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In the paper [4], H. L. Turrittin asked, reviewing Okubo’s problem, whether a
single linear differential equation with a reguler singularity and an irregular singularity
of rank 1 can always be reduced to a system of linear differential equations of the
Birkhoff form t¥'=(A + tB) Y. K. Okubo answered his question for this case in a
private letter. However, in a general case in which a single linear differential equation
has an irregular singularity of an arbitrary rank, such a reduction problem seemed to be
difficult and to be left unsolved.

Several years ago, the author tried to solve the reduction problem, together with
another reduction of every single Fuchsian differential equation to the so-called hyper-
geometric system [3], in a lecture given at Professor R. Gérard’s seminar of Strasbourg
University, but the author has so far laid the result aside.

In recent years, the computer becomes very familiar even to mathematicians, who
can now leave some difficult and tedious calculations to the computer through programs
for algebraic manupulation by REDUCE, muMATH, MACSYMA, etc. The algorithm
of our method of reduction seems to be quite suitable to algebraic computation by the
computer. And this paper, which is based on the lecture note, is probably useful for
establishing an effective algebraic computation system for the reduction of single
differential equations to systems of the Birkhoff or Schlesinger form.

1. The purpose of this paper is to show a simple and effective method for the reduction
of single linear differential equations with singularities to systems of linear differential
equations which have the simple form as possible and have the same characteristic
properties at the singularities. To illustrate the method, we treat of two reduction
problems in this paper.

We first consider the reduction of the single linear differential equation
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dx _ & & Y S
(1- 1) " at" = lZ,_l(rZ:!oa:.rt )t WF
to the Birkhoff canonical system
1.2 + = B(1)Y =(Bo+Bit+ -+ Bat") Y.

In (1. 1) the characteristic constants p; ( =1,2,- - -, %) of the regular singularity at the
origin are given as roots of the equation

[0l =F awlelar  (lolo=plo=D+"+(o—p+1)),

and the principal characteristic constants 4; ( =1,2, -+ -, n) of the irregular singularity
at infinity as roots of the equation

n
A" = Izl Qiqt A"—‘.
We here treat only the case in which no solutions near the regular singularity include
logarithmic terms. We can then obtain the following
THEOREM 1. Assume that p; (i=1,2, -+, n) are mutually distinct and
ps# pi(modl)  (i#j7;4,/=12,--+,n).

Then (1.1) can be veduced to (1. 2) with

bia () t? 0
q
1.3 Boy=| 2ol w0
bn,!(t) bn,z(t) """ bn.n(t)
bii(t) =p;—(G—Dg+blt+ - + b7 (7 # n),
(1. 4) b (t) =%+ blit+ o+ bi't! (G>j;i#+n),

bns(t) = b3+ bast+ oo + 0357+ ansi-jamn-n 1,
bn,n(t) = 0On— (n - l)q + brlt.nt S bg;xltq-l + al.qtq,

by means of a linear transformation with polynomials in t™' as its coefficients.

From (1. 4) we can easily observe that (1. 2) has the same characteristic constants as
1.1). .

2. In the paper [1] we used the following relations
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P
@.1) xo(t)= o L
@.2) t%ﬁ+(q—1)pxp=t°x,“ (p=01+++.n—1)

in order to obtain informations on characteristic constants of the irregular singularity
and estimates of coefficients of formal solutions.
Now, multiplying both sides of (1. 1) by ™9, we can rewrite (1. 1) in the form

(2.3) xn= 2 A 20,
where we put
2.4) A =Fant™"  (=12-,m.
Then, taking account of (2. 2) and (2. 3), we have
Xo 6, £ 0 %o
x 0 & 19 x1
(2.5) 9X=9 = : 5 .. ..
0 o --- On-r 17
Xn-1 t9A(E)  tAna(E) o Gt t7A()] L Fn
= (DX (g=t-4:6=-G-D@-D, j=12,n).
We here put
! 0
ez,l(t) 1
(2.6) Y=E(t)X, E)=| en(t) es(t) 1 ,

ena(t) en2(t) *+ o, 1 (2) 1
obtaining the relation

2.7 9Y=(PEW+EQ@)F(NE'()Y
=B(1)Y,

which implies that
2.8) gEW#)+E#)>(t)=B(t)E ().

From (2. 8) we now have only to determine e;,;(¢) ( > ) such that all the elements of the
matrix B(t) are polynomials of the required form (1.4). If we put
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E@). (t)=(a(t)), B E(t)=(Bn(2)),

then we have

@.9) { @6 (2) = t9e;n-1(8) + Orejn (G=12-++,n—1),
) an.k(t) = tqen.k-l(t) + 0ken.k(t) + thn-lu-l (t);
and
(2.10) Bk () = biu (8) + t§+1 b (t) e (8) + e (2),

where we understand

ei(t)=1, eun(t)=0 (k>), en(t)=0.
From (2. 8) it follows that
(2.11) Dein(t)+ arn(t)=Bia(t) (k<j+2).

For the upper subdiagonal elements these are identical relations since a;,;+1(¢) = ¢? and
Bin(8) =17
From the relations of the diagonal elements

a;.;(8) = B5.i(t)

we have
2.12) e (8 + 6= b (8) + t%esms(2) (G=12,---,2—1),
(2.13) t9enn-1(t) + On + t7A1(E) = bna (),

and for the k-th lower subdiagonal elements we have

(2.14) De;-n(t)+ 9 —n1(t) + ej-kej.j-k(t)
k=1
= b (8) + E) bis-1 (1) @j—t5-1 (£) + t9€ju15-2(8)
(7=23--+,n—1),

(2. 15) G enn-x (t) + tqeu,n—h-l(t) -+ 0n—lz€n,n—k(t) + t9Akn (t)
k-1
= bn,n—k(t) + [go bn.n—t(t) en—l,n-k(t)
(k=1,2,--+-,n—1).

From these relations (2. 12-15) it will be observed that the subdiagonal elements of E (¢)
can be determined as polynomials of the same degree. We put
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(2.16)  ei-a(t) =t %-n(t) + 17250 () + - - - + 7%l 4 (2)
(j=2)3).. .!n;k=l:2r‘ * .’j_l)’

where ef;_:(t)(v=1,2,- - -, k) are polynomials in ¢ of degree at most (g —1). We also
write the coefficients A,(¢)(! =1,2, - -, %) in the form

2.17 A =arqa+ t7TIAN ) + t729A(E) + - - + t79AHE)
(lzl’z’. * .)n))

where A¥(¢) (v=1,2,- - -,!) are polynomials of degree (g — 1), i.e.,
(2.18) Ar(8)=A7(0)+ ArQ)t + -+ -+ A¥(g— 1) 27N,

In particular, A{(0) =ai (!=1,2,---,n). We moreover introduce the following
notations :

o (7% (1) = o (17 S £ut*)

=S -+ B

=799 ee” (t),

b(De(D) = (3 But*) (T eat™)
=t {(Bebo + Ba-1&1 + + + + + Bibq1) + (Bebi + Ba-rba
L .Bzfq-l) t+ceet (Bq&—l) tq-l}
+ {(Bobo) + (Bobr + pr&o) t + -
+ (Bolq-1+ Pr€g-z+ + -+ + Bo-r1b0) t77')
=t[b(t)e() +[b() e ()]

Substituting (2. 16) and (2. 17) into (2. 14) and (2. 5), we have

(2.19) D vaelj-n t Oi-reli-rn t+ €} a1
k-1
= E) {{bs.5-10F-15-r)" + [Br- €)7o} + eFitson,
1 k-1
(2. 20) bj,j-k = &j,j-k-1" ZE‘ [bj.j—le;!—l.j—k]o - €}+1,j-k,
(2. 21) @'uqe;{.n-k + 0n-kellll.n—k + erltl;il—k-l + A;:Il'

k-1
= ; {[bn.n-le:-l.n—h]l + [bn,n—le}l’:ll.n-k]o},

k=1
(2- 22) bn.n-k = elll.n-h—l + All¢+l + alz+l.q(k+!)tq - 2 [bn.n—lerl:—l,n—k]o
=0

(V=1’2" ° .Yk))
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where we also understand
el-ti-x=0 (V>k— l).
From (2. 22) we immediately see that

(2.23) bnn-r = Grergasnt? + + o (k=0,1,---,n—1).

3. We are now in a position to prove Theorem 1 by determining all coefficients of
polynomials e}« (¢) and ;. (¢) uniquely. To prove this, we only use a very simple result
which we describe in the form of

LEMMA. Let b, né, «~+, nd be known constanis such that
N
6.1 [elv + pblolv-r+ -+ - + 2’ =1 (0 — 00).

Let ¢ be an unknown variable which satisfies the relations

=@E—-(N-1)+n,
3.2) d=(u—(N—-kN& "'+ (k=23,---,N-1),
0= p&™" + u

Then u is equal to one of p., i.e., for instance, p = on, and there holds

E+p—-(N=-2) -1 0
& o—(N=-3) -1

3.3
-1
& 0 :
=[pln-1+ & [ply-z+ + -+ + &
N-1
=T (o — 0.
PROOF. The first part of the lemma can be easily verily verified. Since
E(} +a —1 O
53 Xz -1
-1

3! 0 XN-1



A Simple Reduction of Single Linear Differential Equations to Birkhoff and Schlesinger’s Canonical Systems 15

=XX2***xXv + E&xzxs’ L Y 63x3x4 RS TR &‘v-l,
we have, denoting the determinant by £ (o),
f(@)=I[plv-1+ &lo)n-2+ -+ &

and

(0—on) F(0)=[ply — (on = N+ 1) [p]n-1
+ & [olv-1—(on — N + 2)& [0]n-2
+
+ & o) — onbd !

=(oln + nbloln-1+ -+ 9§
='1:I:(P_Pl)=(0_ PN)’:]:[__:(p— o0,

Now we shall begin with the determination of ef.-.(t){(£=1,2,---,n—1)
and bn.x(¢). From (2.13) and (2. 21) we have

rlz.n- + n+A'= n,n T q,
3. 4) { eran-1+ 0 1= bn, ai,qt

@hqer’xt.n—k + Hn-ker’;‘,n-k + erl:.;l-h-l + Akl = [bn.nerl:.n-k]l
(k=1,2,---,n—1).

We put

ehnn=(E8+ Elt + -+« + E5 177" (k=1,2,---,n—1),
ban—a1,qt? = (.30 + Blt S BRI o Bq-ltq—l)

and then (3. 4) yields that

B.5) &=f—bh—ao=F+(n-1)g—(n—1)—ai
(3.6) &=B-Al(v) (v=L12,---,4-1),
3.7 0 =(Bo+ kg — On-0) &6 — anrro=(fo+ (n—1)g — (n— £ — 1)) & — ar+1r0,

3.8) &M'=F+r—-1)g—v—(n—k—-1)E+ B
+ (Bi&la+ + -+ Bui€d) — ARH (V)
(k=1,2,---,n—1;v=1,2,+++,g—1),

where &7=0. Applying the lemma to (3.5)and (3.7), we immediately see that
Bo+ (n—1) g is one of roots p; (j=1,2,- - -, n) of the equation



16 Mitsuhiko KOHNO

[o]n — g‘lal.o[ﬁ’]n-l =0.
We put
3.9) Bo+(n—1)g = pn,

whence & (k=1,2,+++,n—1)can be determined uniquely. Using (3. 6) and (3. 8),
we determine &f (k=1,2,---,n—1)and B, successively. We have

&+on—v—(n—-2) -1 0 &
& pn—v—(n—3) -1 &
-1 :
&' O on—V &
= known data.

Again, from the lemma we see that the determinant of the matrix in the left hand side
of the above formula is equal to

3.10) [on = V]n-1+ & [on — VIn2t+ -+ - + &7 = j:[:(ﬁn —v—00)

which is non-vanishing from the assumption of the theorem. Thus we have determined
all the coefficients of efn-x(¢) and b,»(¢) uniquely.

Next we shall determine ef;-x(¢)(£=1,2,-+-,7—1) and b;;(¢) successively.
From (2. 12) and (2. 19) we have

fimt + 6= b; + ejiry,
(3'11) {e; 1 5] €j+t

@ueﬁi—k + ﬁj—kef,j-k + ej'f}'—’k—l = [bj,jef,j-k]’ + effll.i-h
(k=l)2). ¢ .lj_l)'

We use mathematical induction. Let

eftia(t) =8 + it + - - - + patltt!
(k=0,1,--+,/—1)

be known polynomials and the constants 7§ (k=1,2, - +,) satisfy the relation
J

(3.12) [o)i + mlolia+ -+ -+ né= ll;Il(P - p).

Putting

elin=(&+ &+ -+ &) (k=127 1),
biy={(Bo+ Bit + +++ + Bq-1t""),

We have
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(3.13) &E=8+(G-1Dg—-3G-1)+n,

(3.14) E=h+ 17 v=12--+,9-1),

(3.15) &' =B+ -—De-G—k—-1)&+n",
(3.16) S =B+ G-Da—v—(G—k-1)&+ &

+(Bi&lor+ -+ B + b ,
(k=1!2’...)j_l;y=1l2’.'.)q_1))

where &/=0. Applying the lemma to (3. 13-16), we can immediately obtain

(.17 Bot+(i—1g=p;
and
(3.18) [oli-1+ &lpliat - - + &7 =T (o — o0,

Again, under the assumption of the theorem we can determine ef;—»(¢)(k=1,2,- -,
7 —1) and b,,(¢) uniquely. Thus we have proved by mathematical induction that for all
iG=12-+,n) ef5-a(t)(k=1,2,-++,j—1) and b;;(¢) can be determined uniquely.
Taking account of (3.9), (3. 10), (3. 12), (3. 17) and (3. 18), we can also see that the 4;,(¢)
have the form
bis(t)=p;— (G = 1Dag+ bt + -+ + b75't77 + bist7
G=1,2,-++,n),

where 57,=0( #+ ») and b.» = ai..

Lastly we shall show that the sets of polynomials
(bn.n-lc(t), er‘tl,n—h—v(t) (U = 1,2, tee,n— k- 1)}
and

(5= (8), €firn(t) (v=1,2,-++,j—k—1)}
(=n—-1mn-2,---,1)

can be determined in succession as k takes values 1,2, -+,(n —1). We prove this by
mathematical induction. Let the sets {bnn-1, €xn-i-o} and {bj-1, €fj-i-} G=1,2,+ ¢ -,
#n—1) be known for /=0,1,++-,k—1. Then from (2. 21) we have
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(3 19) Dyelitn-t-v + On-n-vein-n-v + erlll.'.r'tl-k-v-l
= [bn.nerl{.n-k—u]l + [bn.n-ke:—k,n-k-v]l

k=1 P
+ 12-1 [bn,n-ler'{-t.n-k-u]l + E) [bn.n—le:l’:;.n-h-v]()
— Aifin
(v=12+--,n—Fk—1).

We here remark that if we put

e:—k.n-tz—u = 7]&"" 7]lut + e+ ﬂ:—ltq-l
(U=1,2,"‘,”_k—1),

then, taking account of (3. 12) and (3. 18), we have

n—-k-1\
3.20) (O)n-k-1 + D [P)n-hma+ + v - +pd ™4 = ,I;I, (p— ps).
Putting

brn-n=(Bo+ Brt + +++ + Bast? " + Bat?),
ehn-n-v = (&8 + &Vt + o+ + Ef1t7) (v=12,--+,mn—k—1),

from (2. 22) we first obtain the relations

(3.21) Bq = Ar+1,9(k+1).

(3.22) Bi= €} + known value (I=01,---,¢—1)
and from (3. 19) we have

(3.23) (—vg + 1+ Onon-w) &V + EFH
= (&t + + + + ald) + (Bont + + + - + Bund)
+ known value
(v=12-+,m—k—-1;1=01,---,¢—1),

where we have put
ban=ao+ @b+ + a1t +at?  (@w=p.—(n—1)g).
We can rewrite (3. 23) in the form

(3. 24) EM'=(on—kg—1—(n—k—v—1)E + Bund
+ (@bl + oo+ ald) + (Bopgt + - + Bt
+ known value,

whence we have only to prove the non-vanishing of the determinants:
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wton—kg—1—(n—Fk—2) -1 O
7 on—kg—1—(n—kF-3) —1
-1
. 0 pn—kg—1

= [pn - kq - l]n-k-l + 77(% [pn - kq - l]n—k—2+ cee + ”O"—k_l

="jljll(pn—kq—l—pj)*0
(l=0,1,---,¢g—1).
We have thus determined the set {bn.n-», enn-s-} uniquely. In order to prove that the
sets {bjj-i, €jj-t-v} (j=1,2,-++,m—1) can be determined uniquely, we again use
mathematical induction. The explanation of their proof will not be needed here since
the situations for such sets of polynomials are quite the same as above.

Applying a series of the well-known Hukuhara-Turrittin’s transformations to the
companion matrix constructed directly from (1. 1), we may probably be able to obtain the
required system (1.2). However, the method of reduction in this paper seems to be a
more simple one and be useful for the concrete computation. We shall possibly prove
the same reduction theorem with no assumptions on the p; by a slight modification of this
method.

4. The method explained so far is also applicable to the reduction of single linear
differential equations with many regular singularities and one irregular singularity to
systems of linear differential equations of the Schlesinger type. For simplicity, we here
consider the reduction of the single linear differential equation

@1 PLE =R LE (p=t(t-1)

with two regular singularities at ¢ = 0 and ¢ = 1 and an irregular singularity of rank 1 at
infinity to the Schlesinger canonical system

4.2) LY _(Lov S vy,

In (4. 1) the coefficients a;(¢){({ =1,2,+ + +, n) are polynomials of degree at most 2/ which
are expressed in the form
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a(t)= :i:!lo{a‘z’,r + al, P} P" + atidt
(¢=@Qt=1):1=1,2,+++,m).

The characteristic constasts o2 and o} (j=1,2,- -+, n) of the regular singularities at
t =0 and ¢ =1 are given by roots of the equations

[P]n = ,Z:; (abo — alo)(— 1) [P]n—l (¢+=0),
ol = 3 (et — ab) [0n- (t=1),

respectively and the characteristic constants 4; (j =1,2,- - -, n) of the irregular singular-
ity at ¢ = o are given by roots of the equation

F=Saart (a=dil=12e,m).

Now, according to (2. 1), where in this case ¢ =1, we put

_d*x
Xa = "gp*

(k=0,1,"++,2—1)

and form a system of linear differential equations for the column vector X (¢) = (x0(¢),
(), *++, xn-1(2))« as follows:

0 é 0
0 0 é
@3 o= ; : .. X
0 0 0 é
an(t) ¢ " an-1(2) %" ca(t)dt a(l)
01 0 0 0T
0 0 0
= : . ¢+
0 0 0 1 0 0 N
@ Gn-y a [ A%(¢) AS-i(9) Ad(8)
0 0 0
+ &t X
0 0 0
[ AL(g) Ab-i(g) Al(g)

={Acp + () T (PP} X = (DX,
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where we have put
-1
Al()= Z alrg™"! (1=1,2,-++,n;h=0,1).

As in Section 2, we next make the following linear transformation with a triangular
matrix as its coefficient

Y=E()X
=(E'¢)+ E'(#) #) X,

where we write

8" O
21 o*
prg=| A0
ena(d) era(d) - ehaa(p) &
(h=0,1;6°=1,6'=0).

Then our aim is to determine E(¢) such that E(¢) satisfies the system of linear
differential equations

@.5) bS5 E(t)+ E() (1) =(Bub + Bt + BYE (1)

(Co=Bi— By, Ci=B+ Bo, Co=B),
together with an appropriate choice of the constant matrices B: (;=0,1,2). In other
words, since the differential equation (4. 1) includes # constants @; (/ =1,2,- - -, %) and
n(n+1) constants af, (!=1,2,+++,m;7=01,---,1—1;h=0,1), we may put B.=
As, the fact of which will be seen later, and may consider B; (i =0,1) as lower triangu-
lar matrices, and then we attempt to show that »(x + 1) elements of B; (i =0,1) can be
determined uniquely by the same number of the constants a, through the differential
equation (4. 5).

Substituting the expressions (4.3) and (4. 4) for .« () and E (¢) into (4.5) and then
comparing the expressions attached to ¢’ and those not including ¢’ in both sides, we
have

(4. 6) DE°+ E'(Awp +°) + E°' = B,E® + (B2 + Bo)E},
@.7 (1+4¢) DE' + 28E' + E°(Aud +°) + (1 + 4¢) E'o"
=(B:p + Bo)E° + (1 + 4¢) B,E"
(2=¢-2).

As is also seen in Section 2, taking account of the fact that.«*(¢) (k= 0,1) are matrices
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of polynomials in ¢!, we may take E*(¢)(h=0, 1) as polynomials in ¢~' with no
constant term. From this and (4. 7) we can easily deduce that B. must be equal to Aw.
Now, denoting

Bl 0
B.=| P B (h=0,1)

,33.1 Br’:',z /3::'."

and considering the relations E'¥* =0 (k= 0,1), we rewrite (4. 6) and (4. 7) in the follow-
ing elementwise form:

4.8 peli-1($) = B+ pejnri(d) (G=12-++,n-1),

(4.9) pebn-1($) + Al (@) = Bin,

4.10) Delin(9) + de}i-n-1(d)
= 3, Buckis @+ B Buelis(9)+ delsr(9)
(G=23"-"+,m—1;k=12---,j-1),
(4.11) Debn-n(B) + dehn-s-1() + Aknr($)
= 3 Blucas( @)t B Buclis(d)+ b3, ar-elus(9)

i=n—-k t=n—-k+1

(k=1’2!...’n_1))

4

4.12) pelii(9) =B+ deli(9)  (G=12---,n—1),

(4.13) pedn-1(p) + Al (@) = Brn,

4.14) (1+ 48) Dels-x (@) + 20} -1 (8) + d€ls-n-1(¢)
= 3 i@+ 1418 B Bcka(8) + befusa(9)
(G=23---,n—1;k=12,--+,7—1),
(4.15) (1+ 4¢) D ehni($) + 2¢€tn-1(9) + defn-u-1(8) + Abr1(9)

n

= 3 Biels(®) FA+49) T Bhuclas(9)

t=n-*k

+ ¢ (‘="Z:“,k+l a,,+1-ze_?.n-k (¢))
(k=1,2,+-+,n—1).

In the above we interprete efx =0 (k£ £0). From these relations we can easily observe
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that the &-th subdiagonal elements {e};-. () ; 2= 0,1} are taken as polynomials in ¢~* of
degree £ with no constant term.
Let

(4.16) enn-s(P)=Ekd ™"+ - - (k=1,2,-++,m—1;k=0,1).
Then from (4. 9) and (4. 13) we immediately obtain

Ell + a{.o = Brll.n,
4.17 {
417 £+ alo= A2,

and, substituting (4. 16) into (4. 11) and (4. 15) and equating coefficients of the power ¢~* in
both sides, we have

{ b + a}z+l.0 =(Bhn+ k) Eg + Bhn 61!@

4,18
(4.18) 001+ Ghro= BnED+ (Bln + k) EL

(k=1,2,---,n—1),
where & =0(2=0,1). We here put

{ l‘o = Br‘xn - Bg.n, ﬂl = ,Brlz.n + /92,11,

4.19
.19 =& — £, m=8&+ & (k=1,2,---,n)

and rewrite (4. 17) and (4. 18) as follows :

(4. 20) { ="+ (ado — alp),
) 7)2-0-1 = - (ﬂo + k) 7]2 + (dgﬂ.o - a}.+1.o)
(k=1,2,--+,n—1),
(4.21) { 7= pu'—(ale + aly),
: i1 = (" + &) 7k — (@%+10 + @%s10)

(F=1,2,-++,n—1).

Applying the lemma in the beginning of Section 3 to (4. 20) and (4. 21), we can see that
#°+ (n—1) and p' + (n — 1) are equal to some of the characteristic constants p? and o}
(j=1,2,- -, n), respectively. 'We put

‘=ph—(n—-1), #'=oi—(n-1)

and then we can determine all values £/ in (4. 16) uniquely by means of (4. 19-21).
Next we set

ertn1-a(P)=Clhop "+« - (k=1,2,-++,n—2;h=0,1)

and determine & (£=1,2,- -+, 7 —2) and 81,1 From (4. 8) and (4. 12) it follows that
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{ o=&+ Bh-ra,
;lo = E? = Bg—l.n-l‘

From (4. 10) and (4. 14) the following are obtained :

{ é’én = (lgrlt—l,n—l + k) é’r? + lgo-l.n—l ;1: + Ellwl,
an = Bg-l.n-lcg + (Blll-l.n-l + k) Cl: + 610¢+1
' (k=1,2,+-+,n—2),

where ¢, =0 (Ah=0,1). Then, putting again

@° = Bi- n-1—" 2-.1!-, gl = rll—.n— + g-.n-,
4.22) {# Br-1,n-1— Br-1.n-1 B'= Ba-tn1 + Br-nn-

n=g-8 rn=a+8 (k=12,---,n-1),

we rewrite the above relations as follows:

4.23) { =g+,

’ 72+l=_(/20+k)72+”2+1 (k=l,2|.'.)n_2)y
(4. 24) { =g+,

' yha = —(Z'+ k) 7A + pin (k=1,2,+++,n—2).

Since the lemma also yields that
n-1 n—1
[ (ot + 2 (= 1) 2t [o)a-1-e= 11 (0= £0),
n-1 n—1
[o]n-1+ Zatloln-1-e= 11 (0= o3,

we again apply the lemma to (4. 23) and (4. 24) and see that 2°+ (z —2) and 2' + (n — 2)

are equal to some of o} and o} (j=1,2,- -+, n— 1), respectively. We put
~1

ﬁ°=p?.-1—(n—2), M =P}x-1—(7l_2)

and then all values & are determined uniquely. Moreover we can proceed to the
determination of A} (£=0,1) and the coefficients

eli-n=Che "+ (k=1,2,---,j—1;k=0,1)
for j=n—2,n—3,++,1 in exactly the same manner, and we can put
Bli—Bu=0—(G-1), Bu+tBi=p0-0G-1.

We now return to (4.11) and (4. 15)and determine B%.-1 (£=0,1) and the coeffi-
cients x*:
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enn-n=ELG™* + yh 1p™* V. .. (k=2,3,-++,n—1;h=0,1).
We have

{ 0= xt — 20 = Bhin-1 — Bn-1 + known value,
0 = xl + x0 = Bhn-1 + BYnr + known value,

and, taking account of these relations, we obtain

OR=xh— xb=—{0h— (n— k)} 62-1 — 60731 + Enown value,
Oi=xi+ 22 ={0%— (n— &)} 8i-, — Oyioy + Enown value,
(k=2,3,--+,n—1),

(4. 25) {

where the 7% denote the values defined in (4. 23-24) and 64, =0 (2 =0,1). We now have
only to show that the coefficient matrices of the column vectors (67, 62, - - -, 8%-5)« and
(61,62, + -, 62_2)s in (4. 25) are non-singular. In proving this, we take into consideration
the relations

.rmm+§ﬂ—wwﬂqu=ﬁw—dx

[ohn-2+ Z 7tlolns-i= T (0= o}),

obtaining
n+oi—-(n—-2) & O
72 ok —(n—3) &
(4. 26) . .-
Y-z O ph—1
n-2
=0 (i-1-¢) (h=0,1;8=1,6'=—1).

Under the assumption that o} p! (mod1) (i%;;.=0,1)the determinants (4. 26)
are non-vanishing, and hence B%.-1 (A=0,1)and the coefficients x# are determined
uniquely. Continuing the above procedure in succession, we can dermine all 8% and all
the coefficients of polynomials e« (#). The complete proof of the validity will be done
by mathematical induction as in Section 3. We here omit the details.

We consequently obtain the following

THEOREM 2. Under the assumption that
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i+t (modl) (i#j;4,7=12-+,n;h=01)

the single linear differential equation (4.1) can be reduced to the Schlesinger canomical
system (4.2) by a linear transformation with rational functions as its coefficients. And
that, in (4.2)

S ) 0

Cm 5 E .'. .'- ,

0 0 01

L Qnn agl-l.n-l ag,z all).l-

whose eigenvalues are the characteristic constants A; (j=1,2,*+ -, n), and Co and C are
triangular matrices, whose diagonal elements are given by (0%,08—1,+++,p05— (n—1))
and (p}, 04— 1, * +, oh — (n — 1)), respectively.

Our method will be able to be applied to the reduction of a single linear differential
equation of the more general form

oL = Bame gt @=fle- ),

where a:(¢) (I=1,2,+++,n) are polynomials of degree at most (¢ +p—1)! to the
Schlesinger canonical system

C; q a1
t—th +kE___IBkt )Y.

Concerning the connection problem for the Schlesinger canonical system (4. 2),
the paper [3] is referred to.
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