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ABSTRACT. In the present paper sufficient conditions are found for existence of al-
most periodic solutions of hyperbolic systems of impulsive differential equations. The
impulse effects are realizing at fixed moments of time.

1. INTRODUCTION

In the recent years the impulsive differential equations are an object of various investiga-
tions [1]-[5].

In the present paper is studied the problem of existence of almost periodic solutions of
hyperbolic systems of impulsive differential equations in the case when the impulse effects are
realized in fixed moments of time.

2. PRELIMINARY NOTES. STATEMENT OF THE PROBLEM

Let R™ be the n-dimensional Euclidean space with elements z = col(21, 22, ...,2,) and
with the norm ||z|| = (3}, 27 Y2 and let R = (—00,00), Br = {z € R™: ||z|| < h}. Let
the points ¢; € R, (i = £1,+2,...) be fixed and such that ¢; < tiy;, lim; 400 t; = Fo0.

In the present paper we consider the following systems of impulsive differential equations:

z=A(t)z+ f(t), t#ts, (1)
Az(t;)=b;, i==1,%2,... (2)

and
2= A()z+F(t,2), t#t, ®3)

Az(ts) = L(2(t:)), i=+1,42,..., (4)
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where t e R,z € R*", A:R—-R"xR"* f:R — R", {bi}, i = £1,%2,..., is a sequence of
constant n-dimensional vectors, F : R x R* — R", I; : R®™ — R", i = +1,42,..., Az(t:) =
z2(ti +0) — z(t: — 0), ¢ = £1,+2,.. ..

We denote by z(t) = 2(t;to, 20) the solution of the problem (1), (2) ((3), (4)) with the
initial condition z(to) = zo.

Let us note that the solution z(t) is piecewise continuous function with points of discon-
tinuity at the moments £;, ¢ = +1,12,..., at which it is continuous from the left, i.e., the
solution z(t) of the system (1), (2) satisfies the relations

z(t: — 0) = z(t:),
Z(ti + 0) = z(t,-) + Az(t;) = z(t;) + b,

while for the solution z(t) of the system (3), (4) the following relations hold true:

z(t: — 0) = z(t:),
z(ti + 0) = z(ti) + Az(t,-) = z(t.-) + I,-(z(ti)).

For t # t;, the solution z(t) of the system (1), (2) is defined by the system (1). At the
moments £;, 1 = +1,+2,..., the solution z(t) of the system (1), (2) is an object of impulsive
effect. At the intervals (ti,tiy1], ¢ = £1,%2,..., the solution z(t) of the system (1), (2)

coincides with the solution of the system

v = A(t)v + f(2),
’U(t.') = z(ti) + b;.

The solution z(t) of the system (3), (4) is described in analogous way.
Together with the systems (1) and (3) we will consider the corresponding homogeneous
system
2= A(t)z. (5)

Definition 1. [4] The system (5) is said to be hyperbolic, if there exist constants a > 0,
A > 0, and for each ¢ € R there exist linear spaces Mt (t) and M~ (t) whose external direct
sum is M*(t) ® M~ (t) = R" and such that if zo € M (fo) then for all £ > to the inequality

ll2(t; to, 20)| < aljzolle™ "),
holds true, while if zo € M~ (to) then for all ¢t < ¢ we have

ll2(t; to, z0)ll < alfzole***0).
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In the present paper we shall consider the problem of existence of almost periodic solutions
of the systems (1), (2) and (3), (4) assuming that the corresponding homogeneous system (5)
is hyperbolic.

Since the solutions of (1)—(4) are piecewise continuous functions, we adopt the following

definition of almost periodic piecewise continuous function.

Definition 2. [6] A piecewise continuous function ¢ : R — R™ with discontinuities of the
first kind at the points ¢;, ¢ = 1, +2,.. ., is called almost periodic, if:

)
i=—o00

b) For any & > O there exists a real number & > 0 such that if the points ¢’ and t” belong

a) The set of sequences t; = {ti+; — t:} is uniformly almost periodic.

to one and the same interval of continuiuty and they satisfy the inequality [t' — t”/| < §, then

le(t) — o)l <e.
¢) For any € > 0 there exists a relatively dense set T of e-almost periods such that if 7 € T,
then [|o(t + 7) — (¢)|| < € for all ¢ € R satisfying the condition |t — ;| > €, 1 = +1,42,....

We introduce the following conditions:

H1. The matrix-valued function A(t) is continuous and almost periodic in the sense of
Bohr for t € R.

H2. The system (5) is hyperbolic.

H3. The function f(t) is piecewise continuous with points of discontinuity of first kind
t;, i ==+1,42,..., and it is almost periodic.

H4. The sequence {b;}, i = +1,42,..., is almost periodic.

HS5. The set of sequences {E;}, j = +1,+2,..., is uniformly almost periodic, and there
exists 6 > 0 such that
inf{ti+1 —t;i>0: 1= :hl,:l:?,...}.
H6. The function F(t,z) is almost periodic with respect to ¢, and uniformly continuous
with respect to z, z € Q, Q C R".

H7. The functions I;(z) are continuous and they form almost periodic sequence uni-
formly with respect to z € 2, Q@ C R™.

In the paper we shall use the following lemmas.

Lemma 1. (7] Let the set of sequences {E;} be uniformly almost periodic.
Then for each p > O there exists a positive integer N such that on each interval of length
p there are no more than N elements of the sequence {t;}.

Lemma 2. (7] Let the condition H5 be fulfilled.
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Then, if ¥(t), ¥ : R — R", is almost periodic function, then the sequence {(t:)},
1 =%1,£2,..., is almost periodic.

Lemma 3. (7] Let the following conditions be fulfilled:

1. Condition H5 is met.

2. P(t), v : R - Q,Q C R", is piecewise continuous function with points of discontinuity
of the first kind t;, i = +1,42, ..., and it is almost periodic.

3. F(y) is uniformly continuous function, defined in G.

Then F(1(t)) is almost perjodic function.

Lemma 4. [7] Let conditions H1, H3-H5 be fulfilled.
Then for each € > 0 there exist €1, 0 < €1 < € and relatively dense sets T of real numbers,
and Q of whole numbers, such that the following relations are fulfilled:
(3) |JAG+7)—A@)|<e teR,7eT,
(@) lfE+7)—f@®)l<e, teR, 7T, |t—t]|>e i==21,£2,...
(i) ||bi+q —bil| <&, q€Q,i==%1,%2,...
(i) |Eq—T7l<e1, ge@,7eT,i==%1,£2,....

3. MAIN RESULTS

Lemma 5. Let conditions H1, H2 and H5 be fulfilled.
Then there exists a non-singular transformation defined by almost periodic matrix S(t),
which reduces the system (5) into the next ones

&=Q*(t)x (6)

and
v=Q (V)y, M

where x € R*, y € R**, and the following assertions hold true:

1. The matrices Q*(t) and Q~(t) are almost periodic matrix-valued functions.

2. If ®*(t,s) and & (t,s) are the corresponding fundamental matrices of the systems
(6) and (7) then following inequalities hold true

@, s)| <ae ¢, t>s, (®)
1@~ (t,s)l| <@, t<s, (9)

where@ > 0, A > 0.
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3. Foreache > 0,t €R, s € R there exists relatively dense set T of e-almost periods,
such that for each T € T the fundamental matrices ®*(t,s) and ®~ (t, s) satisfy

|+ 7,5+ ) —®%(t, )| < sKe_%'(t_’), t>s, (10)
™ (t+7,s+7)— B (t,s)]| < eKe?®9, t<s, (11)

where K = const. > 0, and ) is the constant defined at the assertion 2 of Lemma 5.

Proof. Assertions 1 and 2 are immediate consequences of Theorem 1 in [4]. In fact,
following the ideas used in [4], we define the matrix S(t) to be formed by the vector-columns
which are the solutions of (5). It follows from the conditions of Lemma 5 that S(£) consists
of almost periodic functions.

On the other hand, the transformation z = S(t)u rewrites (5) in the form
= Q(t)y,

where

Q(t) = 57'(2) (A@®)S() - 5(1)) -
Hence, Q(t) is almost periodic function. The estimates (8) and (9) are direct consequences
of Theorem 1 in [4].

To prove assertion 3, we let ®*(t,s) and &~ (t, s) to be the fundamental matrices of the
systems (6) and (7), respectively. Then for each € > 0 the following relations hold true:

0%t (t,s)
ot
9% (t,s)
ot

=Q )t (t+ms+7)+ [QHt+7) - Q)] @T(t + 7,5+ 1),
=Q M (t+7s+7)+[QT(E+T)-Q ()] S (t+T5+7),
and
et(t+7,847)=0%(t,s) +
+ / t ¥ (t,9) (Q* (v +7) - QT (v)) ®¥ (v + 7, 5 + T)dw,
O (t+7,s+7)=3 (t,8)+
+/st & (t,v) (R (v+7) - Q™ (v) @ (v+7,5+T)dv.

Therefore,

lo* @+ 75 +7) - @*(t,9)] <
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/ 8% 69| [@F @) - Q@] [|¥w+ rys )] do,
||~ +:—, s+7) =3 (t,5)| <
/t "o @) lom @+ - @ @) [|e"@+ 78+ 1) dv.
1t follows from (8)
|@* ¢+ 7,5+ 1) — 8" (8, 9)|| < eKe3E,

where K = (@)%. The proof of the estimate (11) is analogous. [ |
It follows from Lemma 5 that by the help of transformation with the matrix S(t), the
system (1), (2) takes on the form

s=Q @)+ fT(t), t#t, (12)
Az(t:)=bf, i=Z1,%2,..., (13)
g=Q (y+f (), t#t, (14)
Ay(t:) =b;, i==£1,%2,..., (15)

where z € R, y € R**, f+ : R - R*, f~ : R —» R**, and b} and b; are k- and
n — k-dimensional constant vectors, respectivelly.
In an analogous way, the system (3), (4) after the transformation with the matrix S(t)

takes on the form

&=Q )z + Ft(t,z,y), (16)
¥=Q (yy+F (tz,y), (17
Az(t:) = I (z(t:), y(t:)), (18)
Ay(t:) = I (z(t:), y(t:)), i=41,%2,..., (19)

where F* : R x RF x R"* - R*, F~ : R x R* x R*"* — R*~* [} : R* x R"™* — RF,
I7 :RE xR S R, i=+1,42,....
Theorem 1. Let the conditions H1-H5 be fulfilled.

Then the system (1), (2) has a unique almost periodic solution, which is asymptotically
stable.

Proof. We consider the following equations

z(t) = / t ot (t,s)f*(s)ds + Z o (¢, t:)b7,

—o° <t
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v =- [ & () (s - Y@ e,

ti>t

which are equivalent to the systems (12)—(15).

Let € > 0 be an arbitrary chosen constant. It follows from Lemma 4 that there exist sets

T and Q such that for each 7 € T and q € Q the following estimates hold true:

||:c(t+'r)—a:(t)||§/ |@* ¢+ 7 s+7)—@%(t,s)|| ||FF(s+7)| ds +

—00

+/ |l @* @ s)|| ||£F (s +7) = £+ ()| ds +

+ Z @t + 7 tira) — @ (5, t)|| ||65a ]| +

<t

+2_llet @ el ok, -8t

i<t

and
ly(t +7) — y(@)|| < / |e~(t+7s+7) - @ (t,3)| ||~ (s +7)| dr +

+/' R ||f"(s+r)—f'(s)||ds+
+Y ||®7(t + 7 tira) -

t<t;

+2_llem ] flosg - 5711

t<tg

It follows from Lemma 5, (20) and (21) that
lz( +7) — z(£)|| < Rue,

where

oK 2KN 2Na
R, = DY Sup ||f+(t)” + + 1—e372 i=¢sll,l£2, I|b+" + 1= e(i,\ .

In the same manner we obtain

ly(t +7) — 3 (DIl < Rze,

where
2KN su
T—e 2 1o

2Na
1—e->"

2K - a
R"’:Tf:}:”f (t)||+§+ |+

(20)

(21)

(22)

(23)
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It follows from (22) and (23) that the solution z(t) = ((t),y(t)) of the system (1), (2) is
almost periodic function. On the other hand, each solution (z(t), ¥(t)) of the system (1), (2)

can be written in the form

z(t) = ®¥(t, to)c + /‘ ®*(t,8)f T (s)ds + z &+ (¢, t:)b7,

to <t <t

v == [ @ (s = 30",

;i >t

where c is a constant k-dimensional vector.
It follows that for two different solutions z1(¢) and z2(t) of the system (1), (2) the estimate

llz1(8) — 22(8)|| < Ge™ 7% ||z1 (20) — 22(to) (24)
holds true.
Thus, (24) implies the uniqueness and almost periodicity of the solution of (1), (2). M

Theorem 2. Let the following conditions be fulfilled:
1. Conditions H1, H2, H5-H7 are met.
2. The functions F(t,z) and I;(2), i = £1,+2,..., satisfy the Lipschitz condition with

a constant L with respect to the variable z in the domain R X Bh, i.e.,
|F(t,21) — F(t, 22)|| + 1 i(21) — Li(z2)l] < L |22 = 22,

and they are bounded, i.e., there exists a constant H > 0 such that

max{ sup [F(2)l,  sup ||L-(z)n}SH.

tER,zEBy, i=+1,£2,...,2EB),

3. The inequalities

a 2aN
HX+H—1—6“A < h,

a 26N
Lytiizes <t

are valid.
Then the system (3), (4) has a unique almost periodic solution.

Proof. We denote by APC the set of all functions ¢(t), ¢ : R — R7, which are
piecewise continuous with points of discontinuity of the first kind ¢;, ¢ = +1,42,..., and
which are almost periodic. We introduce in APC a norm as follows: if ¢ € APC then
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[o|l = sup,er llo(t)]l. On the set D, D C APC : D = {yp € APC: |p| < h}, we define an
operator R such that if ¢ € D, then ¢ = (¢*,p~), where p* : R = R¥, o~ : R — R"~F,
Ry = (Rp*,Rp™) and u = Rp™ is almost periodic solution of the system

a=Q (tyu+ Fr(t,e(t)), t#t,
Au(t:s) = IF (@(t:)), i=+1,42,...,

and v = Ry~ is almost periodic solution of the system

v =Q (t)v+ F_(t, ‘P(t))a t# &,
Au(ti) = I (p(t:)), i==%1,£2....

Let us note that the existence of the almost periodic solutions u(t) and v(t) is guaranteed
by Theorem 1. In fact, the almost periodicity of the sequence {®(¢:)}, i = £1,+2,... follows
from Lemma 2, and if the method of finding of common almost periods [4] will be used, we
obtain that the sequence {I;(¢(t:))}, ¢ = +1,+£2,... is almost periodic also. The almost
periodicity of the function F(t,(t)) follows from Lemma 3. Further on, conditions 2 and 3
imply that R(D) C D.

Let ¢(t), ¥(t) € D. Then the estimate

1 2N
IRe - Ryll < La (5 + == ) lo - ¥l (25)
holds true.
It follows from condition 3 of Theorem 2, and from (25), that R is a contraction operator
on D. Hence, the system (3), (4) has a unique almost periodic solution. ||
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