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Abstract

The existence of nonnegative radial solutions for some systems of m(m=1) semilinear
elliptic equations is proved by a simple application of a fixed point theorem in cones.

1. Introduction and Main Result

This paper can be regarded as a continuation of both [2] and [1].
In this paper, we study the existence of nontrivial nonnegative radial solutions to the

system of m quasilinear elliptic equations
Au+p(r)f(u)=0, 0<A<r<B (1.1

with one of the following three sets of boundary conditions

u=0on r=A and r=B 1.2).
u=0on r=A and %f—=0 on r=B (1.2),
9% _pon r=A = =
5y —0on 7= and =0 on r=B (1.2)¢

where {rE€R* A< r< B} is an annulus, =Jxi+..+ 2, n=1, and p(#)f () :=(p:i(7) i), ..
pu(7)fu(22)), m=1.

Throughout this paper, we make the following hypotheses

H)g())=(q(2), ..., an(2)), gs(t) :=H{w()]?*pw(t)), j=1,2, .., m, is a nonnegative mea-
surable m-dimensional vector function defined on [0, 1] and satisfies either

o< [ 's(1—s)g(s)ds< +oo, (1.3)
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or
1
0< [ sa(s)ds< +oo (13),
or
1
0</°. (1—5)g(s)ds< + oo (1.3),

where the function »=w(¢) is the inverse function to

1frds , _(ds

hJa sn-l’ - A s

t=v(r):= r. (1.4)
(Hz)f(w)=(fi(w), ..., fo()) is a nonnegative continuous m-dimensional vector function
defined on R?, R.=[0, +c0), and satisfies either
(i) /o=0 and fo=+ o (superlinear), or
(ii) fo=+o0 and f.=0 (sublinear),

where

for=timL&) £ i £

lulio | 2] lultee |2]

Here and henceforth, we denote the norm of #ER™ by
|| :=max({| u;|; /=1, ..., m})

and write 2>y(z2y) if z—yER?, R.=(0, +), (z—yERT). Further, we say that a vector y
is positive (nonnegative) if y >0(y >0).

The hypothesis (H)) allows ¢(#)=0 on some subintervals of [0, 1] and to have singularity
at =0 and t=1. For example,

gi(8)=t"(1—t)""(|cos 2xt|+cos 2at), 7=1,2,..m

satisfies (1.3), provided a;, £;<(0, 2).
If u=u(r) is a nonnegative radial solution to the problem (1.1)-(1.2), then it satisfies the

problem
[7" (P + r*p(r)f(u(r))=0, A<r<B, (1.5)
u(A)=u(B)=0, or (1.6)c
u(A)=u'(B)=0, or (1.6)

u'(A)=u(B)=0, (1.6)c
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Let us introduce the change of variables
r=w(t) and y()=u(w(t)),

where w(t) is determined by (H:). Then the problem (1.5)-(1.6) can be written as

y"()+a(6)f(y(1)=0, 0<¢<1 (L.7)
y(0)=y(1)=0, or (1.8)a
y(0)=y'1)=0, or (1.8),

y'(0)=y(1)=0, (1.8).

Conversely, if () is a nonnegative solution to the problem (1.7)-(1.8), then «(r) :=y(v(r)) is a
nonnegative radial solution to the problem (1.1)-(1.2), where the function »(r) is defined by (1.4).
Therefore, we concentrate on the problem (1.7)-(1.8) in the sequel.

Here we say that a function y(£)=(z(#), ..., y=(#)) is a nonnegative solution to the problem
(1.7)-(1.8) if it satisfies the following conditions:

() »(1)ec(o,1}; RHNCY(0, 1); R™),

(ii) ¥'(¢) is locally absolutely continuous in (0, 1), or in (0, 1], or in [0, 1),

(iii) y"(8)=—q(£)f(y(2)) for a.e. tE[0, 1], y(0)=y(1)=0, or y(0)=5"(1)=0, or y(0)=y(1)=0.

It is clear that y(#)=0 is a trivial solution to the problem (1.7)-(1.8) when 7(0)=0. Because
of the physical background of the problem above, we are mainly interested in nontrivial
nonnegative solutions.

The main purpose this paper is to extend and improve the existence results in both [1] and
[2]. The paper [1] deals with only the case of m=1 and the paper [2] only the case when
=2 and f(%) is sublinear (i.e. o=+, fi==0). In [2], conditions on f(«) appear to prolix.
Other papers related to this note can be found in [3-8] and the references therein.

The main result of this paper is stated as follows

Theorem 1. Let (H)) and (H:) hold. Then the problem (1.7)-(1.8) has a nontrivial
nonnegative solution y(t), i.e., the problem (1.1)-(1.2) has a nontrivial nomnegative radial
solution on the annulus domain {(xER™ A< r<B}.

The proof of Theorem 1 will be based on an application of the following fixed point
theorem due to Krasnoselskii (which is quoted from [1])

Theorem 2 (Krasnoselskii). Let E be a Banach space, and let KCE be a cone in E.
Assume i, Q; are open subset of E with 0€.2,, 02.C 2., and let
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0:KN(2:\2) - K

be a completely continuous operator such that either
@) 1 0<ly|IVyEKNIQ and | 0,|2]y|VyEKN32; or
(@) | @21y |VyEK N2 and | 0,1<|y|VyEK NI,
Then @ has a fixed point in KN(Q2\2).

2. Proof of Theorem 1

In this section, we only consider the problem (1.7)-(1.8),, since the problems (1.7)-(1.8), or
(1.7)-(1.8); can be studied in the similar way. We will distinguish two case to discuss the
problem (1.7)-(1.8),.

Superliner case. In this case, =0 and fo=-+c. We wish to prove the existence of a
nontrivial nonegative solution for the problem (1.7)-(1.8),. It is obvious that the problem
(1.7)-(1.8)a has a solution y(¢) if and only if y(¢) solves the integral equation

¥(0)= [ Galt, Da(HF (s =: (Oay)(2), @1)
where
{s(l—t), 0<s<t<1,
Golt, s):=
#(l-s), 0<f<s<l

It is clear that G.(¢, s)<s(1—s) on [0, 1]1%[0, 1].
Let us define an operator @, : K. = Ka by the right hand-side of (2.1), where

K. :={yEE; yit) is concave on [0, 1] with
yJ(0)=y.i(l)=0’ j=1» 2: seey m}’

is a cone in E, while E is the Banach space of continuous m-dimensional vector functions
defined on [0, 1] with the norm

Iyl :=max{l g;]: /=1, .., m}, [g]:=max{ly(2)|:0<¢<1}.
Whence it follows that, for any y;{(¢)EK,, we have
yJ(t)ZH Yi "t(l_t) on [0’ 1], j=lv 2» ey M. (2~2)

From the definition of @, we have for any yE K.
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t 1
(@a)(t)=— [ 'sa)(s(Nds+ [ (1=5)ais) (s,
0< L1,

(@a)7(8)=—q:()f(y(¢)), ae. in (0,1), and

(0)(0)=(Pay)(1)=0, j=1,2, ..., m.
Therefore, ®(K.)CKa.. Moreover, from the continuity of f(#) on R, we also can prove that
@, is completely continuous on Ka.

Now, since fo=0, we can choose a p,>0 such that

Fu)<e|u| whenever 0<|ul<p, j=1,..m 2.4)

where the constant & >0 satisfies the condition
1
0<e l s(1—s)g;(s)ds s%, =12, .., m. 2.5)
Thus if y€ K, with | y[|=p, then from (2.4) and (2.5)

0<(0a)AD< [ s(1—3ads)fu(s)ds
<elyl [ sa—sals)ds
<lyl, j=12,..,m,
ie.
lowl<lyl VyeK.noo,

where 21 :={y€E; | y[<p).
Further, since fo=+ 00, there exists a p2> o such that

F(u)=M| u| whenever | u|>8%., j=1,2,..m (2.6)

where the constants 66(0, %) satisfies

a :=min{ j; l_as(l—.<>')q.<(s)a's; i=12,.. m}>0. 2.7

In the sequel, & is always chosen to satisfy (2.7). Moreover, M >0 is chosen so that
o2aM >2. (2.8)

Let 2 :={y<E :|ly|< pz}, then yEK, with || ]| =p: implies that
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y;(£)=68%p2 on [8, 1— 8] for some jE(1, 2, ..., m}, 2.9)

and so
@a)(3)= [ 6o s )a)iu(Nds
24 [7's0- )alMiu()ds
>2ad* oM
>o=[yll j=1,.,m.
Here we have used (2.6), (2.7), (2.8) and (2.9). This shows that

[@azl>ly] VyEK NI

Therefore, from the first part of Theorem 2, we conclude that @, has a fixed point in K,
N(R2\L1). Let y(t) be the fixed point. Then it satisfies the integral equation (2.1) and 0< o
<|lyll<p.. This shows that the fixed point y(¢) is a nontrivial nonnegative solution to the
problem (1.7)-(1.8),.

Sublinear case. In this case fo=+ and f.=0.
Since fo=+00, we may choose p1>0 such that

fi{u)=M|u| whenever 0<|u|<p, 7=1,2,.., m,

where the constant M satisfies (2.8). Thus, for yS K, with |y[l=0s,

@) 1)>1 [ s - s)as)fku(sds
Z%aazle
>o=lyl ji=1,.., m.
ie.
l0ay >yl VyEK.NGR,

where 21 :={y<€E;|yl<pl}.
Further, Since f.=0, there exists an N> p, such that

f{u)<elu| whenever |u|=2N, j=1,.., m.
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where the constant & satisfies (2.5). Let
l .
p222N+max{fj(u);OS|u|sN}(/; Zs(l—s)q,-(s)ds), =12, .,m
Then for y= K, with | y||=p2, we have

(@)1= [ s(1=5)aks)fu(s)ds
< Ne+max(f); 0=l ul <N)( [ s(1—s)as)ds)
+elyl £ 's(1-s)aA(s)ds
<zort5lyl=lyl
ie,
loal<lyl VyEK.NIL,

where 2 :={yEE;|y[< 02}.

Therefore, by the second part to Theorem 2, it follows that @, has a fixed point ¥(¢) in K,
N(R:\$.), which is a nontrivial nonnegative solution to the problem (1.7)-(1.8),. This com-
pletes the proof of Theorem 1 for the problem (1.7)-(1.8),.

Finally, we consider the problem (1.7)-(1.8), and (1.7)-(1.8),, It is easy to check that (1.7)-(1.8),
and (1.7)-(1.8). are equivalent to the integral equation

¥()= [ Gu(t, a(s)(u(s)ds

and
(D= [ Gt, Dals)f(y(s)ds

respectively, where

s, 0<s<i<1
Gu(t, s):=
t, 0£¢t<s<],

and

1—-4, 0<s<i{<]
G(¢, s):=
1—s, 0<¢i<s<1.
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For the problem (1.7)-(1.8),, let K, be the cone given by

K,={yEE : y(t) is concave on [0, 1], y;(0)=0 is

the minimum and y;(1) is the maximum, j=1,2, .., m}.
For the problem (1.7)-(1.8),, let K. be the cone given by

K.={y€E: y,(¢) is concave on [0, 1], y{0)=0 is

the maximum and y;(1)=0 is the minimum, j=1,2, ..., m}

By the above method, Theorem 2 is employed to prove that both (1.7)-(1.8), and (1.7)-(1.8). have
nontrivial nonnegative solutions. This completes the proof of Theorem 1.
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