໌ K ͸୅਺తดମͰ͋ΔͱԾఆͯ͠Α͍. ূ໌ʹ͸ 1ม਺୅਺ؔ਺࿦ͰΑ͘࢖ΘΕ

Δख๏Λ༻͍Δ []. ·ͣͭ͗ͷ࣮ࣄΛূ໌͠Α͏:

M/K ͸ L/K ͷதؒࠩ෼֦େͱ͠, K ্୅਺త·ͨ͸ 1ม਺୅਺ؔ਺ମͰ͋Δͱ͢Δ.

y ∈ M ͸ͦͷٯ਺ 1/y ͱͱ΋ʹK ্ઢܗ੪࣍ඍ෼ࠩ෼ํఔࣜΛຬ଍͢ΔͱԾఆ͢Δ. ͦ

ͷͱ͖, ͋Δࣗવ਺ hͰ τhy/y ∈ K ͳΔ΋ͷ͕ଘ͢ࡏΔ.

y ͕K ্௒ӽతͰ͋Δͱ͖ͷΈࣔͤ͹Α͍. M/K ͸ inversive Ͱ͋Δ. P ΛM/K ͷ

೚ҙͷૉҼࢠͱ͢Δ. ͢Δͱ

ντP (τu) = νP (u) (u ∈ M)

ʹΑͬͯ৽ͨͳૉҼࢠ τP ΛಘΔ. ࣸ૾ P → τP ͸ injective Ͱ͋Δ. ,ࡍ࣮ P != Q Λҟ

ͳΔૉҼࢠͱ͢Δͱ, ͋Δ u ∈ M Ͱ νP (u) != νQ(u) ͱͳΔ΋ͷ͕͋Δ. Αͬͯ

ντP (τu) != ντQ(τu)ͱͳΔ. ͯ͞ y ͸ઢࠩܗ෼ํఔࣜ

τmy + a1τ
m−1y + · · ·+ amy = 0, ai ∈ K, am != 0

Λຬ଍͢Δͱ͠Α͏. y, τy, . . . , τm−1y ͷۃૉҼࢠશମ͔ΒͳΔू߹Λ

Σ = {P1, . . . , Pn}ͰදΘ͢. τmyͷۃ͸ Σʹଐ͢Δ͔Β, τΣ ⊂ Σ͕੒Γཱͭ. ͕ͨͬ͠

ͯ τ rP = P (P ∈ Σ)ΛΈͨࣗ͢વ਺ r͕ଘ͢ࡏΔ. ಉ༷ʹ y, τy, . . . , τm−1y ͷͲͷྵૉ

Ҽࢠ΋ τs ʹΑͬͯෆมͱ͢Δࣗવ਺ sͷଘ͍͕͑ࡏΔ. ͱ͘ʹ τ rs ͸ y ͷۃ΋ྵ఺΋ಈ

͔͞ͳ͍. Αͬͯ τ rsy/y ∈ K ΛಘΔ.

ఆཧͷূ໌ʹҠΖ͏. y ͸্هͷํఔࣜΛΈͨ͢ͱ͢Δ. A = K[yij ; 1 ≤ i ≤ m,

0 ≤ j ≤ m− 1]Λଟ߲ࣜ؀ͱ͠, ม׵ τ Λ τ jyi0 = yij ʹΑͬͯఆٛ͢Δ. yi = yi0 ͱ͠,

ͦΕΒ͸ y ͱಉ͡ํఔࣜΛΈͨ͢ͱ͢Δ. ͜ΕʹΑͬͯ A͸ࠩ෼੔ҬʹͳΔ. E Λ Aͷ

঎ମͱ͢Ε͹ E/K ͸ࠩ෼֦େͰ, M = K〈y〉ͱK ্ઢܗແؔ࿈Ͱ͋Δ. ME ʹ͓͍

ͯ y ͸

y =
m∑

i=1

ciyi (ci ∈ CME)

ͱදࣔ͞ΕΔ. M/K ͷ௒ӽ࣍਺Λ rͱ͢Δ. ME/E ͷ௒ӽ࣍਺͸ rʹ౳͍͠. ඞཁͳΒ

ॱংΛೖΕସ͑ c1, . . . , cr ͕ E ্୅਺తಠཱͳΔ΋ͷͱ͢Δ. Ei = E(c1, . . . , ci−1, ci+1,

. . . , cr)ͱ͓͘. ME/Ei ͸֦େ࣍਺ 1ͷࠩ෼֦େͱ͑ߟΒΕΔ. ͢Ͱʹಘͨ͜ͱ͔Β, ࣗ

વ਺ hi Ͱ τhiy/y ͕ Ei ্୅਺తʹͳΔ΋ͷ͕ଘ͢ࡏΔ. h = h1h2 · · ·hr ͱ͓͚͹, ֤ i

ʹରͯ͠

τhy

y
=

h/hi∏

j=1

τhijy

τhi(j−1)y
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͸ Ei ্୅਺తͰ͋Δ. Αͬͯ τhy/y ͸ E ্, ͕ͨͬͯ͠K ্୅਺తͰ͋Δ.

[]Ͱड़΂ͨূ໌ʹ͸গ͠ෆඋ͕͋Γ, ͜͜Ͱͦͷగਖ਼Λͨͬߦ.

Sperber ͷఆཧ [] ͷࠩ෼൛Λͯ͑ߟΈͯ͸Ͳ͏͔.

Clairautํఔࣜ

ग़య͸

M.S. Kalmkin: Generalizetion of Clairaut ’s differential equation and the analogous

difference equation, Amer. Math. Monthly 60(1953), 97-99

zh =
n−h−1∑

k=0

(−x)k

k!

dh+ky

dxh+k

ͱ͢Δͱ͖, ʢҰൠԽ͞ΕͨʣClairautܕ୅਺తඍ෼ํఔࣜ͸

F (z0, z1, . . . , zn−1) = 0

Ͱ༩͑ΒΕΔ. F ͸ zi ୡʹؔͯ͠ෳૉ਺ମ্ nม਺ط໿ଟ߲ࣜͰ͋Δͱ͢Δ. ͜Ε͸ yi

ୡʹؔͯ͠΋K .໿Ͱ͋Δط্

y Λ C(x)্ F = 0ͷҰൠղͱ͠Α͏.

d

dx
zh =

n−h−1∑

k=1

−(−x)k−1

(k − 1)!

dh+ky

dxh+k
+

n−h−1∑

k=0

(−x)k

k!

dh+k+1y

dxh+k+1
=

(−x)n−h−1

(n− h− 1)!

dny

dxn

Ͱ͋Δ͔Β, F (z0, . . . , zn−1) = 0Λඍ෼ͯ͠

dny

dxn

n−1∑

k=0

(−x)n−h−1

(n− h− 1)!

∂F

∂zk
(z0, . . . , zn−1) = 0

Αͬͯ dny/dxn = 0, ͦͯ͠ dzh/dx = 0ΛಘΔ. ͞Βʹ

y =
n−1∑

k=0

xk

k!
zk

Ͱ͋Δ.
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ࠩ෼Ͱ͸গ͠ࣄ৘͕ҟͳΔ. K Λࠩ෼ମ,

K{Y } = K[Y0, Y1, . . .], Y0 = Y, Yk = τYk−1 (1 ≤ k)

Λࠩ෼ଟ߲ࣜ؀ͱ͠, K ʹ͸
δx = 1, δ = τ − 1

ͳΔݩ x͕ଘ͢ࡏΔͱԾఆ͢Δ. C = IK ͸୅਺ดମͰ͋ΔͱԾఆ͢Δ.

a ∈ K× ʹର͠
(
a

k

)
=

a(a− 1) · · · (a− k + 1)

k!
,

(
a

0

)
= 1

ʹΑͬͯK ͷݩΛఆٛ͢Δ. ͕ͭ͗੒Γཱͭ.
(
a

k

)
=

(
a− 1

k

)
+

(
a− 1

k − 1

)

ͯ͞ nΛࣗવ਺ͱ͠

Zh =
n−1∑

k=h

(
−x

k − h

)
δkY ∈ K{Y }

ͱ͓͘. ֤ʹٯ δhY ͕ͨͬͯ͠ Yh Λ Zk (0 ≤ k ≤ n− 1)ͷઢ݁ܗ߹ʹΑͬͯදΘ͢͜

ͱ͕Ͱ͖Δ. ͱ͘ʹ, ެࣜ

k∑

h=0

(
x

h

)(
−x

k − h

)
= 0 (k > 0), 1 (k = 0)

ʹΑͬͯ

Y =
n−1∑

k=0

(
x

k

)
Zk

ΛಘΔ. ,ͷެࣜ͸ه্ ೚ҙͷࣗવ਺mʹରͯ͠

k∑

h=0

(
m

h

)(
−m

k − h

)
= 0 (k > 0), 1 (k = 0)

͕੒ཱ͢Δ͜ͱ͔Β໌Β͔. Zh ʹؔͯ͠͸

τZh =
n−1∑

k=h

(
−x− 1

k − h

)
(δk+1 + δk)Y

=

(
−x− 1

0

)
δhY +

n−1∑

k=h+1

((
−x− 1

k − h− 1

)
+

(
−x− 1

k − h

))
δkY +

(
−x− 1

n− h− 1

)
δnY

= δhY +
n−1∑

k=h+1

(
−x

k − h

)
δkY +

(
−x− 1

n− h− 1

)
δnY
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Αͬͯ

δZh = φhδ
nY, φh =

(
−x− 1

n− h− 1

)
∈ K

ΛಘΔ.

͍· nΛࣗવ਺, z0, . . . , zn−1 Λෆมݩͱ͠, ͦΕΒ͕ 0Ͱͳ͍ C ্ nม਺ଟ߲ࣜ F

F (z0, z1, . . . , zn−1) = 0

ΛΈͨ͢ͱ͢Δ.

y =
n−1∑

k=0

(
x

k

)
zk

ͱ͢Δͱ͖, Φ = F (Z0, Z1, . . . , Zn−1) ∈ K{Y }ʹରͯ͠

Φ(y) = 0,

͕੒Γཱͭ. ·ͨ, δny = 0΋੒ཱ͢Δ. Φ(y) = 0 Λ Clairautํఔࣜͱ͍͏. ඍ෼ͷͱ͖

ͱ͜ͱͳΓ, Clairautํఔࣜͷղ͕ δny = 0Λඞͣ͠΋ຬ଍͢Δͱ͸ݶΒͳ͍.

ͨͱ͑͹ํఔࣜ
y − xδy − (δy)2 = 0

Λ͑ߟΔ (cf. Boole ͷࠩ෼ํఔࣜͷຊ, p.159). ࠩ෼͢Ε͹

−(x+ 1)δ2y − δ2(y)τδy − δ(y)δ2y = 0,

Αͬͯ
δ2(y)(δ2y + 2δy + x+ 1) = 0.

δ2y != 0 ͱԾఆ͢Δ. ͜ͷͱ͖

δ(δ + 2)y = −x− 1

ΛಘΔ. ͜ͷҰൠղ͸

y = −1

4
x2 +

1

16
+ ae+ b (δa = δb = 0)

Ͱ༩͑ΒΕΔ. ͜͜Ͱ τe = −e != 0 ͱ͢Δ. y − xδy − (δy)2 = 0 ΑΓ a = b = 0ΛಘΔ.

͕ͨͬͯ͠, ௨ղڞ (δ2y != 0Ͱ͋ͬͨ)͸

y = −1

4
x2 +

1

16
.

Clairaut ํఔࣜͷҰൠղ y = cx+ c2 (δc = 0) ʹ͜Ε͸΋ͪΖΜଐ͞ͳ͍. ࠩ෼ͷ৔߹

ʮแབྷઢʯΛͲͷΑ͏ʹཧղ͢΂͖͔ʁ
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Poincaréͷఆཧ

ৗඍ෼ͷ৔߹ʹରͯ͠͸

੢Ԭٱඒࢠ: ඍ෼ମͷཧ࿦, ,ग़൛ཱڞ 2010

K Λ୅਺ดମ, R/K ΛҰม਺୅਺ؔ਺ମ, τ ∈ Aut (R) Ͱ τK = K ͳΔ΋ͷͱ͢Δ.

ૉҼࢠ P ʹରͯ͠, ૉҼࢠ τP Λͭ͗ʹΑͬͯఆٛ͢Δ.

ντP (τx) = νP (x)

P → τP ͸૒ࣹͰ͋Δ.

೚ҙͷҼࢠ A =
∑

P mPP ʹରͯ͠ τA =
∑

P mP τP ͱఆٛ͢Δ. A ͕ਖ਼ҼࢠͳΒ

͹ τA ΋ਖ਼ҼࢠͰ͋Δ. ·ͨ x ∈ R ʹରͯ͠ τ(x) = (τx) Ͱ͋Δ. ࡍ࣮

(x) =
∑

P νP (x)P Ͱ͋Δ͔Β

τ(x) =
∑

P

νP (x)τP =
∑

τP

ντP (τx)τP = (τx)

֤Ҽࢠ A ʹରͯ͠ τL(A) = L(τA) ͕੒ཱ͢Δ. ,ࡍ࣮ (x) +A ≥ 0 ͱ͢Δͱ

(τx) + τA ≥ 0 Ͱ͋Δ͔Β τL(A) ⊂ L(τA) ΛಘΔ. τ−1 Λ͑ߟΕ͹ٯͷแؚؔ܎Λ

ಘΔ.

ఆཧ K Λࠩ෼ମ, R/K Λ 1ม਺୅਺ؔ਺ମͰ, inversive ࠩ෼֦େͱ͢Δ. ͜ͷͱ͖΋

͠ R/K ͷछ਺ g ͕ 2 Ҏ্ͳΒ͹, R ͸पݩظʹΑͬͯੜ੒͞ΕΔ.

ূ໌ τ ͸Weierstrass఺શମͷஔ׵Λ༩͑Δ. Αͬͯ͋Δ r Ͱ τ r ͸͢΂ͯͷ W఺Λ

ෆಈʹ͢Δ. P ΛWeierstrass఺Ͱ, n ≤ g Λ dimL(nP ) = 2 ͳΔ΋ͷͱ͢Δ. 1, z Λ

L(nP ) ͷ K-جఈͱ͢Δ. τ rz ∈ L(nP ) ΑΓ τ rz = az + b ͱͳΔ a, b ∈ K, a != 0 ͕ଘ

.Δ͢ࡏ Q Λ P ͱҟͳΔWeierstrass఺ͱ͢Δͱ, ͋Δ α ∈ K Ͱ νQ(z − α) > 0 ͱͳ

Δ. Q1 Λୈ 3ͷWeierstrass఺ͱ͠, νQ1(z −α1) > 0 (α1 ∈ K) ͱ͠Α͏. α != α1 ͱͱ

Δ͜ͱ͕Ͱ͖Δ. ͳͥͳΒ [R : K(z)] = n Ͱ͋Δ͔Β, νQ1(z − α) > 0 ͱͳΔ఺ Q1 ͸

ʑߴ g .ͳ͍͔͠ݸ Ұํ Weierstrass఺ͷݸ਺͸গͳ͘ͱ΋ 2g + 2 .Ͱ͋Δݸ Αͬͯ࢒

Γ g + 1 Ҏ্ͷ఺͔Βݸ ॴཁͷWeierstrass఺Λ࠾༻͢Δ͜ͱ͕Ͱ͖Δ. τ rα = aα+ b,

τ rα1 = aα1 + b ͕੒ཱ͢Δ. ͦ͜Ͱ

u =
z − α
α1 − α

ͱ͓͚͹ τ ru = u ΛಘΔ. n ͱ͍ޓʹૉͳ, ͋Δ੔਺ m Ͱ, dimL((m− 1)P ) <

dimL(mP ) ͳΔ΋ͷ͕͋Δ. ͦ͜Ͱ v ∈ L(mP ) \ L((m− 1)P ) ΛͱΕ͹, R = K(u, v)
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Ͱ͋Δ. τ r ͸ P ͷҐ૬ʹؔͯ͠࿈ଓͰ͋Δ͜ͱʹ஫ҙ͠, ૉݩ tP Λ u = t−n
P ͳΔΑ͏

ʹͱΔ. τ ru = u ΑΓ K((tP )) ʹ͓͍ͯ τ rtP = εtP , εn = 1 ΛಘΔ. ͢Δͱ τ rntP = tP

Ͱ͋Δ. σ = τ rn ͱͯ͠, σtP = tP Ͱ, v ͸͋ΔK-্ઢܗ੪࣍ํఔࣜ

F (v) = σkv + a1σ
k−1v + · · ·+ akv = 0

ΛΈͨ͢. v ∈ K((tp)) Λ tP ʹؔͯ͠ల։͢Δ.

v =
∞∑

i=−m

βit
i
P

਺܎֤ βi ͸ F (βi) = 0 ΛΈͨ͢. ͦ͜Ͱ V = {x ∈ K | F (x) = 0} ͱ͓͚͹, ͜Ε͸

M = {x ∈ K | σx = x} ্ઢۭؒܗͰ, ͦͷ࣍ݩ d ͸ k Λ௒͑ͳ͍. V ͷ M ఈΛج্-

γ1, . . . , γd ͱ͢Δͱ,

v =
d∑

i=1

wiγi

ͳΔදࣔΛಘΔ. ͜͜Ͱ wi ∈ M((tP )), σwi = wi Ͱ͋Δ. wi ͸ σjγi(0 ≤ i, j < d) ͓

Αͼ σjv (0 ≤ j < d) ʹΑͬͯදΘ͞ΕΔ. Αͬͯ wi ∈ R Ͱ͋Δ͜ͱ͕Θ͔Γ,

R = KM ͕݁࿦͞ΕΔ.

ఆཧ͸ R/K ͕ quasi-inversive Ͱ͋Δͱͯ͠΋੒ཱ͢Δ. ͦΕ͸ Hurwitzͷެ͔ࣜΒ

Θ͔Δ.
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