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Abstract

Localization problem for absolute summability of Fourier series has been examined.

1. Let 3anx be a given infinite series with {s.} as the sequence of its #-th partial sums. Let
{p} be a sequence of positive numbers such that Pa=po+ pi+++++ ps — o as #—— o, The
series X1ax is said to be summable | N, pnle, £21 if

S(&Y 7 T D<o, 1)

n=1\ Pn
where

=Ll
T"_ Pn EovaU-

For k=1, the summability | N, pa|x reduces to the summability | N, p.| which is the same as
summability | C, 1| for p»=1 and is equivalent to the summability | R, log #», 1| for pn=ﬁ.

Let 7(¢) be a periodic function with period 27 and integrable (L) in (—x, z) and let £(¢)~
%"'2((% cos nt+ basin nt)=2A.(¢). It is well known (ref. [15]) that convergence of a
Fourier series at a point is a local property, that is to say however small § >0 may be, the
behaviour of {s.(x)}, the n-th partial sum of the series 21 A.(x), depends upon the nature of the
generating function in the interval (x—¢&, £+ 68) only and is not affected by the values it takes
outside the interval. On the other hand it is known that absolute convergence of a Fourier
series is not a local property. In 1939 Bosanquet and Kestalman [9] showed that even
summability | C, 1| is not a local property. Subsequently Mohanty [14] observed that sum-
mability | C, 1| of the series Zﬁ
implies summability | R, log #, 1|, Mohanty [14] and Izumi [10] investigated this problem for

is not a local property. Since summability |C, 1|

this summability and concluded that summability | R, log #, 1| of a Fourier series at a point is
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not a local property. Mohanty [14] proved that the summability | R, log #,1| of the series

210:("7;:_)1) is a local property Matsumoto [12] improved the result of Mohanty by replac-
ing the series 2 by the series X Tlog lo:z:ll))”" (e>0). Bhatt [1] further

(n+1)
generalized the above results by proving the following :

Theorem A. If {A.} is a convex sequence (that is if A%A, >0, where A’A,=A(AA,) and Ad,=A4,
— Az+1) such that Z"—;< oo, then the summability | R, log #, 1| of the series 2 A.()A-log »n at a
point can be ensured by a local property.

Mishra [12] with a view to obtain a general result proved the following theorem :

Theorem B. Let {p.} be a sequence such that

=O(npa) (1.2)
PiAp.= O(pnpnﬂ)- (1.3)
Then the summability | N, p.| of the series ZAn(t)/ln where {Ax} is a convex sequence such

that 2 < o, can be ensured by a local property.
Theorem B was extended by Bor [2] who proved that under the conditions of Theorem B
the result also holds for the summability | N, p|«=1. Recently he [7] further generalized his

result in the following way :

Theorem C. Let {p.} and {A.} be sequences such that

=L =
AX,,—O( n), Xn— npn’ (14)
o Yk=1 k ¥
5 Xt (| Anl*+[Ans1|*) oo, (1.5)
a=1 n
SXE+DAMI <o, (L6)

then the summability | N, pn |« of the 22 A.(¢) X.Ax at a point can be ensured by a local property.

It is known that if {A.} is a convex sequence such that 2 < o0, then {A.} is decreasing and
22 log nAA<©. Thus Theorem C for £=1 generalizes Theorem A and other earlier result.
However for £=2 the corresponding extension to the summability I N, ﬁlk dose not hold for

the series 2 The series in (1.6) becomes divergent. Thus the condition (1.6) does

(n+1)
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not seem to be an appropriate condition. Also the condition (1.5) involves restriction on {| A« |}
and {| Ans1}.

2. In what follows we prove the following theorem which generalizes Theorem C and also

has a shorter proof besides being in a more compact form.

Theorem. Let {p.} and {An} be sequences such that

_nf P _ b
A(Pn_lx,,)—o( . ) Xo=t2 @.1)
© _ Mnlk
Sxiilco g2l 22)
3 Xl | <00, 2.3)

then the summability | N, pa |+ of the series 21 Ax(¢) XA at a point can be ensured by a local
property.

In view of

A(Pn—an)= _ann+PnAXn

=—Lrt Pa(xs)
=P,.(AX,.—%),

it is clear that (1.4) holds if and only if (2.1) holds. Also if (1.6) holds, then X} AA:|< oo, and

hence

L

Bxlami<(Sxtam)(Zlam)

x|

<00

and in view of (1.4)

Xn+l=(Xn+l_Xn)+Xn

<A X |+ Xa
00 _ o IAA"I 3
,Z:IXM.IM,,I—O(l)"z::l n +">;1X,,IM,,I

=0(D).

Thus (1.4) and (1.6) imply (2.3).
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3. Proof of The Theorem:

As mentioned in the beginig, the convergence of Fourier series at a point is a local property.
Therefore in order to prove the theorem it is sufficient to prove that if {s.} is bounded, then
under the conditions of our theorem 3@sXAx is summable | N, pal«, £21.

Now using Abel’s transformation

Tn— Tn—l_ PnPn L& EPu—lav/iva

SnPp-1AnXn
PuPn ¥ 2 SuA(Pv-l/luXv)‘*'pn PP —

P Pn 2S"/i"A(F’U"l)(U)'l- P, P i ESDPvXuHA/Iv'f' ann;:Xn

=L1+ L2+L3, say.

In view of Minkowski’s unequality it is enough to prove that

o0 }3'l k-1
ngl(p ) |Lr|k<00, 7’=1, 2» 3

Now since sp,=0(1), in view of (2.1),

n=1

S(EY L =0 Sl 1l arax1)

—oWE (g k)

v=1

n-1 13
_0(1)2 PPk gllfllevpv)

k-1

=0 E 2 {Eralxt)( e

OW Epl ol X8, 3 5o~
—ong X,
—o<1)z:—M
—oQ)

in view of (2.2). Also



Localization of | N, pa|+ summability 5

)L =0 E

3£ o Tp ol adl)

=0 E 72 E Kol adol)(ZXemlanel) ™

K
=0W) 5 P Xonl | 3 500

=0()F Xonl A40|=0(1)

in view of (2.3). Finally

fi,(f) | Ls =0 5% el al Xt

0(1)21’("“"' Kl (5 - 2l Laal)

n

=0(1).

This proves our theorem.

4. Lal [11] in 1971 and Borwein (8] in 1992 proved the following result on the sum-
mability of | N, p| to study localization problem for Fourier series.

Theorem D. Let the sequences {A:)} and {p.} satisfy the conditions

[< oo 4.1)

||M8

| Adn|< oo, 4.2)
If {sn} is bounded, then the series X andn is summable | N, p|.

This generalizes a result of Bor {4]. Later Bor [6] extended Theorem D to the sum-
mability | N, palx, £=1 in the following way.

Theorem E. Let {A.} and {p.} satisfy the condition (4.2) and
S Pn
Zp Al <o, @.3)

If {sa} is bounded, then X a@.A» is summable | N, pa /.
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k
In view of (4.2), € B so 3 "};”' p,,scz:”;,':’" o, Thus (4.1) and (4.2) imply (4.3).

This theorem also generlizes two previous results of Bor [3, 5]. As a cosequence of
Theorem E, he deduced the following result on the local property of the summability| N, pa|«
of the series 22 Aa(£)An.

Theorem F. Under the conditoins (4.2) and (4.3), the summability | N, pal|e of the series
21 An(t)An, at a point, can be ensured by a local property.

It is therefore desirable to compare our theorem with Theorem F which can be restated as:

Theorem F*. If {A,} and {p.} satisfy the conditions

& k=1 |An |k = Pn
nng" n < OO’ Xﬂ npn,

k=1 (4.9
A <o, (45)

then the summability | N, pa|x of the series 33 A.(¢)Xad. at a point can be ensured by a local
property.

Choosing X,=log n log log #, A»= (0< e<1), we observe that the condi-

1
log #(log log n)'*¢
tions (4.4) and (4.5) are satisfied for £=1 but AX,=+ O(-lz) and 2 X+ Aln|=00. Hence (2.1)

and (2.3) are not satisfied. Thus the hypotheses of Theorem F* do not imply those of our
theorem.

(-nn

Again choosing A»=1 and X,= e we find that
_o(l
AXn= O( n)
and
$xeldl _oye L coo i >1
A n = nk )

Also 3 Xne1| Adn|<co. However
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e(—l)”

o« _ o0 et ml=
’EIA(XnAn)I—EI’A —>cPl-o.

This shows for £>1, the hypotheses of our theorem do not imply that of Theorem F*.
Hence Theorem F and our theorem are independent of each other for £>1.
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