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Abstract

For the hypergeometric system FE(3,6;a) of type (3,6), two special cases o =
1/2 and o = 1/6 have been studied in [MSY] and [MSTY2], respectively. The
monodromy group of the former is an arithmetic group acting on a symmetric
domain, and that of the latter is the unitary reflection group ST34. In this paper,
we find a relation between these two groups.

1 Introduction

For the hypergeometric system E(3,6;«) of type (3,6), two special cases « = 1/2 and
a = 1/6 are studied in [MSY] and [MSTY?2], respectively. The monodromy group of the
former, say M (1/2), is an arithmetic group acting on a symmetric domain, and that of
the latter, say M(1/6), is the unitary reflection group ST34. In this paper, we find a
relation between these two groups; roughly speaking, M (1/6) is isomorphic to M (1/2)
modulo 6.

2 Hypergeometric system FE(3,6; )

Let X = X(3,6) be the configuration space of six lines in the projective plane P? defined

as
X(3,6) = GL3(C)\{z € M(3,6) | D.(ijk) # 0,1 <i <j <k <6}/ Hs,

where M(3,6) is the set of 3 x 6 complex matrices, D, (ijk) is the (4, j, k)-minor of z, and
Hg € GLg(C) is the group of diagonal matrices. It is a 4-dimensional complex manifold.
A matrix z € M(3,6) defines six lines in P?:

Lj . Ej = letl + Zgjtz + Zgjtg = O, 1 S ] S 6,
where ¢! : #2 : #3 is a system of homogeneous coordinates. For parameters o = (a, . . ., ag)

(>~ a; = 3), we consider the integral

6
/ H Ci(2)% 7 dt,  dt =t dt® AdtP + 2dtP A dtt + Bdtt A dE?
j=1
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for a (twisted) 2-cycle o in P2 — UL;. It is a function in z, but not quite a function on X.
So for simplicity, we fix local coordinates on X as

1 001 1 1
0101 2zt 22|,
001 1 2% 24

and consider such integrals above as functions in x = (z', 2% 23, 2%). Then they satisfy
a system of linear differential equations on X, called the hypergeometric differential
equation E(3,6;a) of type (3,6). The rank (dimension of local solutions) of this system
is six.
This system can be represented, for example, by

(o234 — 1+ Digga) Dyu = 2' (D13 + 1 — a5) (D12 + ao)u,

(o234 — 1+ Digga) Dou = 2*(Doy + 1 — ) (D12 + a2)u,

(o234 — 1+ Digga) Dsu = 2*(Dy3 + 1 — a5)(D3a + a3)u,

<04234 —1 + D1234>D4U = 1’4(D24 + 1— &6)(D34 + Oé3)’LL,

Il(Oé5 —1- D13)D2u = LEQ(OC(; —1- D24)D1U,

33'3(065 —1- D13)D4U = .1'4(056 —1- D24)D3'LL,

33‘1 (CYQ + Dlg)Dgu = .’133(043 -+ D34)D1u,

1‘2((1/2 + D12)D4u = $4(053 + D34)D2U,

2?23 D, Dyu = x'z* Dy Dsu,

where Dz = :BZ@/@:B’, Q.5 = Q4 + -4 ay, Dl] = DZ + -4 Dj.

3 A compactification X of X(3,6)

The configuration space X = X(3,6) admits an obvious action of the symmetric group
S permuting the numbering of the six lines.

The Grassmann duality on the Grassmannian Gr(3,6) induces an involution % on X.
A system of six lines, representing a point of X, is fixed by * if and only if there is a conic
tangent to the six lines. The set of fixed points of * on X is a 3-dimensional submanifold
of X. Indeed it is isomorphic to the configuration space X (2,6) of six points on P!.

The action of S and that of * commutes. There is a compactification X of X on
which Sg x (%) acts bi-regularly, such that X /(x) = P* (bi-regular).

4 Local property of E(3,6)

Let X be the set of points in X represented by the system (L, ..., Lg) of six lines such
that L;, L;, L, meet at a point. Then

X = X — Uicicjck<6Xijk-
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The system E(3,6) can be considered to be defined on X with regular singularity along
Xijk-

The Schwarz map s(«) of the system E(3,6;«) is defined by linearly independent
solutions uq, ..., ug as

s: X>xr—u(z): - ug(r) € P,

It has exponent «; + a; + o — 1 along Xy
In the z-coordinates, only 14 among the twenty X;;;, are visible; they are given by the
equations D(ijk) = 0:

D(135) = ', D(136) = 22, D(345) = 2! —1, D(346) = 2% — 1,
D(125) = 2%, D(126) = 2%, D(245) = 2% —1, D(246) = a* — 1,
D(145) = 2! — 23, D(146) = 2? — 2*, D(256) = 2® — a*, D(356) = x! — 22,

D(156) = z'a* — 2?2, D(456) = (' — 1)(z* — 1) — (2* — 1)(2* — 1).

5 Monodromy groups

For 1 <i < j <k <6, we introduce 6-vectors a;j; and b;jx:

123 = (—dlgg,dlzcg,o, —dlcgg,0,0), b123 = (1,0, 0,0,0,0),
A124 = (—d40127 —di2, dy2¢4, d1Co, —dyCa, 0), bigs = (1, 1,0,0,0, 0)7
1925 — (—d5012,0,—dlg,O,dlcg,O), b125 = (171, 1,0,070),
G126 = (1,0, 0,0,0,0), bi2s = (—d126, _d1236/037d501267070a 0),
a134 = (d401, —ds4c1, d3ciy, —dy, dycy, —d1034), bigs = (0, 1,0,1,0, 0)7
ai3s = (d501, —dscy3, —dgcy, 0, —dy, d1C3), bigs = (07 I,1,1,1, 0),
a136 = (—1/62703/02,070,0,0), bizs = (—dz, _d1236/c37d501267 _d1236/03>d5612670>7
A145 = (0, d5017 —d45017 0, O, —dl), b145 = (0, O, ]_, 07 1, ].),
aiss = (0,1, —¢4,0,0,0), biag = (da/ca, —dirase, —dsC16, d3Cra56, —d5C16, —d5C16),
156 = (0, 0,1,0,0, 0), bise = (d2/02, —dy456, —d156, d3C1456, d34C156, d40156),
ag3q = (—dy, dsy, —dscs, —dazy, dagcy, —dacss), bags = (0,0,0,1,0,0),
235 = (—ds, dscs, d3, —d5Co3, —da3, d2€3)7 bass = (0, 0,0,1,1, O),
9236 — (1,—03,0,02370,0), b236 = (dl/ChO,07d4566,d506,0),
A245 — (0, —d57 d45, d502, —d4502, —dg), b245 = (0, 0, O, O, 17 1),
azas = (0,1, —c4, —Ca,¢24,0),  bosg = (dr/c1,dr/c1, 0, —dscase, dsce, dsce),
Ag56 = (0, 0,1,0, —cy, 0), base = (dl/Ch dl/Ch dl/Ch —d3C456, —d34C56, _d4056)>
asys — (0,0, 0, —d5,d45, —d345), b345 = (0,0,0,0,0, 1),
asss = (0,0,0,1, —ca,c34),  baas = (0,d1/c1,0, —dsase, 0, dsce),
asgse = (0,0,0,0,1,—c3), bsse = (0,dy/c1,dr/cr, —dzase, —dsass, —daCs),
agse = (0,0,0,0,0,1),  byse = (0,0,d1/c1,0,d12/cr2, —dass),
where

¢j = exp 2miey, Cij.. = CiCj -+, dij.. = Cij.. — 1.
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The circuit matrix around a loop in X going once around the divisor X, is given by
Rijk = Is — taijk by

These R (1 < i < j < k < 6) generate the monodromy group M («a) of the system
E(3,6;a). The monodromy group keeps the form

dydadsss dydadys dydads 0 0 0
csdidadys  didasdas dydasds dydsdys dydsds 0
034d1d2d5 C4d1d23d5 d1d234d5 C4d1d3d5 d1d34d5 d1d4d5

H = dg %
6 0 codidsdys  codidsds  dyodsdys  diadsds 0
0 coadrdsds  codidgads cadiadsds  diadsads  diadads
0 0 Ccozdidyds 0 c3diadsds  diazdads
invariant:

'RHR=H, Re M(a),

where “is the operator which changes ¢; to 1/¢;. The above facts are shown in [MSTY1,
MSTY2]. Note that the lists in these papers contains errors for aj3¢ and ays, so we
tabulated here the corrected vectors.

The scalars a;jy, - "Dimn have the following properties.

Lemma 1. (1) Qijk tbijk =1- CiCjCy, (1 <<y < k< 6)

(2) For the other entries, we omit explicit expressions: If aji - "bymn s not zero as a
rational function of c1,...,cs (cg = (c1-+-cs5)™"), we replace the value simply by z. Then
the matriz AB := (ajx - "bynn) s given as

z z 2z z z 2z 2z 000 2z 2z 202000000
z z z 2z 2z 2z 2z 2z 2 0 2z 2z 2z 2z 2z 00000
z z 2z 2 0 2z 2z 2z 2z 202z 2z 2z 2z 2 020200
z 2z z 2z 00 202z 2002202202000
z 2z 00 2z 2z 2z 2z 202z 2z 2z 2z 2 02z 2z 020
z 2z 20 2z 2z 2z z z 20 2z 2z 2 2z 2z 2z 2z z 0
z 2z 2z z z 2z 2z 0 2z 200 202 202 2 0
0 2z 20 2 2022200090222 2 2 2z z
0 2z 2z 2z 2z 2z 2z z 2z 2 00002 20 2z 2z z
00 2z 20222 22005000§0=229020 2z =z
z 2z 00 2z2z000UO00O0=2=222 20222020
z z 2 0 2z 2000022 2 22 2z 2z 2 2z 0
z z z z 2z 2z 200022202202 20
0 2z 20 2 2020022022222 2z z
0 2z 2z 2z 2z 2z 2z 2z 20 2z 2z 2z 2z 2z 2 0 2z z z
00 2z 2022222022222 020 2z z
00002 2020022202200 =z2z 2=z
0000 2222202222220z 2 2z z
0000022222022z 222 2 2 z
0000O0O0O0<=2=22200090=2=z=2=z2z2 2z

W
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We are interested in the most symmetric cases: ¢; = --- = ¢g =: ¢. Since ¢® = 1, it is
enough to consider
c=1 -1, w, —w,

where w is a primitive third root of unity. Excluding the trivial case ¢ = 1 (for all i, j, k,
we have a;j, = 0 or b, = 0, and so R;j;, = Ig), there are three cases. By the explicit
expression of AB, we see

Lemma 2. When ¢ = —1 and —w, the entries of the matriz AB marked z are not equal
to zero. When ¢ = w, the diagonal elements of the matriz AB are zero, while the other
entries marked z are not zero.

The case ¢ = w is of special interest; this will be studied in [SY]. In this paper, we
treat the two cases

(041,...,046):
Case0 :1/2=(1/2,...,1/2) and
Case1:1/6 = (1/6,1/6,1/6,1/6,1/6,1/6 +1,1/6+ 1).

In these cases, the circuit matrix R;;; around the divisor Xj;; is a reflection of order 2

with respect to the hermitian matrix H; the vector b;;;, can be expressed in terms of a;jp,
and H as

bijk = 2aH [ (aijk, Qiji) iy
and so each reflection is expressed by a row 6-vector a = a;;, as

Rijk = [6 — 2tadH/(a, CL)H,

where (a,d')g := aH'd'.
From now on, everything related to the case 0 will have upper index 0, whiole ones
for the case 1 without upper index. For example,

f=-1, d=-2 d =0,
while
¢ = —w, dj:w27 dij:W2_17~~- (w2—i—w—|—1:O),

and for the case 0, the hermitian matrix is H°, the roots are agjk, and the reflections are

R}, while for the case 1, they are H, a;j, and R;j,. Lemma 2 implies

0

Fact 1. For vectors a;jx and a;y,, we have

0

@iji L Gy if and only if Qe LHO Q-

Fact 2. (/MSY)) The reflections R?jk generate the principal congruence subgroup I'(2)
with respect to HO.

Fact 3. ([MSTY?2]) The reflections R;; generate the finite complex reflection group ST3/
(Shephard-Todd registration number 34, order 39191040 = 2°-37.5.7).

These groups I'(2) and ST34 will be studied in the next section.
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6 Groups related to S734 and ['(2)

6.1 Arithmetic groups

The invariant form H° is an integral symmetric matrix unimodularly equivalent to

01

where [, denotes the unit matrix of degree k. The symmetric domain H is defined to be
a component of
{2€C®|"2H2 =0, 'zH"2 > 0} C P°.

We set

Ouo(Z) = {g€ GLs(Z)| 'gH"g = H"},
I' = {g€ Ogo(Z) | g keeps each of two connected components},

I'2) = {geTl|g=Is mod 2},
r'd) = {gerl|g=Is mod 3},
re) = re)nl'd3)={gel'|g=Ismod6}.

These groups act properly discontinuously on H. Note that
—IlgeT(2), —1Is¢T(3),[(6).
It is shown in [MSY] that the group I'(2) is generated by the reflections
RY = Is — 2a 'aH®/(a, a) go

with respect to the roots a of norm N(a) := —(a,a)ygo = 1 and that I' is generated by
reflections with respect to the roots of norm 1 and 2.

Now we define the subgroup I'(1) of I' generated by reflections with respect to the
roots of norm 1 and the products of two reflections with respect to the roots of norm 2.
Note that

L0 =2, I['(2) CcI(1).

6.2 Finite groups ([Atlas])

The invariant hermitian form H is negative definite. It is shown in [MSTY?2| that the
twenty reflections R;;;, generates a unitary reflection group often called ST34. It is a
reflection group in G'Lg(Z[w]) with structure

ST34 = 6.G.2,

where

e 6 stands for the cyclic group of order 6,

42



G stands for the simple group PSU4(3),

2 stands for the cyclic group of order 2,
e 6 is a normal subgroup of ST34 with ST'34/(6) ~ G.2 and
e (.G is a normal subgroup of ST'34 with ST34/(6.G) ~ 2.

Note that 6 corresponds to the group (—wlg) generated by the scalar matrix —wlg, and 2
corresponds to det = +1, i.e., S(ST34)/(—w) is isomorphic to the simple group G, where
S(ST34) denotes the subgroup of ST'34 with det(g) = 1.
We set
GOg (3) = {g € GLs(Fs) | 'gHg = H}.

It is known that there exist two kinds of non-degenerate quadratic forms on (F3)% with
Witt defect 0 and 1. Our H gives the form with Witt defect 1. It is shown in [Atlas] that
this group has the structure

GO; (3) = 2.G.(2%).

Note that the center of GOg (3) is {1} and (2?) corresponds to the characters det(g)

and #3(g), where #5(g) means the spinor norm which is the number of reflections with

N(v;) = 2 modulo 2 when ¢ is expressed as a product of reflections jo with N(v;) =1, 2.
We set

G5 (3) = {g € GOG (3) | #2(g) = 0}.
Since —Is € I'(2), we have #9(—1I) = 0. Note that the kernel of the natural map

p: T — GOg (3)

is I'(3).

7 Relation between the two monodromy groups
Proposition 1. The correspondence
Rijk — Ry,

induces a homomorphism of ST34/7Z onto I'(2)/N, where Z is the group generated by
wlg (index 2 subgroup of the center (clg) of ST34), and N is a normal subgroup of I'(2)
included in T'(6).

Proof. We first show that we can choose a set of generators of ST34 as
GenRef := {R346> Ross, Ri2s, Rz, Rise, R156}-

Set
a1 = A346, A2 = Q245, A3 = A124, A4 = G123, A5 = A126, G = A156

and
Rl = R3467 R2 = R2457 R3 = R1247 R4 = R1237 R5 = R1267 R6 = R156'
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Note that the inner products of the six roots are given as

2 ¢ 1 0 0 0
c 210 ¢ 0
112 ¢ 0 0
((a/’l,Jaj)H)i,jzl ..... 6 — O O c 2 O O
0O c OO0 2 -1
0000 -1 2
The six reflections are related as
R1 — RQ — Rg RE) - RG

\ 3/
Ry

This diagram reads: If two reflections R, R" € GenRef are joined by an edge, then
(RR')® = I, otherwise they commute. The node with label 3 means the following:

{(as,a1)n(as, as)u(as, a3)n}” = @ (= third root of unity),

and
(R3R4R5)2(R3R5R4)2 =1.

The structure theorem for ST34 established in [Shephard] asserts that the six reflections
with the above relations form a set of generating reflections. Moreover it is shown that a
generator of the center of ST34 is given as

(RiRyR3RyR5R)" = cl.
We next show the corresponding relations for the reflections
R? = Rg46a Rg = Rg45, Rg = R[1)24» RZ = R(1)237 Rg = R(1)26> Rg = R(1)56
hold modulo 6:

e For R,, Ry € GenRef, if (R,R)? = I then (R2RY)? = I. (Note that we do not need
modulo 6.)

e For R,, R, € GenRef, if (R,R)? = I then (R°R))? =1 mod 6.
e For the node with label 3, using the same notational convention as above,
(RYRIRD*(RIRIR))> =1 mod 6.
e For the center, we have
(RYRIRYRIRIRY)" = —1  mod 6.
All the above relations can be shown by computation. O]
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Theorem 1. (1) N =T1(6) and
ST34/(wls) ~T(2)/T'(6) ~ (I'(2),T'(3))/I'(3).

(2) (1) =(I'(2),[(3)) and
I'/T(3) ~ GO4 (3), T(1)/T(3) ~ G (3).
Proof. (1) Orders of ST34/(wls) and G2 (3) are equal to 4 x |G|. Consider the
following maps
ST34 % 1(2)/N L T(2)/1(6) & (1(2),1(3))/T(3) & G5 (3),
where fi, fo are naturally defined and f3 is given by the natural projection
p:(L(2),T3) — G2 (3).

Note that f; is surjective and its kernel is I'(6) /N, fo is bijective, and that f3 is injective.
Put
J=1Js0/f0 f1,
and consider its kernel M. Since M is normal in I'(2)/N ~ ST34/(w), there are few
possibilities. Since the image of f has enough many elements, M does not contain G. We
can easily see that —I is mapped to —Is by f. By comparing the orders of T'(2)/N and

G2 (3), we conclude M = Is and f is bijective. Thus we conclude that f3 is surjective,
f1 is injective and N =I'(6).

(2) It is clear that
(I'(2),I°(3)) c I'(1).

By the definitions of I'(1) and G {2 (3), we can regard I'(1) /I'(3) as a subgroup of G {25 (3)
by the natural projection p. Since f3 is surjective,

p({F(2),1(3))) = ('(2),1'(3))/T'(3) = G (3) > p(I'(1)).
Thus we have (I'(2),T'(3)) ~ I'(1). O

8 Concluding remarks

8.1 (Geometric interpretation

Since the domain H is simply connected, the Schwarz map s(1/2) : X — H can be thought
of the universal branched covering branching along X;;;, with index 2. The Schwarz map
s(1/6) also branches along X, with index 2. Thus, if M (C P®) denotes the image of this
Schwarz map, the composed map

s(1/6)os(1/2)" H — M
is single-valued. Moreover, the theorem above implies that this map induces a morphism

H/T(6) — M.
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8.2 An elliptic analogue
Recall the original hypergeometric differential equation
E(a,b,c): 2(1 —z)u”" + {c—(a+ b+ 1)x}u' — abu =0,
and the Schwarz map
s(a,b,c) : C—1{0,1} > x> u(x) : v(z) € P!,

where u and v are linearly independent solutions of E(a,b,c). It is classically well known
that the projective monodromy group of £(1/2,1/2,1) is conjugate to the elliptic modular
group I';(2), where

(k) ={g€SLs(Z) | g= I, mod k}/center,
which is a free group, and acts properly discontinuously and freely on the upper half-plane
H, ={r € C| 37 > 0},

and the Schwarz map s(1/2,1/2,1) gives the developing map of the universal covering
H; — C — {0, 1} inducing the isomorphism

C—{0,1} = H,/T\(2).

On the other hand, the projective monodromy group of E(1/6,—1/6,1/3) is the tetrahe-
dral group. Note that we have isomorphisms

I'(2)/T1(6) = I'1(1)/I'1(3) = tetrahedral group.

Thus our main theorem can be considered as a generalization of this famous fact. Further-
more, this is not only an analogue: if we restrict the equations £(3,6;1/2) and E(3,6;1/6)
to the singular strata X;r, X;jx N Ximn,. . ., we will end up with a 1-dim stratum, on which
the monodromy groups of the two restricted equations (to both of which the Clausen for-
mula

3F(2a,a 4 b,2b;a + b+ 1/2,2a + 2b;2) = F(a,b;a +b+1/2;z)?

for the hypergeometric functions is applicable) are related as the above elliptic cases.

Acknowledgment. The authors are grateful to Professor Eiichi Bannai, who kindly
helped them work with finite groups.
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