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1. Introduction.

1.1. A normal Gorenstein projective algebraic surface X over C is called the del Pezzo

surface if the anti-canonical divisor — Kk is ample. We put d :=K%>0, which is called the

degree of X. Let us denote by x :=SingX ={x1,73,...,xs} the singular locus of X , where £=0 if

X is smooth. Let 7: M—— X be the minimal resolution with the exceptional set C =Exc(r)

=a"Yx)=U.C:, where C; is irreducible. Then we have Ku=r*Kx— 3 m:C; 0<meZ)
Then Hidaka-Watanabe (cf. Demazure) obtain the following :

Theorem 1. ([3], [5])
The minimal resolution M is rational or a P -bundle M—=T over an elliptic curve T.
Moreover,
(1) M is rational = Sing X consists of at worst rational double points, and hence K=
7*Kx, in particular, — Kx is linearly equivalent to an elliptic curve T with 'NSing X =
8, hence — K=Y, where I is the proper transform of T in M.
(2) M is a P'-bundle over an elliptic curve T— X is a cone over T. In particular, C
=Exc(n) is the negative section of M and Ku=nr*Kx—C.

Remark 1. I case where X is rational and d =17, one has easily the following
(1) d=9=—= M=X=DP*
(2) d=8=—= M=X=P'x P! F,or X=Qf, where F\ is the Hirzebruch smfac:e of degree
1 (the blowing up of P? at one point), and Qo is a quadric cone in P2
(3) d=T== M is obtained from F, (resp. P?) by the blowing up of one point which is not
on the negative section (resp. two points in P? infinitely near points allowed).

1.2. Now in this paper we shall consider the case where X is rational and 1<d <6. Since X
has at worst rational double points, each component C; is a smooth rational curve with the
self-intersection number C3=—2, which we call the (—2)-curve. The anti-canonical divisor
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— Ky is linearly equivalent to an elliptic curve I'(= T) with xNI'=@ by Theorem 1. Moreover
— Ky is very ample if d 23, Bs |— Kx|=0 if =2 and Bs |~ Kx|={p}(one point) with p ¢ Sing X
if d=1. We note that a normal cubic surface in P?is a del Pezzo surface with degree d=3.
1.3. A curve £ in X is called a /ine on X if

(1) ¢ is smooth rational curve on X,

(2) (Kx-O)x=-1,

Applying the adjunction formula, we have easily

Lemmal. A curve £ in X is a “line” if and only if the proper transform ?of ¢ in the
minimal resolution M is the exceptional curve of first kind, that is, the smooth rational curve
with the self-intersection number ##=—1 (we call simply the (—1)— curve).

Remark 2. if =3, then the line is a real line (in P¢) because —Kx is very ample if d=3.

1.4. Now let us introduce the following invariants:
» &: the number of lines on X.
+  k=0: the number of singularities of X.
«  p=2u(x;) the total Milnor number, where z(x:) is the Milnor number of the singular-
ity x..

Remark 3. In our case, the singular locus x=SingX consists of at worst rational double
points. Hence the total Milnor number y is equal to the second Betti number b(C) of C, that
is, the number of irreducible components of the exceptional curves C=Exc(r)=U.C:.

In the paper [1], Bruce-Wall find the following interesting relation among these invariants
8, kand p:

Theorem 2. Assume that d=3, that is, X is a normal cubic surface in P°. Then we have
) 8=2(8—m)(T—m)+k—1

Remark 4.
) In Theorem 2, if X is smooth (that is, k=p=0), then we have =27 on X,whichi is the
well-known number of lines on a smooth cubic-surface [6].
(2) Applying the complete list of the classification of (8, k, ) for cubic surfaces in P*(see
[1]), Bruce-Wall obtain the formula (&) for cubic surfaces.
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Problem 1.
(1) Give a direct proof of the formula (8) for cubic surfaces.
(2) Find a relation for the remaining cases where 1<d <6, (d+3), especially, the interesting
cases of d=1,2.

2. Main theorems.

2.1. Now we shall give a similar relation for the cases that d=5 and d=7.

Theorem A. Assume that d=5, that is, X is a del Pezzo surface of degree 5 in P5. Then
(©) b=5(5—u)4—p)+k

In particular, if S is smooth, then §=10.

Theorem B. Assume that d=17. Then we have

) 8=5(3—m)2— 1)+

In particular, if S is smooth, then §=3.
3. Proof of Theorem A and B

3.1. Assume that d=5. Let X be a normal del Pezzo surface of degree 5 in P5. By the
classification of Coray-Tsfasman [2], one has the following :

(T1) (Sing X,8)=(8; 10), (Ai; 7), (2A,:; 5), (Az; 4)
(AlAz; 3), (Aa; 2), (AA; 1)-

This implies the following

(8, &, £)=(10,0,0),(7,1,1), (5, 2, 2), (4, 2, 1)
(T2) (3,3,2),23,1),(Q,4,1).

One can easily check that these datum (T2) satisfy the relation (¥). This proves Theorem A.
O
3.2. Next assume that d=7. Then one has easily (SingX, 8)=(8; 3), (4:; 2), that is,

(8, n, )=(3,0,0), (2,1,1).

From this we have the relation (¢). This proves Theorem B. O
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4. Del Pezzo surfaces with exactly one line.

4.1. Let X be a del Pezzo surface with exactly one line £ (that is, d=1) and 7: M—X the
minimal resolution with exceptional set C=U.Ci=x""(z), where x=SingX. Let Xr={p,
D2,-0+}; (3<7<8) be the set of points (infinitely near points allowed) on P? which are in
almost general position (cf. [3], [5]). Then we have M=Bz(P?), that is, M is the blowing up
of P? with center 3,. We have Ky=—T by Theorem 1.

Theorem C(cf. [4]). The singular locus x=SingX +4.
(I): The type of the singularity is as follows :
(1) d=1==SingX is of Es-type
(2) d=2=—=SingX is of E;-lype
(3) d=3==SingX is of Es-lype
(4) d=4==>SingX is of Ds-lype
(5) d=5==SingX is of As-type
(6) d=6=—SingX is of A+ A\-type
(D) : Let ¢ be such a unique line on X, then we have ¢ and X—0=C2

Proof. The proof is done by dividing into severl steps.
Claim (a). The (—2)-curve on M is an irveducible component of the exceptional set C.

In fact, let E be a (—2)-curve on M. Then, by the adjunction formula, one has (Ky*E)=
0, hence (#*Kx+E)=0. This proves the claim. O

Let £ be such a unique line on X and 4 the proper transform of ¢ in M,:=M. By
definition the curve 7, is a unique (—1)-curve in M,. Let

¢I MrL’ Mr-lﬂ’ Me geee — - MIL’ p2

be the sequence of blowing ups of P2 with center ;. Then I'* :=¢(") is a smooth cubic curve
on P2 passing through all the points of 2,.

Claim (b). bx(X)=1 and b(C)=r.

In fact, we may assume that ¢,(4,)=p,. If there isa (—1)-curve Z,_, in M,_,, then we must
have p,€ ,_, since M contains a unique (—1)-curve. Similarly there is a (—1)-curve 4 in M;
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such that p;-1 :=¢{4)E 4-(2<j<r—1). This shows that Zr2 U d,,U U4, is a linear tree of
(—2)-curves. Then the starting point p;y&T™ must be a point of inflexion since M, contains a
unique (—1)-curve. Let 4 be a tangent line of I'* at the point py with (I™*+ &)p:=3, which always
exists. Then the proper transform 4 in M, is the (—2)-curve. Since the second Betti number
b2(C) is equal to the number of exceptional curves, by Claim (a), we have b{(C)=7. On the
other hand, since by(M)=bz(C)+b(X) and bA{M)=#+1, we have the claim. [

Claim (¢). Hi(oT; Z)=Z..

In fact, let 9T be the boundary of a sufficiently small contractible Stein neighbourhood T
of x: (x;¢ T: if i#j) in X and set dT=U%,3T:. Applying the Mayer-Vietoris exact
sequence, one has The Poincaré exact sequence:

0— HX(X; Z) 2 HAX; Z)— H(3T: Z)— 0

We have H(X ; Z)=Z-c)(Ox(T") and H(X ; Z)=Z¢. Since Pici(Ox(T"))~d¢ in HoX :
Z), we have the claim. [J

By Theorem 1, every singular point z: is a rational double point, that is, z: is one of the type
Es, Es, Es, Dne2(#22), Anvi(n=1). An easy computation shows that

(1) Hi(3T:; Z)=0 if Es-type.

(2) Hi(9T:; Z)=2Z, if Es-type.

(3) Hi(3T:; Z)=Z; if Es-type.

(4) Hi(3T:; Z)=2Z, (resp. Z.®Z:) if Dari-type with odd n(resp. even #).

(5) Hi(8T:; ZY=Z 41 if 2 is of An-type.

Taking into account that b.(C)=9—d, one can easily show the assertion (I) of Theorem C.

Show the assertion (II). Since

UC=4,Ub U~ U4LU G,
we obtain that
X—t=M—(4-1U 8 .U~ ULUS)
=P:-4
=
This completes the proof of Theorem C.
O

Finally we shall propose the following
Problem 2. Assume that §<4 and 4,..., & the lines. Thenis X—U24=C? C*x C, or (C*)??
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