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1. Introduction

Systems with impulse effect are an object of active research. This is due to the fact
that by means of them numerous processes and phenomena in science and technology are
simulated. The beginning of the mathematical theory of systems with impulse effect
was marked by the work oh Mil'man and Myshkis [1]. In the subsequent period the
number of publications on this subject constantly increases. First of all the qualitative
and asymptotic theory of systems with impulse effect developed [2]-[13]. The specific
character of systems with impulse effect is such that solving the various problems set for
them in a closed form can be realized only in exceptional cases. This requires the
elaboration of approximate methods for their solution.

In the present paper a projection-iterative method is proposed for solving the
periodic problem for systems of ordinary differential equations with impulse effect.

2. Statement of the problem. Preliminary remarks.

Consider the system of differential eqations with impulse effect.

¥ =Xtx@) t+t

Ax lea=x(t+0)— x (4 — 0) =L(x (4 —0)), @

where x € R”, ¢ are fixed numbers satisfying the inequalities ¢ < ¢+, for 7 € Z and i]_lgl
ti= + oo,

Denote by S: the mapping point of the system with impulse effect (1), i. e. the point
with current coordinates (¢, x (¢)), where x(2) is the solution of (1). The motion of the
point S: in the (% + 1)-dimensional space (¢,x) can be described as follows. Starting
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from the point (%, xc) the point S, moves along the integral curve (¢, x (£)) of the system
with impulse effect (1) until the moment ¢ = #,, ¢, > #,, when it is “instantly” transferred
from the position (¢, x (¢ — 0)) to the position (¢, x (# + 0)). Further on the mapping
point S; continues its motion along the integral curve (¢, x (£)) of the system with impulse
effect (1) until the moment ¢ = ¢, & > #, etc.

From the above description it is clear that the solution x () of the system with
impulse effect (1) is a piecewise continuous functions with points of discontinuity at the
points £, which for ¢ + ¢ satisfies the equation % (¢) = X (¢, x(¢)) and for ¢ = ¢ satisfies
the condition for a jump

x(t+0)=x(4—0) + L(x (¢t —0).

Further on, for the sake of definiteness, as a value of a given function x (¢) at the
point ¢; we shall understand x (#; — 0),i. e. x (¢t) = x (¢, — 0) = tlitnzox (¢) and as a norm of

the element x € R"-the number |x| = max | /.

We shall say that conditions (A) hold if the following conditions are satisfied :

Al. The function X (¢, x) is continuous in the domain G = {¢ € R, x € D}, where D
is a bounded closed domain in R”, periodic with respect to the variable ¢ with period 27
and satisfies the inequality | X (¢,x) — X (¢, x)| <A|x — x|, where f € R", x, # € D and
A is a positive constant.

A2. There exists a positive integer £ such that

tive=t+2r, t+0, i€l
A3. The functions I (x) are continuous in the domain D and satisfy the conditions

[L(x)—L(x)| <] |x— x|, J=conmst.>0,
Lis(x)=L(x),x,x € D, i€l

Consider the space C of all n-dimensional piecewise continuous functions x (#)
defined in the interval [0, 2] with a finite number of coinciding points of discontinuity of
first type contained in the interval (0, 27) and with the norm || x ()| = Sup lx()]l. To

each function x(¢) € C we put in correspondence the respective Fourier series
x ()~ % + qZ_!l (aqcosqt + hqsingt),

where

oY

1 L7 ;
aq="[x(t)cos gt dt , bo= 1 x(t)sin qt dt.

Introduce the operators
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Pox (t) = f%zfx(t) dt, ]
Pux(t)= qZ;}l (aqcosgt + basingt), (3
Qux(t)= qil(aqcosqt + besingt), x(t)e C. 4)

We shall use the following lemma [14].
Lemma 1[13). If x(¢) € C, then the following inequalities hold :

1} Pa(d)del < 2211, 6
1 Qa0 arll <2/20(1) 12 (A, ©)
where
2 =0
az<z)=[ °
q§+17’ [=1,2,..

Under the assumption that the system with impulse effect (1) has a unique Z27-
periodic solution x (¢), which satisfies the condition x (0) = x4, %o € D, we shall construct
a sequence of periodic functions converging uniformly to it. We shall also consider the
question of existence and uniqueness of periodic solutions of the system with impulse
effect (1).

Let C» be the set of all »-dimensional piecewise continuous functions % () defined
in the interval [0,27] with points of discontinuity of first type at the points # € 0,27)
and satisfying the conditions: x(¢) € D for ¢ € [0,27] and x (0) = x(27) = xo. Corisa
closed set in the complete metric space C.

Define the sequence of functions {x;(#)} by the formulae xo(2) = xo,

%o+ {:P:X(r,x,-(r))a’r+{:Q,X(r,x,-_z(z')) dr + @

x5 () ={ /
+ o<§<t L (-1 (8) — 21 0(2 Ii(xj-l(t:')), t e [0, 2n),

ti<2n

where [ € N is a fixed number and j € N.
Denote by D the set of points of the domain D belonging to D together with their
a(!)-neighbourhood, where

a(l)=2(x/V3+ V26 (1) + B)M, (8)
M= s[up] | X (¢,x)| + max [L(x)|l
te(0,2n 1sisk

xz¢D
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We shall say that conditions (B) are satisfied if the following conditions hold :
Bl. The set D is not empty.

B2. The point x, belongs to Da

B3. The following inequalities hold

2 2V3(L26(D A+ K])
T’;,K 1, =2 <1

Lemma 2. Let conditions (A) and (B) hold. Then equation (7) for given x;-:(t) €
Co has a unique solution x;(t) € Cb(j € N).
Proof. Define the operator T by the formula

xa+{:P:X(r,x(r))dr+f;Q;X(r,z(z'))a’z'+ 9
T (x,2)(8) =[ ;
+ MZMIs(z(t.-)) -5 2”1.-(2(&-)), te[0,2x),

2 0<ti<

where the functions x(¢) and z(¢) belong to Cp and z(¢) is an arbitrarily chosen and
fixed function from Cp.

For any two functions x and z from C) the equalities T (x,2)(0) = T (x, 2)(27) =
Xo hold.

From (5), (6) and (9) we obtain

I 7 (x,2)(¢) — x| < a(l).

Hence the operator T for a fixed function 2(¢) € Cp transforms the set Cp into the
set Tén cC D.

Let the functions x (¢) and x (¢) belong to Cp. Then for z(¢) € Cp fixed by lemma
1 and property Al we obtain

1T (x,2)(8) = T (x,2) ()] <
< IPIX (r,2(0) = X (r, (] dr] < (10)

< Zx @z -x @ @l < Zalx - 70l

From condition B3 and (10) it follows that the operator 7" which transforms the set
Cointotheset TCrC Chrisa contracting operator and by Banach’s fixed point theorem
the operator equation x (¢) = T (x,2)(¢) for z € Cp fixed has a unique solution x (¢) €
Cp. Hence equation (7) for given x;_;(¢) € € has a nuique solution x;(¢) € Cb (j € N).
This completes the proof of lemma 2. .

Lemma 3. Let conditions (A) and (B) hold. Then there exists a function x*(t) €
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Co such that the sequence {x;(t)} uniformly in the interval [0,2x] converges to it.
Proof. From conditions (A) and inequalities (5) and (6) for j = 1 we obtain

lss(8) = (D1 < 1 PLX (22500 (00) = X (5 (eD) e +

+ 1 QX (5,2 - X 5,z ()] el +

+2, 5 o) — L ()] < (1)
< BEUX (41001 (1) = X (L5 (O] + 2426 (D I X (1,55(0) =

— X (t, 2 (O] + 2KT |2(0) = -1 ()] <

< 22 er () = m(O1 +2(20 (D A+ KD 12,0 = 20 D]

From (11) there follows the inequality

B0 () = 2 ()| < @ 125 (8) — %52 (D)), (12)
where
_ 2/60()A+2/3K]
a=2RCHIERL 1<ac] (13)

Using consecutively inequalities analogous to (12) we get
26541 (8) = 2 ()| < @ || 2:(£) — ol (14

From (14) it follows

1500 () — ()] < —Z— 2 (1), 15)

l1—a

Last inequality shows that the sequence {x;(#)} is uniformly convergent in the inter-
val[0,27). Since C» is a closed set in the complete metric space C, then there exists a
function x*(¢) € Cp such that lim x;(¢) = x*(#). This completes the proof of lemma 3.

Joo

For p— o from (15) the following inequality is obtained

1250 = 5O < 72— a0, | (16)

From the definition and the properties of the functions x;(#),j = 1 it follows that the
function x* (¢) for ¢ € [0, 27] satisfies the equation
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x(¢)=x0+ .iPxX(r,x(r))a’z'+£Q¢X(r,x(r))dz'+ an
+ 0<lzl<t Ii (x (t‘)) - 7%— 0<?<2K Ii (x (tl)).

Denote by X*(¢) the 2z-periodic continuation of the function x* (¢)
3. Main results.

Theorem 1. Let conditions (A) and (B) hold and let the system with impulse effect (1)
have a 27-periodic solution x(t) such that x (0) = x (27) = xo and the function X (t,x (1))
can be extended in Fourier series in the interval [0,2x]. Then x (&)= X*(¢) for
%0 € Co and the following inequality holds

Ix(0) = 6O < 722D, t<[0,24],
where a(l) and o are defined respectively by (8) and (13).
Proof. The solution x (¢) of the system with impulse effect (1) satisfies the equality

() =%+ [X(r,x()dr + 3 Lix(£))
o o< <t
The conditions x (0) = x (27) = x, implies the equality
‘}IX(:', 2(D))dr+ 2 Lx@)=0. (18)
0 0<<2n

From (2)-(4) and (18) it follows that the function x (¢) for ¢ € [0, 2x] satisfies equation
(17). But equation (17) under the conditions of lemma 3 has a unique solution in the
interval [0,27]. Hence x(¢)=x*(¢) for ¢ € [0,27] and x(¢)= X*(¢) for ¢ € R. This
completes the proof of theorem 1.

Further on we consider the question of existence of a 2x-periodic solution of the
system with impulse effect(1). For this purpose we assume that the function
X (#,x*(¢)) can be extended in Fourier series and set

Az = PoX (b2 (D) + 5= T Lx* (1),

2 0<t4<2:

Ay () = PoX (1, 2:(8) + 5, 3 Lilus().

Since the function x*(¢) is a solution of equation (17), then for A (x,) = 0 the function
x*(¢) will satisfy the system with impulse effect (1). Hence the question of existence of
a 2m-periodic solution of (1) is related to the question of existence of zeroes of the
function A(xs). The points xo at which A (x,) vanishes are singular points of the
mapping A: D—R” But since only the functions x;(¢) are known, then in order to
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apply the method proposed the problem of finding the zeroes of A {xs) must be reduced
to the problem of finding the zeroes of the functions A;(xo). '

Theorem 2. Let conditions (A) and (B) hold and the function X (¢,x*(¢)) can be
extended in Fourier series in the interval [0,27). Let a convex closed domain D exist
belonging to D such that for some j = 1 the mapping A;(xe) : D — R” has in the domain
Dy a unique singular point x° with a nonzero index. Let on the boundary I'n, of the
domain D, the following inequality be fulfilled

—0

inf 18,0)] > 2~ +L)a). 19)
x€lb,

Then the system with impulse effect (1) has a 2n- periodic solution x(t) such that
x(0) e D.

Proof. By definition the index of the isolated singular point x° of the continuous
mapping A;(x0) is equal to the characteristic of the vector field generated by the mapping
A; on a sufficiently small sphere S™ with centre at the point x°. Since x? is the unique
singular point belonging to D; and D; is homeomorphic to the unit ball, then the charac-
teristic of the vector field induced by the mapping A;(xo) on the sphere S” is equal to its
characteristic on the boundary I'p, of the domain D,.

We shall show that the vector fields induced by the mappings A;(x0) and A (%) are
homotopic on I'p,.

This follows from the fact that the continuously depending on the parameter 4,0 <
8 < 1, family of continuous on ['», vector fields

V(8 5%0) = A (x0) + 0 (A(x0) — Aj(x0)),

which connects the vector fields V (0, x0) = A;(x0) and V (1, xs) = A (x6) does not vanish
on Ip,.
In fact, in view of (16) we obtain

|A (x0) — A (xa)| < [Pol X (¢, 2*()) — X (£, ()] +

1

+ —271:0<t<2 1L (e* (8) — Lz (8] <
< |2 TIX (2 (0) = X (4, (D) | + 0)
+% pedt ) 12* () = 2;(8)] <

< L TA 140 = m (D) dt + 55 Tk 124 (8) = ()] <
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<@+ )0 - 50l < oL em+ o) 12

a(l)

and from (19) and (20) it follows that on I the following inequality holds

a

|V(9,xo)| = |Aj(xo)| - |AJ(Xa)_A(xo)| >0

Since the characteristics of the homotopic on a compact set vector fields are equal,
then the characteristic on I'o; of the field A (x,) is equal to the index of the singular point
x° of the field A;(x0). Hence the vector field A (xo) in the domain D, has a singular point
x° for which A(x°) =0 and system (1) has a 2x-periodic solution.

Finally we shall note that the proof of theorem 2 follows in an ideological aspect the
proof of theorem 7.1 form [15].
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