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Abstract

The adjoint operators of composition operators in Hardy space have nice properties. But
in general, we can’t know their exact representation until now. In this paper, we give exact
representation of adjoint of composition operator in Hardy space.
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1. Introduction

Let D be the unit disc centered at origin in complex plane C and H(D) the space of all
holomorphic functions defined in D. If

£(2).9(z) € H(D).f(2)= B F(n)z"9(2)= E g(m)2",
we denote [f[= 3|7 (m)P=lims—13"1f(re“)?d6 and H*={f € H(D): |f|<+oo}. It

£(2), 9(z) € H?, then we denote <f; g>= 33 7(n) () =lim-1%/(re") 7(re*)ds.

It is well known that the functional || - || is the norm on H* which makes H? a Hilbert space
with the inner product <-,->. As usual, we associate with each holomorphic ¢: D — D the
composition operator C, by equation :

Cof=fop, VfeH(D)
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C, is linear and continuous on H(D). Among other things, the goal of many papers is to
connect the function-theoretic properties of ¢ with the operator-theoretic behavior of Cs. A
consequence of a famous Subordination theorem Littlewood ([4]) is that each holomorphic self
map @ of D induces a bounded C;, on H2.

The following very useful computation characterizes the adjoint of a composition operator

{f,CEK ) =L Cof Ka>=F(p(a))=<f, Kota)),
so C¥K,=Kpa. As an example of the use of this computation, we note that if g(a)=

o(8), then:
CH(Ka— Ks)=Kotay— Koty=0,

and C? has nontrivial kernel. Moreover, if ¢ is not one-to-one, there is an open set of such
pairs a, # which means that the kernel of C§ is infinite dimensional. The adjoint has a very
nice representation in terms of the kernel functions, but the absence of a more general represen-
tation for the adjoint is a major stumbling block in the theory. On H? for ¢ linear fractional,
C# has been calculated. For a bounded analytic function g, let 7, denote the analytic Toeplitz
operator on H? given by Tu{(f)X2)=g(z2)f(z).

Cowen’s Adjoint Theorem ([2]. Theorem 2) If ¢(z)_=(az_+ b)/(cz+d) be a linear frac-
tional self map of D, where ad—bc+0. Then 6(3)=Ta§;TCJ' maps D into itself, g(z)=

nglT;- and h(z)=cz+d are in H* and C¢=T,CsT¥ in H-.

In [2] Theorem 2, Cowen requires that ad —bc=1, but this is not necessary.

Following the Cowen’s work ([2]), in 2000, Cowen ([3]) generalized his result to » variables
and in 2003 J. N. Mc Donald ([5]) make some progress about this problem but not solve it
completely. Cowen ([1]) pointed out that one of the main difficulties in advancing a general
theory of composition operators is that a nice representation of C¢ is unknown. In this paper,
we give exact representation of adjoint of composition operator in Hardy space.

2. Some lemmas

Because H? is Hilbert space, Cp: H? = H? is bounded, so C¢: H? — H? is bounded also.
Let f(2)=’§)fnz",g(z)=’§°§nz" € H2»¢(2)=§°¢ﬂzn:¢(D) gD,f=(f0;fl; - :fﬂ) e )) §=(§0) gl, "y
Gn,), denote

<f;§> = ofny=n=§ofn5n

n
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In the following, we compute infinite matrix and vector just like finite dimension case and
we can obtain lemma 2. 1 immediately.

Lemma 2.1 Let h(z)=f(z)g(z)=g) in2”, F=(f1,5),G=(g:,;,),H=(hs,;) are infinite upper
triangular matrix where

0, if j<q,
o=y,
fi-i, if j21.

{ 0, if j<i,
9ni= cp e
Gss if j21.
0, if j<q,
hii=1 _
hi-if j21.
then H=FQG.

Lemma 2.2 V#n €N, {f,9"™=(f,ed">where p(z)= 2 Pa2",e=(1,0,~,) and ®=(p;,) is
infinity upper triangular matrix

0, if <3,
Pii=\ _ .
Pi-i, if j=1.

Proof. Vne N, Let ¢o™(2)= 2‘}’“2 = B0, Bty , Brry ™™ ). By Lemma 2.1, ¢"=e®",
thus <f, o> =<(f, o= {F,ed™.

Let 0={®: ¢€ H? @ is infinity matrix defined in Lemma 2.2} and we define lel=lel in
Q. By Lemma 2.1, Lemma 2.2 we know these definitions are rational and [l - | is a norm in Q.
If |®] <1, z€ D, computation in the following lemmas is rational.

Lemma 2.3 Let ¢(z)= 2 $a2" be an analytic mapping from D to D. Let I be infinite
unit matrix, B=(5;;) be mflmte upper triangular matrix, Vi, j € N U{0}

0, i>jr
1 ..
1— @2’ =7
bi..i: by
k=1 EP“‘H___I?’S:
w2 Tzpe  Ji=k>0
g} se=k,s:>0(1<t<p+1)
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Then Vze€ D, we have (I —®2)~'=B.

Proof. Let ti.i—‘z(af PinZ)  bas= 2(31 Pr-iZ) - bi—s. thenif i>j, £;;=0;
if i=j, b= 2(61 ?k-:Z) bj-h—'(l svoz)bo 1;

if £<j,
.i 1 o . =
by =(0i— §;-e2) bo+ (8{ Pa-iZ) * bj—a+(8i— PoZ) - bj—:
—-pn‘ﬁ' =
~ k=1 Pse
—EE' Z J -1 =k
T 1—-& Z_ ST+ ( Pr-iZ) pz—:n Syt +3p§ =j=k,S6>0 (1 PoZ -;l”
Epl”ﬁl 58(
t=1
+(1- %Z) I= o Si4ee +s,§=j-i.s¢>o 0—e2) 2
_p.np'” -~
—@siZ j-ze-z;-é-n o 2 ‘l;ll Pse
T 1—eZ =0 k=£+1¢k-izs.+---+s§=.¢-k.s¢>o a- 5025“5
o2
J=i=1 ) zH ‘1;[1']’3:
+ pz="'o Stbeertsimimimiy0 (1— ¢oz_5p”
” #1016
T O T
T—BoZ 50 sit-eetsiamimtano (1— PoZ P
= lP+l P
J=i-1 zh* 31;[1 Pse
Eo s;+---+s§=}—i.s;>0 (1- @oZi”i
_ : 271 5
= 2__‘2- _j-ﬁ-l 2 A 8
1— 602 p=1 3|+"'+3p¢|=j-l',$¢>°z1_ 502;’”‘1
min1 _”“H Pae
+ pgo Si4er +sp,2.=,_x‘.6¢>o il QD Z;P“ =0
That is
(I-®2)B=1I,
Thus
(I-®z)'=B

Lemma 2.4 If » = p, then
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P
H(s1,52,,5p) : ‘Eﬂs:= 75,8, ,5p > 0}|=C5-1.

Proof.

P
HCs1,s2,7,50) : E_ls: =n,51,52,",5p >0}

]
=Hlsus2,50) 1 2se=n—p,51,5,,520}|

ke

1 (n—1)! 2=}
(n=p)1 (p—DV

x=0

3. Main result

Theorem 3.1 Let ¢(z)=g¢nz" be an analytic mapping from D to D, then C# in H? can
be represented as

b1 _
ZP“H PS:
* — — =1
Cef(2)= 1- & Z+2f§) S14e- +s§.-ns.>o (1— Poz)?*?

where f (z)=§)fnz" € H>

Proof. Let C:f(z)="2:‘banz", By Lemma 2.2, we have
Sondr=(Sa", 3 5.2 =(C31(2), o)
=<f(2),Cogl2))=<(2), (P(2)>=<F(2), 3 Gno"(2)>
=3} (20" (2)= 5, 5 F, e
Compare the left side with the right side of above equality, we have a» = {f,e®").
C:f(z)=ganz"=g<f, ed™y 2"
= e S0 zH=(F, e(I-02)"

By Lemma 2.3, we have
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iy =
z Z ;l:[l P

fo &%
* = ————r
C'f(Z) 1- @oz +:§1nt’2=0 S|+'"+8§|=n.&>0 (1_ aoz)‘”‘z

Corollary 3.2 If
p(2)=(az+8)/(rz+9)

be a linear fractional self map of D, where ad—gy+0,

o(2) —E;z_ja’ 9(2)=— Fi 5 Ma=rz+é,

then C§a = TgCo'Th* in HZ.

Proof. (1) If

___b+CZ_ < n n_w n - n 1
o(z)= 1—az_(b+cz),§:a 2 —Z'ba”bz + D atcz™

= b+n2:!l(a"b + a"“c)z"=b+§!la"”’(ab +c)z".

By Theorem 3.1 and Lemma 2.4, we have

et sz:ﬁ:(ab _|_ C) Es.—l
* =
Cef(2)=—5 1— bz +"Z_!lfnp=o S|+---+s§|=n.s¢>0 1—b)p*

(554_ E)pn Eu-ﬂ—lzpﬂ

M

o

11—tz gf Z=: 0 S14-s-+8pe1=1,8>0 (1—bz)*+*
fo & frz(@b+e)n? I (a@b+ )z
e ta (-hy 22 (R ]
fo + f,.z(ab+c)[_,(c'il;+c")z]"-'
1-bz & Q-G L% 1-%
fo | & Fn2@b+E) (a@+cz\m!
Tz T2 (-5F (l—bz)
If
’ ’ b’
az+b d : (d.r#:o)

¢(z) g ’ 7
c’z+d 1_(_701_'_)2

Let a= ;,, b= 2,, c Zl” By above equality, we have




Representation of adjoint of composition operator

2 b, a T, a@ _\nt
" fo N P f'lz( dl le dl) d: T dr‘
Pf(z) ’ T ’ ’
1 -—-é—z = a ——b=-z)z 1 -—I-’rz
a d d
fod_' , i fnz( Z;Ibl_l_ a—ldr) (_ C—,I_’_ Elz)n—l
d'—b'z in (d'—b'2) d—bz
(2)Let
f (z)=§ofn2", g(Z)=§5nz", h(z)=n2:;, hn2", THf =§,anz".
Then

W2)g(2)= 3,3 hagn-s)"

ganfn ={Tf(2), g(2>=<f(2), Tug(2)>=<f(2), h(2)g(2)>

A
Q)]
§u
N
Il

Mse
M=
3

3

|

r

K n(z)=cz+d,o(z) aZ— +Cd, 9(2) —b;+d’ Then an=fud+ fan €,

— 1 &7 T [ @z—c 77
iy vy PH L d+fn+nc)[fm]

—gid*—;+d2f{4{%3%Y+4£%i%ﬂm}

fod __ ; 2(— 55+a¢7)[ az—¢ ]n-l

v —k+d2f d—bz | —bztd

Compare the result in (1) with the result in (2), we come to the conclusion.
Remark : This Corollary is the Theorem 2 in [2].
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