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1. Introduction

1.1. Summary.

In their 1972 paper [4], R. Gerard and A. H. M. Levelt gave a classification of completely
integrable Pfaffian systems of Fuchs type of particular class on two dimensional complex
projective space. In particular they characterized the Appell’s system (F)) (see section 2.1 for
the definition) among such systems. However, their proof is not sufficient because their
Proposition 2 [4, p.210] is not correct. (Namely, their proof of 5 +0 case of case 2’ is false.)
This caused their omission of the =0 case of the system (F)) in their classification (see
Remark 2.12).

The purpose of this paper is twofold. First, correcting Gérard-Levelt’s proof, we give a
complete classification under their condition (R) (Theorem 2.10), which characterizes the
Appell’s system (Fi). Our conclusion is different from Gérard-Levelt’s one in that we include
the case of @=0 of the system (F), whereas this case is omitted from their classification.
Secondly we give the classification in which the condition (R) is not satisfied. The proof is a
rather tedious case-by-case calculation. The systems in this case are almost decomposable
(Definition 2.3) or can be reduced to the systems (Gy), (Gz) which are obtained from the Gaussian
hypergeometric system (Theorem 3.1, Theorem 3.2).

1.2. Definitions.

Let P.(C) be a complex projective space of dimension #, and x : (C™')* : = C™*'(xo, =+, Zn)
—{0}— P.(C) be the canonical projection. We denote an algebraic hypersurface in P.(C) by ¥ :
= U %, ¥, where ¥, (=1, -, q) is an irreducible component with the defining equation

Pn‘(Jfo, ey -1'n)=0.

Let QP*P(P,(C), ¥) denote the set of differential forms » of degree 1 with matricial values,
holomorphic on P:(C)—¥U such that
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*p=0 4.0
”w_EA'P.-’

where A; (1<i<g) are pX p complex matrices with the relation
q
igl(degreeP;)Af:O.

The class F***(P,(C), %) of Pfaffian systems of Fuchs type (or Fuchsian systems, for short)
with ¥ for the singular set is the set of Pfaffian systems of the form

df=wf, w€EQ27P(P(C),%). 1)

Remark 1.1. The system (1.1) is completely integrable if and only if do=wA w, that is v A w
=0. ]

Solutions of a completely integrable Pfaffian system of Fuchs type in FP**(P(C), %)

generate a p-dimensional vector subspace of the vector space H**(R(P,(C)—9)), C*-valued
functions holomorphic on the universal covering space R(Px(C)—%) of P,(C)—¥.

Definition 1.2. A holomorphic function on R(Px(C)—%) with values in C? is called elementary
if its components are polynomials with constant coefficients of

1) (logPi)lSiSq;
(2) T P (e EC).

Definition 1.3. A p-dimensional vector subspace E of HP(R(P:(C)—9)) is called elemen-
tary if E is generated by elementary functions.

Definition 1.4. A holomorphic matrix H on R(P.(C)—%) is called elementary if the vector
space over C generated by its columns is elementary.

Definition 1.5. A divisor %’ of P.(C) is called simpler than ¥ if

1) w+A;

(2) A’ is a union if certain number of irreducible components of ¥.

Definition 1.6. For a Pfaffian system of Fuchs type (1.1) df =wf we say the singular set U is
redundant if by a change of solution of type f = Hg where H is an invertible elementary matrix
on R(P:(C)—), (1.1) is transformed to a system whose singular set ¥’ is simpler than . In
particular, if 7\%’= U I-,%,, then we say the singular set is redundant in s, oo, Ay orin Aa, -,
A.. We also say Uy, +++, Ay (or Aa, ===, As) are redundant.
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2. The classification of the case that the condition (R) is satisfied

2.1. The problem.

Appell’s hypergeometric function Fi(a, 8, 8, 7, x, ¥) is defined by

E(a, B, B,r 7, X, y)=m%o((ay,n;'l-:n7z§g 7::1)5((? 73) my"

( [a(a+1)---(a+n—1), (n=1)
@, n):= ‘
1, (n=0)
where @, 8, 8, v are complex parameters and y+0, — -(cf.[1], [2]). F satisfies the

following system of partial differential equations:
—_ — & —_ — 2 .4 ’ ﬁ
z(1—xlz— ) gzt ra—y)—(a+B+1)a*+(a+ - B+ Dy +Byl5,

+8¥(1 —y)g—:— af(x—y)z=0,

y(l—y)(y—x)%zz'+[7(y—x)—(a+ﬁ'+1)y2+(a+B'—B+1)xy+Bx]%;—

v —-Bz(1 —x)g—i— aB'(y—x)z=0,

(z=y) axay B ax +Bay

The application

transforms this system to a completely integrable Fuchsian system df =wf where
o= ZA +EB. du..,

(21, 22, 23} being a homogeneous coordinate on Py(C) with u.=x;— xx for any even permutation
(4,7, k) of {1,2, 3}, and
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0 1 0 0 0 0
A={0 1—y+g 0)  B=[ 0 o0 0 :
0o -8 0 —-af -8 r—a—F-1
00 1 0 0 0
A= 0 0 -8 R By=| —aB y—a—B-1 -8 | 2.1)
0 0 1—7+8 0 0 0
0 -1 -1 0 0 0
A= o8 a+8 B |, B=|0 -8 &8
af B atfF 0 & -8

Denote by
3
A= iL=J‘(91.' Us.)

an algebraic subset of P2(C) defined by
A . $£=0, B:i: u:=0 (i=1, 2, 3).

We want to solve the classification problem of 3-dimensional completely integrable Fuchsian

system with the singular set %. Let us consider the following system ;

I £ dr; & du; 3 —
df=of=(HALE+ S BA)s, S (A+BY=0,

where A;, B; (i=1, 2, 3) are complex matrices of degree 3. Put

B=B\+B;+Bs, Ci=A;+As+B;,

where (7, 7 k) is a permutation of {1,2,3}). The condition of completely integrability is

(L) [As B]=0(i=1,2,3),

(B) [Ci, Al=[C:, Anl=[C:, B:i]=0
for any permutation (¢, 7, #) of {1, 2, 3},

(L) [B, B:]=0(i=1,2,3),

)

(S) (At BI=0,

Our classification problem is equivalent to the classification of ordered 6-tuples (A, Az, As, B,
B, Bs) satisfying (I) and (S) above modulo simultaneous similitude. In other words, this
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problem is equivalent to the classification of 6-tuples (Ai, Az, A3, By, Bz, Bs) of linear transfor-
mations of 3-dimensional vector space V over C.

2.2. The symmetry of problem.

We introduce some operations on 6-tuples. For any permutation ¢ of {1, 2, 3}, we set
0(Ay, Az, As, By, By, Bs) : =(Aowy, As, Aoy, Bowy, Bo, Bom).
Define transformations ziz, 723, 7a1, v by

t1( A, Az, As, By, By, Bs): =(By, By, As, Ay, As, Bs),
2s( A, Az, As, By, By, Bs): =(A,, By, Bs, By, A, As),
(A, Az, As, Bi, B, Bs) : =(By, Az, Bs, A1, B, As),
v(Ay, Az, As, By, Ba, Bs) : =(Ci, Gy, Cs, By, Bs, Bs).

The transformations o, 7z, s, 721, v generate the symmetric group Ss of degree 5. We denote
this group by G. The group G corresponds to transformations of our system induced by
holomorphic automorphisms on P C)—%.

Proposition 2.1. If a 6-tuple H : =(Ai, Az, As, B, Bs, Bs) satisfies the relation (I) and (S), then
the transformed 6-tuple by an element of G also satisfies (I) and (S).

Definition 2.2. A 6-tuple H=(A,, Az, As, B\, B, Bs) is called decomposable if V is the direct
sum of non trivial two invariant subspaces Vi, V2 under the linear transformations A, 4., As,
B, B,, Bs.

Definition 2.3. A 6-tuple H is called almost decomposable if there exist linear transformations
M, Nz, N3, My, Mo, M5 of V satisfying
(1) For any i, N:, M; are nilpotent, and 23%..(N:+ M.)=0,
(2) N:i, M; are commutative and commute with every element of H,
(3) V is the direct sum of non trivial invariant subspaces under the endomorphisms
Ai—N;, Bi— M; (i: 7=L2, 3)-

Definition 2.4. A 6-tuple H is called elementary if :
(1) it is almost decomposable ;

(2) V is the direct sum of 1-dimensional invariant subspaces under the endomorphisms
A:i—N, B;—M; (i,j=1,2,3).
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Remark 2.5. A 6-tuple H is decomposable (resp. almost decomposable, elementary) if and
only if the transformed system by an element of G is decomposable (resp. almost decomposa-
ble, elementary).

Remark 2.6. The 6-tuple (Ai—MN, Az— Ne, As— Ns, Bi— My, B.— Mz, Bs— Ms) in Definition 2.3
satisfies () and (S).

Remark 2.7. A 6-tuple H is elementary if and only if every element of H commutes with each
other. ’

Consider a 6-tuple H=(A4., Az, As, B, B:, Bs) of a Pfaffian system of Fuchs type

af =(;ZIA‘?_.~‘ +:§B'de?)f : @2)
Then:

(1) the 6-tuplg H is decomposable if and only if the system (2.2) is decomposable.

(2) the 6-tuple H is almost decomposable if and only if f=(TI}=1zM) X (IT3-12/)g trans-
forms the system (2.2) to a decomposable system.

(3) If the 6-tuple H is elementary, then the solutions of the system (2.2) are elementary.

Let V* be the dual vector space of V and T* the dual transformation of 7. Then

(1) a 6-tuple H=(A,, Az, As, By, By, Bs) satisfies (I) and (S) if and only if the dual trénsfor-
mation H*=(A}, Af, A%, Bf, B, BY) of H satisfies (I) and (S).

(2) H is decomposable (resp. almost decomposable, elementary) if and only if H* is

decomposable (resp. almost decomposable, elementary).

From now on we assume dim V=3 throughout. Under this hypothesis, we call an en-
domorphism X of V satisfies (R) if

(R) There exists £€ C such that rank(X —&I)=1.

For any endomorphism X satisfying (R), we denote the kernel and image of X —&I by N;, Iz
respectively. Use will be made of the following lemmas [4, p.202] :

Lemma 2.8. If an endomorphism X satisfies (R), Nx={(z1, T2, zs)| prvr+ peitz+ ps2s=0} , (@1, @2,
@) FO0E I, then there exists a base of V such that X is represented by
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Lemma 2.9. If endomorphisms X, Y of V satisfying (R) and [X, Y]1=0, then :

(1) X(Ny)C Ny, Y(Nx)C Nx.
(2) Nx+Ny==IxC Ny, IyCNx.
We denote by D the set of transformations A;, B;, B, C: (i=1, 2, 3) satisfying (1) and (S).

2.3. The case that any element of D satisfies (R).

The following theorem is the corrected version of the main theorem of Gérard-Levelt [4,
Theorem 1]. We include the case of (2.6), (2.7), which corresponds to the a=0 case of the
system (F). As stated in Introduction, it will suffice to correct [4, Proposition 2], ie., to
prove Proposition 2.17 below.

Theorem 2.10. If a 6-tuple H= (A, Az, As, B\, Bz, Bs) is not elementary and satisfies (I), (S)
and (R), then H is decomposable, or modulo transformations of G, H is given by

aa 0 0 B 0 0
A=l —b & 0 ) Bi=| 0 b+B8 b |
- 0 a 0 by bt Bi
@ —bh 0 h+8 0 b
A=l 0 @& 0 | B= 0 B 0 ) (2.3)
0 —b o bs 0 ba+8:
a 0 —b b+ 83 b 0
As=| 0 as —b |, Bs= b bt+Bs 0 ),
L 0 0 o 0 0 s

where
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br=g(— But i+ Bo— B+ Bs— BY),
b= 18 i B i a0, @4
=5{Bi= Bi+ Bo— Bi— B+ D),

aitataost+ Bi+ B+ B=0,
o+ o+ o+ B+ Ba+ B:=0, (2.5)
a+atast i+ B+ 85=0,

or

i 0 0 B 0 0

A=l 0 a 0] B={ 0 f—b b,
0 0 & 0 by Bi—b
a —b 0 B2 0 b

A= 0 e 0 | B:=| 0 B 0 | (2.6)
0 —b a 0 0 B
a 0 —b Bs b 0

A=l 0 & —b | B={ 0 B 0 ]

| 0 0 a 0 0 8

where the constants ai, Bi, &, B:(i=1,2,3) satisfy the relation (2.5) and
Bi—Bi=F—Bat+ B — B,
be=Bs— B, 2.7)
bs= B2 — Bs.

Conversely, if the constants ai, B, &, B: (i=1,2,3) satisfy the relation (2.5), then the 6-tuple

defined by (2.3), (2.4) or (2.6), 2.7) satisfy (I) and (S).

Remark 2.11. For ¢, 8, 8, v (a+0), put

al=0; ai=1_7+B,1 B":Oy B;=7‘_a_ﬂ"—l,
®=0, s=1~7+8, B=0, Bi=7—a—B—1, 2.8)
m=a,ds=B+f, B=0,F=—(8+48),
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then one can easily check that these satisfy (2.5) in Theorem 2.10. Let

1 1 1
T=| —a 0 0|
0 —a 0

Ay, B; (i=1, 2, 3) be defined by (2.3), (2.4) in Theorem 2.10 with (2.8). Then TA, T}, TB:T™!
(i=1, 2, 3) are nothing but (2.1) of section 2.1. On the other hand, the 6-tuple of Theorem 2.10
is no more general than the one associated with the system (F)) : one can reduce the general
case to the (F)) case as follows (cf. [4, p.204]). substituting

F=xf 2z ul uf*uf*e (a=a+a+as+ B+ B+ Bs) 2.9)
in
(2. 0% hp dui
df—(EA. X +§|B' Ui )f'
we have

3 . 3 .
df=( §A%+ paf R )xf“.rf’x:?““uf‘ué”uf’g.

U

On the other hand, differentiating (2.9) gives

(g sy =, B By B )
df (xndx'+x2dx2+ s dts+uldu1+u2duz+u3du3

Xzt zf2 s uf ul ul g + 20 25228 uf uf*uf  dg.

Thus we obtain

de=[ (A= a D)L+ (A @I} 4 (A (2 ) Y2
1 X2 xs3

+(Bl—13|1)‘a;ill+(32—le)dTZ:z-f-(Bs_BsI) Cz:i ]g.

The coefficients of the transformed system satisfy (I) and (S).
Let ai, B:, ai, Bi (i=1,2,3) be the numbers analogous to a;, 8, o}, 8:(i=1, 2, 3) associated
with the transformed system, then we see
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a=0, ai=dad—a, /=0, Bi=Bi—A,
a2=0, a21=‘{2_02y B‘h’:ol BZ’=B£_627

a=qa, ai=d—wn+ta, B=0, Bi=pi—25,
where

atea{+B(=0, a+tai+pi=0, ai+Bi=0.

[

Hence by the linear transformation T, one obtains Appell’s system (F}).

Remark 2.12. The 6-tuple (2.6) in Theorem 2.10 reduces to that of Appell’s system (F1) with
a=0. (It is easy to see that the system of differential equations given by (2.6) can be integrated
by using the Gaussian hypergeometric function.) In fact the 6-tuple (2.6) reduces to

0 0 0 0 0 0
A= 0 a—a 0 , B=|0 —-& b |
0 0 a—a 0 b —b
0 -u 0 0 0 &
A= 0 at—az 0 | Bz=(0 b 0 ),
0 —-& 0 0 0 b
0 0 -4 0 5 0
A= 0 0 —b | Bs=(0 b 0 |, (2.10)
0 0 os—uas 0 0 &
e—a+bs —b —b 0 0 0
Ci= 0 0 0 | Cz=<0 m—a —b |
0 0 0 0 0 0
0 0 0 0 & b
CG=|0 0 0 ) B=(0 b: b
0 — b o—a 0 b bs

We-set o

(Al; Az, As, Bl, Bz, Bs; Cl, éz, Cs. B) : =voravH
= VO‘Z'st(A:, Az, As, B;, Bz, B3, M Cl, Cz, Cz, B)
=(Az, Aa, B, Cs, Cz, B H Ba, Bz, Cl, Al).
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where ¢ is the permutation a(1, 2, 3)=(3,2,1). Then by setting bi=—1, 5=48, bs=F', e— &=
1—y+8, di—am=1—7+8, we see that the 6-tuple (A, Az, As, Bi, B, Bs) reduces to that of
Appell’s system (F1) with @=0 ((2.6) in Theorem 2.10), that is

0 0 0 0 0 0
A=l0 1-y+g 0| B=[0o 0 0 ,

0 -5 0 0 -8 r—8-1

00 1 0 0 0
A=l00 -8 | B=l0 y-8-1 -8

0 0 1—-7+8 0 0 0

0 -1 -1 0 0 0
A=l0 B8 B | B=[0 -8 B8

0 8 F 0 & -8

Remark 2.13. Let us consider the case of @=0 in Remark 2.11;

a=0,di=1-y+f, =0, fi=r—F—1,
=0, ts=8+F, B=0,B:i=—(8+4).

We substitute this into (2.3) of Theorem 2.10:

[ 1-y+8 0 0 0 0 0
A= -8 00} B=|0 r-1 B |
y—1 0 0 0 1-y -8
0 -8 0 y—-1 0 B
A= 0 1—7+8 0 | B=f 0 0 0 | (2.12)
0 r—1 0 1-y 0 —8
00 -8 -8 B 0
As={ 0 0 -8 | B={ 8 —-80
L 0 0 g+4 0 0 0

We assert that (2.12) can be reduced to the transposed matrices of Appell’s system (F) with &
=0. Let
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1 1 1
S=l -1 0 0]
0 -1 0

Ay, Bi (i=1, 2, 3) be defined by (2.12) in Theorem 2.10 with (2.11). Then SA:S™!, SB.S™ (i=1,
2,3) are as follows:

0 0 0 00 0
SA4,:87'= 0 1-y+8 0 |, SAS7'=| 0 0 -8 ,
0 -4 0 00 1—7+p4
0 0 o 0 0 0
SA:S'=| g B 8| SBS7'=[ 0 0 0 )
BB =8 -8 r=g-1
0 0 0 0 0 0
SB:S7'=| =8 y—B~1 —B |, SBS'=|{ 0 -5 B8
0 0 0 0 8 -8B

Now we use A:; B:(i=1,2,3) instead of above SA:S7!, SB:S™'(i=1,2,3). Let ¢ be the
transposition of 1 and 2. We have

(A, As, As, By, By, Bs) : =onH*
=(B¢, B, A}, Af, At, B?)

where

[ 0 -8 0 0 0 0

A=l0 y-8-1 0} B=[0o o 0 ,
0 -8 0 0 -8 1—-7y+8
00 -4 0 0 0

A={00 -g | B=l0 1-7y+8 -5}
00 y—g-1 0 0 0
0 8 8 0 0 0

A=l0 8 8 ) B=|0 —-g ¢

i 0 8 ¥ 0 8 -8

If we change the parameter ¥ to 2—y+ 8+ 4, we have
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B|=

0 0

0 0 ,

-8 r=f-1
0 0

r=8-1 -8 )

— BI Br

S O O O o o o o o

0 0

0 0 ,

-8 r—8-1
0 0

r—8-1 -8 |
0 0

0 0

-8 8

8 -8

S O O O O o o o o

Thus we see that (2.12) reduces to the transposed matrices of Appell’s system (F)) with a=0.

[ 0 -8 0
A= 0 1-y+8 0 |,
0 -8 0
00 -p
A=l00 -g | B
0 0 1—y+38
0 8 ¥
A=l0 g g | 3
| 0 8 &
These are simultaneously similar to
[ 0 1 0
A=0 1-y+8 0] B=
0 -8 0
00 1
A={00 -8 | B=
0 0 1—y+3
0 -1 -1
A=l0 B8 8 ) Bi=
X 0 5 ¥
That is
I' 0 0 0 0
1 1-7+8 =8 ) [0
0 0 0 0
0 0 0 0
0 0 0 , 0
1 =8 1-r+§8 0
0 0 0 0
-1 8 8 0
L\-1 8 §& 0

, (2.13)
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It is to see that the system of differential equations given by (2.13) can be integrated by using
the Gaussian hypergeometric function.
We denote

M(resp. M) : =the set of unordered {X, ¥, Z},
IM*(resp. M*) : =the set of unordered {X*, Y*,Z *}

respectively, where (X, Y, Z, -++) (vesp. (-+X, Y, Z))is a transformed 6-tuple of H =(A,, A,
As, By, By, Bs) by G.
We prepare some lemmas [4, p.205-210].

Lemma 2.14. If H is not elementary and {X,Y,Z}ER or (X, Y, Z}ERN*, then:
(1) NxNNyNNz#{0}.
(2) Ix, Iy, I are contained in a 2-dimensional vector subspace of V.

Lemma 2.15. If NxO\NyNNz#{0} for any triple {X, Y, Z} of M and R, then :
(1) There exists e+0 such that e€ NaNNzNNeNNs (i=1,2,3).
(2) There exists a 2-dimensional vector subspace of V* which contains Ias, Ine, Iew, Ise (i=
1,2,3).

Lemma 2.16. If there exists a nonzero vector eENuNNs,NNe,N Nz (i=1,2,3) and a linear
form [#0 on Is, Is, Ic, Is, then H is elementary or decomposable.

The following Proposition 2.17 is proved in [4, Proposition 2]. We have corrected a
mistake in their proof for Case II-2.

Proposition 2.17. If NxNNyNN:#{0} for any (X, Y, ZYER and there exists {X, Y, Z}E M
such that Nx N\ NyNNy={0}, and H is not elementary, then H is decomposable, or there exists a
basis of V satisfying (2.5) and (2.4), or (2.5) and (2.7) such that H is of the form (2.3) or (2.6)
respectively in Theorem 2.10.

Proof. We may suppose that Na,\Na:NNa,={0}. Take a basis (e, e, es) of V such that e,
&€ NayN Nas, @& NayN Nay, e2E NN Na,. With respect to this basis A;: (7=1,2,3) is of the
form;
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a 0 0 a +« 0 a 0 =
A=l *» @ 0| A=| 0 ac 0 |, As=| 0 as =
* 0 a 0 * 0 0 a

By MS{A,, A, As}, we have esSNj,. In the same way, e:€Ns,, 2ENs,. By Lemma 2.9, we
see Bi(Na)C N (i=1,2,3). Hence with respect to the basis (ei, e, ), Bi (i=1,2,3) is of the
form;

A 0 0 + 0 = + + 0
Bi=| 0 * s | B=| 0 BZ 0 , B:= * * 0
0 = = + 0 = 0 0 B

Casel: If ey, e, es &Ns, then we may suppose that Np={(x1, 22, xs)| 1+ 22+ 2s=0}. By
Lemma 2.8, we have
h+& b b
B= b b+ & b2

bs bs  bsté
Since B=DB,+ B+ Bs, we may put
B 0 0
Bi=| 0 a b
0 b b

In view of [B, Bi]=0, Ns,# Ns (Ns,De)), one can use Lemma 2.9 to conclude that Iz, CNs. On
the other hand, we have (0, a— 81, 8)E In,, (0, b2, b— B)EIs,. By I, CNp, it follows that a—f
+ b3=0, b2+b—5=0. Hence

a=pF—bs, b=5—ba. (2.14)
rBi=2/+Bi=H+a+b. (2.15)

Thus we get fi— Bi=b.+ bs by substituting (2.14) in (2.15). Therefore we obtain a=b:+ 81, b=
bs+ B4, b2+ bs=p51— B1. Similarly, we may put

c 0 &
B=| 0 ﬁz 0
b 0 d



32 Sayaka Hamada and Jyoichi Kaneko

Since [B, B:]=0, Ns,# N5 (N3, Dez), we have I;,CNs by Lemma 2.9. On the other hand, we
have (C—ﬁz, 0, bs)EIa,, (b, 0, d—ﬂz)EIB,. By I3, CN; we see c— B+ b=, b+ d— B=0.
Hence

c=fo—bs, d=p—b.. (2.16)
trBe=28:+Br=F+c+d. 2.17)

Substituting (2.16) in (2.17) gives f.— B:=bs+b. Hence we get c=b+ f3, d=bs+ 85, bs+ b=
Bz— B2 In the same way, put

e h 0
Bs= bz f 0 s
0 0 5
then we see
e=B3—by, f=F—b. (2.18)
trBs=28+ fi=Ps+e+f. (2.19)

Thus we get 83— 85=51+ b, by substituting (2.18) in (2.19). Therefore we obtain e=&+ 83, f=
b2+ B3, b+ b=8s— 5. We also have

bet+bs=5— B,
b3+ bl=ﬂz—ﬂéy
bi+b=F—pa.

Thus we get the relation (2.4)
b=~ Bu+ i+ Ba— it Br—BY),
bo=g 8= Bi— B Bi+ Bo— ),
b= Ba—Bi+ B B5— Bt ).

By the relation (S), we obtain (2.3)
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[ ai 0 0 B 0 0
A= —b a 0 ) B=| 0 b+8i & |
—b 0 a 0 b bt B
e —bh 0 b+8: 0 b
A=l 0 a 0| B= 0 B 0 ,
0 —b o bs 0 bt+p2
a 0 —b h+tB8s b 0
As=| 0 & —=b; ), Bs=| b bt8 0 )
i 0 0 o5 0 0 Bs

with the relation (2.5)

i+ et at Bi+ B+ B:=0,
a+az+ s+ B+ B2+ B:=0,
a+ e+ s+ it Bt B3=0.

Case Il : If Ns contains only one of ei, ez, es, then we may suppose that e1€ N and Na={(21, 22,
z3)| 22+ 23=0). By Lemma 2.8, we see

E b b
B=| 0 bt+& b
0 bs bst+§

Now we have Nz, #Ns, Nss#Ns (Ns;Des, Ns,Des). Since [B, B:]=[B, Bs]=0, we can use
Lemma 2.9 to conclude that I, C N3, Is,CNs. Then since B=B,+ B;+ B;, B; and B; are of the

forms;

a 0 bl C bl 0
B:=| 0 Bz 0 y Bs=| 0 d 0
0 0 & 0 0 5

By (b1, 0, b— B2)E Is,C N, (by, d — Bs, 0)E Is,C N5, we have 0+ b— =0, d — f2-+0=0. Hence b
=p, d=fs. Put a=p8s c=pg so that

B: 0 b Bs b 0
B:=| 0 ﬁz 0 y Bs=| 0 ﬁa 0
0 0 §5 0 0 B
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By B=DB+ B;+ Bs, we have

H 0 0
Bi=| 0 « b
0 b =

CaselIl-1: If 5,=0, then by the relation (S), we have

ai 0 0 s 0 0

A=l 0 o 0 ] Bi=l 0 = & |
0 0 a 0 b =
e 0 0 B 0 0

A=l 0 o2 0 ) Be=| 0 B 0 |
0 —-b 0 0 5
a 0 0 B 0 0

A=l 0 & ~b ), Bs=[ 0 B 0
0

0 as 0 0 /33

Then H is decomposable.
CaseIl-2: We suppose &:+0. By [B, B;]]=0(i=1,2,3), we get bs=fa— 5, bs=Fs— B
Thus we obtain '

N 0 0

Bi=| 0 p—b be

0 bs B—b:

By trBi=81+28=38—(b2+ &), we have
Bi—Bi=b:+ bs=Fr— B2+ Bs— f5.
Therefore by conditions (I) and (S) we obtain
a 0 0 o) 0 0

A1= 0 a 0 , Bl= 0 Bl_b:i bz 5
0 0 o 0 bs Bl_bz
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e —bh 0 B 0 b
A=l 0 & 0 ) B=[0 B 0)

0 —b @ 0 0 B

a 0 —h Bs b 0
As=| 0 & —b | Bs=| 0 B 0

0 0 o 0 0 A

It remains only to show that NxN NyNNz#{0} for any {X, ¥, Z}ER of the above 6-tuple and

this is straightforwardly checked.
Case III : If N contains two of e, ¢, e, then we may suppose that ei, e2E Nz and Na={(z1, 22,
xs)| 2s=0}. Thus B is of the form

E 0 b
B={ 0 E b2 s
0 0 bté

where b;#0 for some i. We see, relative to the basis (e, ez, e3), A, B: (i=1, 2, 3) are of the

form;

a 0 0 A 0 0
A=l + & 0 ) B=l0 = » |
» 0 o 0 = =
o * 0 = 0 =
A=| 0 0), Bz=<0 B O),
0 * @ + 0 =
@ 0 + o+ 0
0 0 as 0 0 5

Then by conditions (I) and (S), we have

o 0 0
A1=0m0,Bl=

0 0 o

A

P S
o o »
o o
& §F e
v
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e 0 0 m 0 b
A= 0 a& 0 |, B={ 0 B 0 |
0 0 0 0 £
a 0 —bh mu 0 0
A= 0 & —b | B=| 0 1 0
0 0 o 0 0 5

By [B, Bs]=0, we have Bsbr=w1b:, Bsb2=12bs. If b1b#0, then we get vi=1.=4; and this is a
contradiction. Hence we see b1b:=0. If 5,%0, bo=0 or b=0, b2#0, then »=4; or Vo= fs.
Thus H is decomposable. ‘If 4=b,=0, then H is elementary. (m}

3. The classification of the case that the condition (R) is not satisfied

3.1. The case that there exist elements of H satisfying (R’).

In this section we consider the case that the condition (R) is not satisfied in Theorem 2.10
of section 2.3. We say that an element X of H satisfies (R") if

(R’) There exists £ C such that rank(X —E&I)=2,

and X does not satisfy (R).

Theorem 3.1. If a 6-tuple H satisfies (I) and (S), and at least one of the element of H satisfies
(R"), then H is decomposable or elementary, or the singular set is vedundant.

Proof. We consider the case that there exist elements of H satisfying (R’). Then we may
assume that B satisfy (R’). We have to consider 3 cases I~III of B.

a 0 0
I: Thecaseof B=| 0 & 0 a*b,b¥c,c¥a
0 0 ¢
Then it is easy to see H is elementary or decomposable by the relations (I) and (S).
al 0
II: Thecaseof B=[ 0 a 0 a*b
00 b

By the relation [B, B:]=0(i=1, 2, 3), we have
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B om0 Be m. 0 B ms 0
B = 0 B 1 0 y B:=| 0 ﬂz 0 y B:=| 0 Ba 0
0 0 pBi 0 0 5 0 0 B

Casell-1. mumams+0: If B:% 8 (i=1, 2, 3), or Bi=4;, B:+ B:(i=2, 3), then H is decomposable
by the relations (I) and (S).
If B+ 85, B:=pB:(i=1, 2), then by [A., B]=0(i=1,2, 3), we get

a N I & Nz X3 a n 0
A=l 0 & 0 ) A=[0 @& 0| A= 0 a 0
0 = o 0 = o 0 0 o
Then put
0 n: 0 0 m; 0
Ne=[0 0 0) M=[0 0 0] ( 7=1,2,3).
0 0 0 0 0 0

These are nilpotent and by (S) we see 2N+ M)=0. We note Ni, M;(i=1,2,3) are
commutative and commute with every element of H , S0 that the singular set is redundant.
CaseII-2. m=0, moms+0: If Bi=pi, then the singular set is redundant. Hence we may
suppose S+ Si.

If B:#RB:(i=2,3), or B=P85, Bs+ B, then H is decomposable by the relations () and (S).

If B2=Pp%, Bs=pBs, then we see the singular set is redundant in the same way as in Case II-1.
Case II-3. m=m=0, ms=1: If Bi=p81 (resp. B=ps), then the singular set is redundant.
Hence we may suppose 8:# 8; (i=1,2). Then H is decomposable by the relations (I) and (S).

al 0

IIl: Thecaseof B=[ 0 & 1

0 0 a
By the relation (7), we have

B om m B m: mh B ms ms
Bl= 0 Bx m |, B:=| 0 Bz ma |, Ba= 0 /33 ms
0 0 A 0 0 5 0 0 B

Case lll-1. mumems+0: H is elementary by the relations (7) and (S).
CaseIII-2. m1=0, mams+0: By the relations (7) and (S), we see this case reduces to Case III-1.
Case III-3. m1=m>=0, ms=1: Then the singular set is redundant in the same way as in case
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II-1. 0

3.2. The case that the singular set is redundant.

We consider the case that the singular set is redundant. We may suppose

A/ 0 O
B,= 0 ,31 0
0 0 B

Hence by a change of solution (Remark 2.11), we may assume B;=0. Now it suffices to
classify 5-tuple (Ai, Az, As, Bz, Bs). By the definition of B, we see B=DB,+ B+ Bs=B+Bs.
By the relation (), we have

[ Az, Ci]=[Az, Azt As+ Bi]=[A;, As+ As]=[A:, As]=0.
(B, B] =[B:, Bi+ B;+ Bs) =[B:, Bo+ Bs] =[ B, Bs] =0.

Hence

B=B;+B;, 3.
[AZ, A3]=0, [Bz» B3]=0- (3.2)

Let us consider the following system of partial differential equations:

z(1—x)u” +{y—(a+1)zx}u’'=0, 3.3)
y(1—p)v" +{y — (o +1)y}v'=0. (3.49)

We put 2=z’ in (3.3). Then we have

z(1—x)2=2(1—x)zu"+u’)
=z[z(1—x)u"]+(1—x)z’
=z[{—y+(a+Dx}u’ ]+ 1 —2)20’

=[1—y+azlzw'.
Therefore

zf=(L—_L+1:£—_1)z_
x z—1

Thus the equation (3.3) is transformed to
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A ) (G321, )

In the same way, the equation (3.4) is transformed to

Ao~ 521) 1)

where

Let c(x), d(y) be defined by

We construct the following two systems (Gi), (Gz) with the fundamental solutions :

1 u(x) u(y) 1 0 0
0 )| xw: |,| O Al e(x)ulz) || zu: || 0
0 0 yvy d(y)v(y) 0 Yoy

respectively. Namely,

175 U
(A2, A B, _Bs_
dl u —(xdr+ydy+y_1dy+x_1dr) u ) (35)
Us Us
where
[ 0 1 0 00 0
A= 0 1—y 0 ), B.=| 0 0 0 ,
0 0 0 00 y—a—1
(G
00 1 0 0 0
A= 0 0 0 , Bs=| 0 y—a—1 0 |,
L 00 1—-7 0 0 0
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0 0 0 00 0
A2= 1 1—'7’ 0 , B=|0 0 0 y
0 0 0 0 0 yY—a-—1
(G2)
00 0 0 0 0
As=1 0 0 0 ), Bi=[0 y—a—1 0|
i 1 0 1—-¢ 0 0 0

Theorem 3.2. Assume that the 6-tuple H satisfies (I) and (S). If the singular set is redundant,
then H is almost decomposable or elementary or reduces to the system (Gi) or (Go).

Proof. We have to check 6 cases I~VI of B.

a 0 0
I: Thecaseof B=| 0 & 0 a¥+b.
0 0 b

By [B, B:]=0,[B, B:]=0 and (3.1) we may assume

B 0 0 B 0 0
B={ 0 B8 ¢ |, Bi=| 0 8 —c
0 0 B3 0 0 3

where 85+ 8:=87+ Bs.
Case I-1: We suppose that the 5-tuple satisfy (R).
(i) The case of ¢=0: If B+ =43, B+ Bs=43, then by [A;, B:]=0 (i=2, 3) we see

e 0 0 a 0 0
A= 0 a2 * |, A= 0 a5 =
0 * ar 0 *« o
Then [Az, Bs]=0, [As, B,)J=0 and hence H is elementary.
Now we consider the case in which we assume:
B 0 0 B 0 O
B:=| 0 B2 0| Bs=| 0 B 0
0 0 5 0 0 §s

Since [A;, B:]=0(i=2, 3) we see
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e 0 e a g 0
A=l 0 & 0 |, As=| h & 0
f 0 a 0 0 af

By [Az, As]=0 we get

wmg=arg, @h=ah,
me=die, wf=adif,
eh=0, fg=0.

There are 4 cases (i,)~(i,) to check.
(i,) e=f=g=h=0: Then H is elementary.

41

(i) e*0, f=g=h=0 (resp. f#0, e=g=h=0or g+0, e=f=h=0 or h#0, e=f=g=0): Then

we see
e 0 e a 0 0
A= 0 a2 0 | =0 & 0
0 0 e 0 0 o

By the assumption, we have a*at. If a=as*af (resp. @s=ai#a), then A; Bi(i=2,3)

reduce to
0 0 e 0 0 0
A= 0 0 0 | As={0 a5 0 |
0 0 of 00 0
0 0 0 0 0 0
B,=| 0 B 0>, Bs-—<0 0 0
0 0 O 00 B

These are simultaneously similar to

0 e 0 0
A=| 0 of 0>, Aa=<0
0 0 0 0
00 0 0 0
B={ 0 0 0), Ba=(0 B 0
0 0 B 0 0 0
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Thus H is decomposable.
If ee=az=0az, then one can show that H is decomposable in a similar way.
(is) eg+0, f=h=0: Then we see

& 0 e a g 0
A= 0 @& 0 | A= 0 a 0
0 0 af 0 0 a
These reduce to
0 0 e 0 g 0
A=| 0 0 0 , As=| 0 abi—as 0 ),
0 0 ct—e 0 0 0
0 0 0 00 0
B:=| 0 8:—8 0 ) Bs=| 0 0 0 )
0 0 0 0 0 B:—5
These are simultaneously similar to
00 1 0 1 0
A= 0 0 0 , As=| 0 ai—as 0 >,
00 at— 0 0 0
0 0 0 00 0
B={ 0 B2—f 0 ) Bs=[ 0 0 0
0 0 0 0 0 Bi—5

We have 0H=(A,, As, Az, By, Bs, Bs). Thus these reduce to the (G)) case.
(is) fA+0, e=g=0: In the same way as above, this case reduces to the (G:) case.
(ii) The case of c+0: Since B, B; satisfy (R), if we have ;% 87 and 8% 8%, then the case
reduces to the case (i). The case 8;=487 and f3= 57 does not occur because B: and Bs satisfy
(R).
Case I-2: We suppose that B satisfies (R’). Then we have H is elementary or decomposable
by (3.1), (3.2) and (J).

al 0

Il: Thecaseof B=[ 0 a 0

0 0 «a
By [B, B;]=0,[B, Bs]=0 and (3.1), we have
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B b ¢ B 1-b —c
B:=| 0 /32 0 , Bs=| 0 ﬂs 0
0 d B 0 —-d &8

Case II-1: We suppose that B; and B; satisfy (R). Then
(Bi—B)b=cd, (Bi—B)(1—b)=cd.

By (3.1), we get B+ B:=p82+ 85 Hence 8:=45;, B5=5, cd=0. We see

f2 b ¢ B 1-b6 —c
Bz= 0 32 0 , Ba= 0 /33 0
0 4 5 0 —d 5
Put
I s s
T={0 ¢t 0] (¢+0),
0 s3 ¢
so that
52 _ S
B b td ;€ C
TB,T'=| 0 Bs 0
0 d Bs

Hence we may suppose 5=0.

(i) : If ¢=0, d#0, then by [A., B:]=0(i=2, 3) we have

B 0 0 1 0
B= 0 8 0| B=| 0 8 0|
0 B 0 —d B
@ 0 an @z i3
A= 0 a2 0 |, As=| 0 a= O
y z & @ an @

These reduce to

43
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0 0 0 0 1 0
B:=[ 0 0 0| Bs={ 0 0 0]
0 4 0 0 —d 0
e r 0 dais @z s
A=l 0 0 0 ), As=| 0 0 0
y 2 0 an  as %
By [A;, As]=0 we get
yns=0, (0&+%)d31=yd013,
aza3=0, (-1' +%)0‘31 =Y,

Q2= (.‘l‘d + Z) Q3.

(i;) If ;s=+0, then y=a=0 and xd +2=0. Then the nilpotent matrices

0 0 0 0 0 0
N={0 0 0) M={0 0 0
040 0 —d 0

are commtative and commute with every element of H and N+ Ns=0.

redundant.

Thus we see B: is

(iz) If as=0,then @a2=0, (az+%)af”=0, (x+—(‘§-)aal=ymz. When yai2+0, we get a=aau1=0.

These lead to a contradiction. Thus ya12=0.

If y=0, then a5 =0, that is a:=0 or aan=0. In both of these cases the singular set is

redundant.

If y#0, then @2=0. When a.=0, we see as1=0. In the same way as in the case (i,) we
have As is redundant. When a2 #0, we may assume that as#0 because B: is redundant if aa

=(. Then A, B:(i=2, 3) are simultaneously similar to

000 000
B=[000) B=[100]}
100 000
0 0 0 00 0
A=[0 & 0] A=[00 0
0 0 0 00 %

Since we have nsoH =(A,, Bs, B, B, As, Az), these are nothing but the (Gz) case with 1—y=1
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—y'=0.
(i) : If d=0, c+0, then we can classify in the same way as above, in which (G.) case appears.
Case II-2: We suppose that B; satisfies (R) and B does not satisfy (R). Then by [B:, Bs]=0
we have

0 b ¢ 0 1-6 -—c
B:={ 0 0 0 N Bs= 0 0 0
0 d B 0 —d —5

(i) c=d=0: By the assumption we have £:6=0, 8:(1—5)#0. Hence we see F.+0, b=0.
Then H is decomposable by [A:, B:]=0 (i=2, 3).

(i) ¢=0, d+0: By the assumption we have B:6=0, 8:(1—b)+0. Hence B.+0, b=0. Then
A:, B (=2, 3) are simultaneously similar to

00 0 01 0
B={ 0 0 0 | B={0 0 0 |
00 4 00 -5
an az 0 0 a2z O
A=| an a2 0 |, Ai=|0 0 0
0 0 as 0 0

by [A:, B:]]=0(i=2,3). From [A:, As]}=0, we see H is elementary or decomposable.

(iii) ¢#0, d=0: In the same way as above, we see H is decomposable.

(iv) cd=+0: By the assumption we have 8:6—cd=0, — B(1—b)—cd+0. Hence ﬂz=%¢0, b
#(0. Then B, Bs are simultaneously similar to

00 0 01 0

Bz= 0 0 0 y Ba= 00 0
od _cd

00 3 00 B

By [A:, B:]=0(i=2, 3) and [A., A:]=0, we have H is elementary or decomposable.
Case II-3: We suppose that both B: and B: don’t satisfy (R). Then by [B;, Bs]=0 we have

0 b ¢ 0 1-b -—c
B;={0 0 0| Bs={0 0 0
0 d 5 0 —d -5

(i) c=d=0: We have 8:6+0, 5:(1—b)+0 by the assumption. Then H is decomposable by
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[A:, B]=0(i=2,3).

(ii) ¢=0,d+0(resp. c+0,d=0): By the assumption we have B:b+0, B(1—b)#0. Then in
the same way as in (ii) of Case II-2 we see H is decomposable.

(iii) cd+0: By the assumption we have 8:6—cd 0, — 8(1—b)—cd+0. We may assume S=
0, 5=0. By [A:, B:]=0 (=2, 3) we have

0 0 ¢ /0 1 -c¢
By=| 0 0 0] B:=|0 0 0 )

04 0 0 —d 0

0 a: as 0 a2 ais
A= 0 0 0 |}, =| 0 0 0

0 Lo 0 \o Loy 0

Then H is elementary.
If >0, 5(1— b)=0, then by [A:, B:]=0(i=2, 3), we see that H reduces to

0 &6 ¢ 0 1-6 -c
B={0 0 0 ) B=0 0 0 |
0 d A 0 —-d —§
o @z o ah a2 als
A= 0 a2 0 ) A= 0 o 0 ]
0 o2 am 0 a2 o
where
(133—0’11:%0’13, a5~ an=" 0,
dzz_dl1=%dm—%akz, a— u=%a/13, (3.6)
dho— ata=Ltat, to—du = s dis— ST ae

A: and As reduce to

0 Q12 3 0 alz ais
A= 0 an—an 0 A =l 0 az—an 0
0 asz as3— an 0 as a3 —an

By (3.6) and (I), these are simultaneously similar to



Classification of Pfaffian systems of Fuchs type of a particular class 47

0 b—<d 0 0 1—b+%d 0
2 2
B=| 0 0 0 | Bs=| 0 0 0 |
0 0 B2 0 0 -8
0 ce—S0 0 0 dhe—Sai 0
2 BZ
A=[ 0 0 0 | As=|o 0 0
0 0 33— an 0 0 as—an

Thus H is decomposable.
In the same way as above, if £+0, =0, then H is decomposable by [A., B:]=0(i=2, 3).
a 0 0
IIl: Thecaseof B={ 0 & 0 a®b,b¥c, c*a
0 0 ¢
If both B: and B: don’t satisfy (R) or B: (resp. Bs) doesn’t satisfy (R), then H is elementary
or decomposable by the relation (7). We suppose that both B. and Bs satisfy (®). By [B, B:]
=0(i=2,3) and (3.1), we have

B2 0 0 B 0 0
B:={ 0 ﬂz 0 N Bs=| 0 ﬁ§ 0
0 0 5 0 0 5

By [A:, B:]=0(i=2, 3), we have

e 0 0 ws 0 a3
A=l 0 w: 22 |, As=| 0 a& 0
0 Yz 22 Ys 0 =

By (3.2), we get

T2ya=0, 23y2=0,
ABX2=23X2, X3~ 2X3,
A3Y2=23Y2, A2Y3=R2¥Y3.

If 2:=0, ¥2=0 or xs=0, ys=0, then H is decomposable.
If =0, 2:=0, 3213+ 0, then A;, B: (i=2, 3) reduce to
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B:—p 0 0 0 0 0

B,= 0 0 0] Bs=| 0 B:i—fs 0).
0 00 0 0 0
0 0 0 ws—as 0 0

A= 0 we—a 0 |, As= 0 0 0).
0 V2 0 ys 00

These are simultaneously similar to

00 0 0 0 0
B=|0 0 0 , Bs=| 0 B:—5 O),

0 0 A—5 0 0 0

0 1 0 00 1
A=l 0 we—ee 0 |, As={ 0 0 0

0 0 0 0 0 ws—as

Thus these reduce to the (G.) case.
If =0, 1:=0, T22:#0, then we see that these reduce to the (G:) case.
al 0

IV: Thecaseof B=[ 0 a 0 a*b

0 0 b
By [B, B:]=0(i=2, 3) we have

Bz w2 0 Bs ms 0
B:=[ 0 B 0 ) Bs=| 0 8 0
0 0 g8 0 0 B

CaseIV-1. m.ms+0: If Bt B5, Bs+ B5, then H is elementary by [A:, B:]1=0(i=2, 3) and (3.2).
If B.=p3, Bs* B3, then by [A:, B:]=0(i=2, 3), we have

& n N a ns 0
A= 0 & 0 | A= 0 a 0
0 n2 0 0 o

Put
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0 n; 0 0 m; 0
N=l0 0 0}) M=[0 0 0 (7,7=2,3).
0 0 0 0 0 0

These are nilpotent, commutative and commute with every element of H. Thus we get B; is

redundant.

CaselV-2. my=1, my=0: If 8.+ 85 B:+ B3 then H is decomposable by [A;, B:]=0(i=2, 3).
If B.= P, Bs+ A5, then by [A, Bi=0(i=2, 3), we have

@ n N zx y 0
A= 0 & 0 ) As=| z w 0
0 »n a 0 0 v

By [A:z, As]=0, we also have

zn=0, xn=wn,,
z2n2=0, xnz=uvnz,

z2n7=0, wnz=uvnsz.

If z#0, we get no=n3=n3 and H is decomposable.

We suppose that z=0. If n.n:n?+0, then x=w=v. In the same way as above, the
singular set is redundant.

If only one of n2, #; and #7 are zero or n.#0, #n5=n5=0, then the singular set is redundant
in the same way.

If no=n3=0, nf+0, we get w=v. Hence A;, B: (i=2, 3) reduce to

010 00 0
B;=l0 0 0] By=| 0 0 0 ,

0 00 0 0 B:—4s

0 0 0 z—w y 0
A= 0 0 0 , As=[ 0 0 0

0 n ar—a 0 00

These are simultaneously similar to
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000 00 0
B=|1 0 0] By={ 0 0 0 )

0 00 0 0 F:—5s

00 0 0 0 0
A=0 0 0 | A=l0 z—w 0

1 0 aot—a 0 0 0

If we transform v to y—1 in the system (3.5), then As becomes B.. Since (A,, Az, As, Bi, B,
Bs): =aH=(A,, As, A», B, Bs, Bz), these reduce to the (Gz) case with 1—y=0.
Similarly, if #2=#%=0, n5+0, we observe that these reduce to the (G:) case with 1—y=0.

al 0
V:Thecaseof B=| 0 a 1
0 0 a

By [B,B:]=0(i=2, 3), we have

B m2 ma B ms m;
Be={ 0 B m ), Bs=| 0 B ms
0 0 B 0 0 5

Case V-1. mms+0: We see H is elementary by [A:, B:]=0 (=2, 3).
Case V-2. m2=0 (reap. ms=0): We have

B 0 m B 1 ms
Bz = 0 ﬂz 0 N Ba =| 0 Ba 1
0 0 5 0 0 B

By [A:, B:]=0 (=2, 3), we see

’ ’

& Nz N2 a3 N3 N3
A=| 0 && nf |, As=| 0 as ns
0 0 e 0 0 o

By (3.2), it holds that nsaz=#nsa: and n2ns= 13 ns.
If #s+0, then at=ae, n2=n5. Thus this case reduces to Case V-1.
If ns=0, then it is easy to see the singular set is redundant.
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a 0 0
VI: Thecaseof B={ 0 a 0
0 0 a

Then by transformation of solution we may suppose B=0. Hence B=B;+B;=0 or B;=
—B;. From the condition (I) we get [A, Bs]=0, [As, B.J=0. Therefore every element of H
is commutative with each other. Thus H is elementary. ]

3.3. The case that the singular set is redundant in two elements of 6-tuple.

We consider the case that the singular set is redundant in the 5-tuple of section 3.2. Itis
sufficient to classify 4-tuples.

Theorem 3.3. Assume that the 6-tuple H satisfies (I) and (S). If the singular set is vedundant
in two elements of H, then H is decomposable or elementary, or the singular set is redundant
in three elements of H.

Proof. It suffices to consider the cases of Ai=B1=0 or A.=B,=0. If A,=B,=0, then every
element of H is commutative with each other. Thus H is elementary. We suppose that A=
Bi=0. Then by (I) and (S) we have

[As, Bs]=0, [ B, Bs]=0, [A), Bs]=0, Ai+ As+ B+ Bs=0. 3.7

Hence Bs is commutative with Ai, As, B; and it suffices to consider the following 5 cases I~V
of Ba.

a 0 0 al 0
I:10 6 0) H:{0 a 0 |
0 0 & 0 0 a
a 00 al 0 a1l 0
Im:{ 0 & 06 ), IVv:{ 0 a 0}, V:1{0 a 1
0 0 ¢ 0 0 b 0 0 a

We see that Bs is redundant in the case II. The other cases are easily seen to be elementary
or decomposable by virtue of (3.7). m]

Remark 3.4. In the case II above in which the singular set is redundant, the resulting Pfaffian
system can be integrated using the Gaussian hypergeometric function.
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