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Abstract. In the present paper we show that the design equations for the
binary Golay code Ga4 of length 24 will serve to establish that the set of
codewords of weight 8 in the code G24 forms an association scheme, and we
derive that a distance regular graph structure from the obtained association
scheme. The derived distance regular graph is turned out to be the one
already shown by Brouwer-Cohen-Neumaier. They call it as Witt graph.
We would like to point out that the results of our present research do not
use finite group theory or sporadic geometry.

1 Introduction

It is known that the set of codewords of weight 8 (resp. 12, 16) forms a
5-design (a special case of a theorem of Assmus-Mattson [1] ). By the works of
Mendelsohn and Wilson the conditions for design are reformulated as the relations
among the cardinalities of the intersections of certain subsets of a finite set X (c.f.
[11],[12],[13),[15],16)).

Later H.Koch! [7],[8],[9] obtained the formulas? that are essentially equivalent
to the formulas formulated in the line of Mendelsohn and Wilson by using the
modular form theory and the lattice theory. Koch obtained one further formula
which is not obtainable from the Assmus-Mattson Theorem. The design equations
for binary linear doubly self-dual codes originally serves for establishing 5-designs
or 3-designs or etc.

Mathematical Subject Classification (2010): Primary 94B25,Secondary 05E30
Key words: binary Golay code, design equations, association scheme
1Koch attributes the design equations formulated by him to B. Venkov, but Venkov did not
publish any of the formula in the form of research papers.
20ne should remark that Koch’s formulas are valid only for binary linear extremal codes.
For the designs coming from other types of combinatorial structures one can not apply Koch’s
formulas directly.
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In the present paper we show that the design equations for the binary Golay
code Goy4 of length 24 will serve to establish that the set of codewords of weight 8
in the code Go4 forms an association scheme, and we derive that a distance regular
graph structure from the obtained association scheme. The derived distance regu-
lar graph is turned out to be the one already shown by Brouwer-Cohen-Neumaier
[3], Chapter 11, Section 4. They call it as Witt graph. We would like to point out
that the results of our present research do not use finite group theory or sporadic
geometry.

Acknowledgement: The author expresses his thanks to the referee of the present
paper for correcting some numerical errors and some typographic errors and im-
proving some proofs of the lemmas and the propositions and others.

2 Some Basic Definitions

Let IF; = GF(2) be the field of 2 elements. Let V' = [F, be the vector space of
dimension n over [y . A linear [n, k] code C is a vector subspace of V' of dimension
k. An element x in C is called a codeword of C. Usually an [n, k] code is defined

by giving k linearly independent vectors uj, us,--- ,u of length n. The matrix
formed by

up

U2

uy,

is called the generator matrix of the code. For instance the matrix

100 0 0 1 11
01001011
001 01101
00011110

is a generator matrix of the Hamming [8, 4] code Hs.
In V | the inner product, which is denoted by x -y for x,y in V, is defined as
usual. The dual code C* of C is defined by

Ct={uecV|u-v=0 "veClL

The code C is called self-orthogonal if it satisfies C C C*, and the code C is
called self-dual if it satisfies C = C+.

Let x = (z1, 22, ,x,) and ¥y = (y1,¥Y2, - ,Yn) be two vectors in V, then the
Hamming distance d(x,y) between x and y is defined to be the number of i's such
that z; # y; for 1 < i < n. The Hamming weight wt(x) of x is the number of
non-zero coordinates x; of x. The intersersection x xy of x and y is defined to be
the number of #'s such that x; = y; = 1 for 1 < ¢ < n. There is a relation which
connects the weight with the intersection:

(2.1) wt(x+y) = wt(x) + wt(y) — 2x x y.
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It is also well-known that
(2.2) d(x,y) = wt(x+y).
The minimum weight d = d(C) of a code C is defined by

min_wt(u).
0#ueC
A homogeneous weight enumerator of a code C is a polynomial in two independent
variables x,y defined by

WC(I'ay) _ Z xwt(u)y(nfwt(u)).
ueC

The weight enumerator We(x,y) of a code C carries important informations on
the code C. It is well known that the weight enumerator of the Hamming code
Hg is

Wh (.’II, y) =a® + 141‘4y4 + y87
and d(Hg) = 4.
In a self-dual binary code each codeword has even weight. If each codeword has
weight that is divisible by 4 then the code is called doubly even. Doubly even
self-dual codes exist only when the length n of the code is a multiple of 8. The
Hamming code Hg is a doubly even self-dual code of length 8. Another famous
doubly even self-dual code is the binary Golay code Goy of length 24. Here we give
a generator matrix of Goy:
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The weight enumerator Wg,, (z,y) of the Golay code Ga4 is known to be
Wy, (2,) = 2 + 7592'0y® + 25762 2y'2 + 759250 + y**.

3 Design Equations for binary Golay code Gy,

In a sequence of papers [7],[8],[9] H. Koch develops a method to obtain the
relations between intersection of codewords of weight 8 in doubly even self-dual
extremal codes of various lengths. In the present paper we only need the equations
for the set of codewords of weight 8.
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Proposition 3.1 Let Goy be the binary Golay code and Cg be the set of the code-
words of weight 8 in the Golay code Gaoy, then we have

(3.1) D (¢xa) =253(axa),
£€Cs
(3.2) Y (¢xa)® =TT(axa)’ + 176(a *a),
£€Cs
(3.3) Z (€ xa)® =21(axa)® + 168(axa)? + 64(axa),
£eCs

(3.4) Z (€ xa)* =5(axa)! +96(axa)® + 216(axa)’ — 64(axa),
£eCs

(35) > (£xa)® = (axa)® +40(axa)’ +260(axa)’ +80(axa)® — 128(a*a),
£eCs

Yeec,(E+a)" - [14 + 7'(%*‘1)} Yecc, (€ xa)°’
(3.6) =¢{—-(axa)” —84(axa)’ — 1820(a*a)®
—15120(a * a)* — 33152(a* a)® + 28672(a xa)?} .

In the above formulas (3.1)~(3.5) the right hand sides are polynomials in a * a,
and we use fi(axa) (1 <t <5) to denote those polynomials in natural order for
later use.

4 An Association Scheme in Gy,

4.1 A Brief Definition of Association Scheme

As to the precise definitions for the theory of association scheme one may refer
[2],15 or [6]-

Here we give a brief definition of the association scheme. An association scheme
with d classes is a pair (X, R), where X is a finite set with at least two elements
and R is a partition of X x X with the following properties:

(i) R ={Ro, R1,...,Ra},

(i) Ro = {{z,2)|o € X},

(iii) if R; is a member of R then the set RY = {{y, z)|{x,y) € R;} is also a member
of Rfort=0,1,---,d,

(iv) for any pair (x,y) € Ry the number pf,j of z € X such that both the conditions
(x,2) € R; and (y,z) € R; hold does not depend on the choice of (z,y) € Ry.
The numbers pi—f ; are called the intersection numbers of this association scheme
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(X, R).
The number n; = pgi is called the valency of R;, and it holds that

d
X = ni
=0

4.2 Preliminaries
Before discussing the association scheme in Go4 we prove a simple lemma;:

Lemma 4.1 Let Cy (k = 8,12,16) be the set of codewords of weight k in Gag,
then the followings hold,

(i) if u,v € Cg then the value of u*v is one of 0,2,4 and 8,

(ii) if u € Cg and v € Cqa then the value of ux v is one of 2,4 and 6,

(#i1) if u € Cg and v € Cyg then the value of uxv is one of 0,4,6 and 8.

Proof. Proof of (i). If u,v € Cg, then from the relation (2.1) we have
wt(u+v)=16—2-ux*v.

u+v is a codeword of Gy and its weight may be one of 0,8,12 and 16. From each
possible weight the value of u * v is obtained.
The cases (ii) and (iii) are similarly showed.

After Lemma 4.1 we use I, to denote the set {0,2,4,8}. The following proposition
is easy to prove and we present it without giving the proof.

Proposition 4.2 Let u,v € Cg then the followings hold

uxv=8 & d(uv)=0,
uxv=0 & d(uv)=16,
uxv=2 & d(u,v)=12
uxv=4 & d(u,v)=38.

We will use #U to denote the cardinality of a finite set U.
Lemma 4.3 Let v be a fized codeword of weight 8 in Goy, then we have

8 for oneu € Cg,
0 for30ue Cg,
2 for 448 u € Csg,
4  for 280 u € Cg.

u*xv=

Proof. Viewing Lemma 4.1 we may put A; = #{u € Cg | uxv = i} for
i = 8,0,2,4. It is obvious that Ag = 1. By the equation (3.1) we get a linear
equation:
2X9 +4X4 + 8Ag = 253 x 8.
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By the equation (3.2) we get another linear equation:
22X + 4%\ + 8%Xg = T7 x 8% + 176 x 8.
Both equations are enough to solve Ay and As, and the solutions are
Ao = 448, A4 = 280.
To obtain A\ one remarks that
As + Ao+ A2 + Ay = |Cg| = 759,
from which \g = 30 follows.

Here we consider the set Cg. We define relations P = {Pg, Py, P2, P4} between
the elements of Cg. First a pair u, v € Cg belong to P;, j = 0,2, 4, 8 if and only if
uxv = j. The condition uxv = 8 implies that u = v, hence Ps = {{(u,u)|u € Cg}
holds.

For i,j,k € I, we define A, ;(k) and \; (k) by

A (k) = {weCglusw=1,viw=j},
Xig(k) = #Aii(k),

where u, v € Cg and they satisfy u*v = k. One may easily see that the equation
(4.1) Aij(k) = Aji(k)

holds for i,j € I, since we can make a one to one correspondence between the
two sets A; j(k) and Aj;(k). We prove

Lemma 4.4 Let k be an element of I.. For any pair of elements i,j € Cg satis-
fying ux v = k it holds that

> Xojlk) = 30,

Jjel.

D Agj(k) = 448,

JEL

> k) = 280,

JEL

> Asyk) = L.

JEL«

Proof. We see that for a fixed codeword u € Cg the sum ;; Ao ;(k) counts
all w € Cg satisfying u* w = 0. By Lemma 4.3 the sum equals 30. Other cases
are proved in a similar way.
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4.3 The Numbers ), ;(0), i,j € L,

First we consider the numbers \; ;(0), ¢,j € L.
X0,2(0) = 0. The number counts w satisfying u*w = 0 and v*w = 2. But
we see that wt(u + v + w) = 20 which is impossible in the Golay code Goy.
X0,0(0) = 1. Because the number counts w satisfying u*w = 0 and v*w = 0.
Since wt(u+v) = 16 and wt(u+v+w) = 24. This implies that w = u+v+1, and
therefore Ag,0(0) = 1. We also see that Ao,s(0) = 1. By Lemma }_,; Ao ;(0) = 30
from which Ao 4(0) = 28 follows. It is obvious that A2 5(0) = A4 5(0) = Ag8(0) = 0.

Lemma 4.5 We leta=u-+ v withuxv =0. Then it holds that

2 ZfW S AO’Q(O) UA2 0( )
4 ifw e Noa(0) UAyo(0),
) 4 ifw e Ax(0),
wxa=1 ¢ if w e Az 4(0) U Ay 2(0),
8 ifw e Ay4(0),
8 ifw e Agg(0) UAgp(0).

To determine the numbers A2 2(0), A2.4(0), A1.4(0) we use the formulas (3.1)~(3.5).
Take a = u + v and the formula (3.1) with minding of Lemma 4.5 reads

Z (wxa)

weCsg
= > (w*a)+ > (wxa)
wEA,2(0)UA2 0(0) wEA,4(0)UA4 0(0)
+ Z (wxa) Z (wxa)
weAz 2(0) W€A2,4(0)UA4,2(0)
+ Z (wxa) Z (w=a)
weAy 4(0) WGAo,s(O)UAs,o(O)

= 2:2-202(0)+2-4-204(0) +2-8- Ag.5(0)
+4-Ag2(0) +2-6- Xa4(0) + 8- Ay 4(0)

= 2.4-2842-8+44-X2(0) +2-6-Ag4(0) + 8- Ay 4(0)
253 - 16.

The formula (3.2) implies

Z (w*a)?

weCsg

= 222 X02(0) +2-4% - X5 4(0) +2-8%- X\ 5(0)
4% X99(0) +2- 62 - X\2,4(0) + 8% - \4.4(0)
2:16-28+2-64 416 A2 2(0) +2-36 - A24(0) + 64 - Ay 4(0)
= 77-16% 4176 - 16.

/—\\_/
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The formula (3.3) implies

Z (w*a)?

weCsg
= 2-2% . 202(0) +2-4% - Xg4(0) +2-8%- X 5(0)
4% A02(0) +2- 6% A24(0) + 8 - A4 (0)
= 2:64-28+2:5124 64 Ag2(0) + 2216 - A2,4(0) + 512 Ay 4(0)
2116 + 168 - 16% + 64 - 16.

The above three linear equations are enough to determine the numbers A 2(0), A2,4(0), Ag,4(0).
Actually we have

A2,2(0) = 224, A3 4(0) = 224, Ay 4(0) = 28.

4.4 The Numbers )\, ;(2), i,j € I,

Next we treat the numbers A, ;(2), 4,j € L.
We find that this case needs certain subtle analysis in determining the numbers
A2,2(2), A2.4(2), A4,4(2). Generally for temporally fixed u, v we put

u = (u1, - ,u2) € Csg,
v = (v1,---,v9) € Csg,
w = (wy, - ,way) € Cg,
uxvsw = F#{hlup=vy,=v,=1,1<h <24},
nw) = #{h|up=wp=1v,=0,1<h <24},
vo(w) = #{h|up =00, =v, =1,1<h <24},
52)(2) = {(wWeCs|lusxw=4{,viw=ju*sv=2u*xvsw=s},
M@ = #A0)©),

where 0 < s < uxv = 2. By the definition we have )\1(-?]-)(2) + )\E,lj)(2) + )\2(21) (2) =
Xi,j(2). It is easy to observe that Agf%(?) = /\(()2(2) =0 and )\(()(2(2) = Ao2(2), and
)\(()2(2) = )\é}i(Z) =0, )\(()?)1(2) = Xo,4(2). We treat the rather easier cases:
Lemma 4.6 Let the notations be as above, then it holds that
(i) do.0(2) = 0.053(2) = 0,A53(2) = LA} (2) = 0,
(ii) A1(2) = A(2),
(iii) AS)(2) = Xoa(2).

Proof. Proof of (i). Suppose there is w € Cg satisfying w*u =0,wxv =0
whereas u*v = 2. Then it follows from these conditions that wt(u+ v +w) = 20,
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which is impossible in Goy. )\52%(2) is the number of w € Cg satisfying u x w =
2,vikw = 2uxv = 2uxvsw = 2. Then wt(u+ v + w) = 20, which
is impossible in the Golay code. Affi(Z) is the number of w € Cg satisfying
uxw =4 v+xd =2uxv =2uxvsw = 0. The conditions imply that
wt(u + v + w) = 4, which is impossible in the Golay code.

Proof of (ii). Let w € Afi@), then by definition w satisfies uxw = 4, v« w =
4, uxv =2 u*xvsw = 2. Then we verify that w+v € Agﬁ(?). Conversely when
w e Agﬁ@), then it is verified that w+v € Afi@). Both mappings are injective.
Thus we have )\gﬁ@) = )\551)1(2).

Proof (iii). When w € Aéﬂ@) then it holds that uxw =2, v«w =4 u*xv =
2,uxvsw =2. We see that w+v € Ag4(2). Conversely when w € Ag 4(2), then
we see that w+v € Aé?i(Q), and Aéﬁ(?) = Ap,4(2) holds.

Let u = (u1, - ,u24),v = (v1,- -+ ,v24) € Cg satisfying ux v = 2. We consider a
vector uUv = (t1,ta, -+ ,toq) defined by t; =1 if u; =1 or v; =1, and ¢t; = 0 if
u; =v; =0 for 1 <4 < 24. Note that wt(uUv) = 14.

Lemma 4.7 We leta=uUv withuxv =2. Then it holds that

4 ifwe AD)(2), 6 ifweAL)(2), 8 ifweAL)(2),
wia=<{ 3 ifweA)(2), wra=< 5 ifweA})(2), waa=q 7 ifweAl)©2),
2 ifweAL)(2), 4 ifweAd)(2), 6 ifweAf)(2).

Proof. Let w € AEZ)(2) s = 0,1,2. Then using v, v, introduced above we
have wxa=v1+s+1o =i—s+s+j—s=1+7j—s. All the nine equalities in
the lemma follow from this.

Proposition 4.8 Let u,v € Cg satisfying u* v = 2. Let )\Eb])(2), where i,j €
1,0 < s < defined above. Then we have

X0.0(2) = 0, A02(2) = 15, \0.4(2) = 15, Ag.s(2) = 0,
X20(2) = 15, )\(0)(2) = 180,055(2) = 72,A82(2) = 0,
A1o(2) = )\(0)(2) = 45, )\(1)(2) = )\(2)(2) =15,
As0(2) =0, A%) =0, Ai%’( ) = M”( 2) = 45.

Proof. We use the vector a = u U v. This time wt(a) = 14. To determine
/\5?(2)78 we utilize the formulas (3.1)~(3.5). In viewing Lemma 4.7 the formula
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(3.1) reads

Z (w*a)

weCsg

= > (wxa)+ > (W *a)

WGA() 2(2)UA2 0(2) W€A0,4(2)UA4,0(2)

+ Z (w*a) Z (wxa)+ Z (w * a)
weAs)(2) weA;{;u) weAs)(2)

+ Z (w=xa)+ Z (w=xa)+ Z (w *a)
weAS) (2)UuAL) (2) weAs) (2)uall)(2) weAS) (2)UAT)(2)

+ Z (w*a) Z (w=xa)+ Z (w*a)
weAl’)(2) weAﬁjm) weAl?) (2)

+ Z (W a)

wEA2 8(2)UAg 2(2)
= 2:2-X02(2) +2-4-X04(2)
+4A50(2) 43 A55(2) + 2 A8)(2)
+2-6- /\2,4(2) +2-5- )\274(2) +2-4- /\S‘)l(z) +8- /\‘(1?‘)1(2)
+7- 2802 +6-27)(2) +
+2-8- X2 g(2)
= 253.14.

= 2'2t->\02( )+2~4t~)\04( )
+4t A0 @)+ 30 A0 @) + 2 AZ2)
2060 A9)(2) + 2050 A81(2) + 245 A1 (2) + 8- A (2)
+7t AN @) + 60 AT(2) +
2.8 As(2)
= fi(axa),

where fi(axa) (2 <t <5) is the right hand side of the formulas (3.2)~(3.5).
The above five linear conditions on Ag 2(2), Ao 4(2), - - - , A2,8(2) together with Lemma
4.6 are enough to determine the values of Mg 2(2), Ao 4(2),- -, A2,5(2) explicitly.
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4.5 The Numbers ), ;(4), i,j € L.
Finally we treat the numbers X; ;(4), i,j € L.

AESJ)(ZL) = {(weCs|lusw=i,viw=jusv=4u*svsw=s},
(s) _ (s)
Aij(4) = #A;;(4),

where 0 < s <ux*xv =4 and ux v xw is defined already.

Lemma 4.9 Let the notations be as above, then it holds that
(i) A (4) = Agh(4) = 0.0 (4) = A5 (4) = A5 (4) =0,

(i) MH(4) = 1, A3(4) = 0,

(i) A(4) = A2(4) = AR (4) =A%) = 0,034 = 1.

) )

Proof. Proof of (i). Since s = uxvxw can not be greater than usv, uxw, viw
we have evidently )\533(4) = 0 and )\52(4) = 0. By the same reason we have
)\é)i(él) = )\(27)1(4) =0. As to )\é)i(él) we consider wt(u+ v + w). It is clear that
wt(u+v+w) = 4, which is impossible in the binary Golay code. Thus we conclude
that Ay)}(4) = 0.

Proof of (ii). The number Ai?i(él) counts w € Cg satisfying usw = vsw =4, ux
v+ w = 0 under the restriction u*v = 4. In this case we have wt(u+v+w) =0,
meaning that w = u+ v and /\51(2(4) =1

As to )\231(4) we again consider wt(u + v + w). We see that wt(u+ v+ w) = 4,
which is also impossible in the binary Golay code, and )\5&(4) =0.

Proof of (iii). All numbers in (iii) imply that v+«w = 8 and v = w. Since
u* v = 4, it holds that u* v * w = 4, and consequently /\58%(4) = )\4(1}%(4) =

4
A% @) = A8 4) = 0,28 4) = 1.

We want to prove that )\ESJ) (4) (0 < s < 4) is constant for each fixed pair of
1,7 € I, but we find that this can not be done straightforwardly even if we use
the formulas (3.1)~(3.6) together with Lemma 4.3. The reader may understand
this difficulty by viewing the proof of Proposition 4.12. To overcome this difficulty
we make a more precise notation, that will work actually. Instead of AE‘Z) (4) we
use AE,SJ? (4)(u, v). The implications are the same but we are conscious about which
pair u,v € Cg satisfying u* v = 4 is used. A pair (u,v) € C2 belongs to Ly if
the condition u* v = 4 holds. It is easy to see that if (u,v) € L4 then so are
(u,u+v), (u+v,v). With these facts we prove

Lemma 4.10 We employ the notations before, then it holds that
(i) A5 (4)(u,v) = A5 (4) (wu +v),
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(i) AS)(4) (w, v) = A5 (4) (w,u +v),
(iii) AT (4) (u,v) = A} (4) (u,v),
(i) AL)(4) (1, v) = Aoa(4)(u, V).

Pmof. Proof of (i). Let w € Agg (4)(u, v), then by definition it holds that ux*
= 2,uxvsw = 0, v¥w = 2. From these conditions we see that uxw = 2, (u+v)x*

= 4,ux(u+v)+*w = 2 hold. This implies that w € A(g)( 4)(u,u+v). Conversely
from w € Aé)l( )(u, u+v) we can derive the consequence w € Aé?%(él)(u, v). Thus
0 2 0 2
AZ3(H)(w,v) = AZY () (w04 v), and A3 (4) (1w, v) = A} (4) (w u +v).
Proof of (ii). Let w € A(Q)( 4)(u,v), then it holds that usxw = uxvsw = 2, vew =
4. By these conditions we see that usw =2, (u+v)*w =2, ux(u+v)s*w =0,
and w € A(O)( 4)(u,u+v). Conversely if w € A( )( 4)(u,u + v) then we can show
that w € A2 4( )(u,v). Thus we have A;7i(4)(u7v) = )\50%(4)(u u+v).
Proof of (iii). We prove )\(3)( 4)(u,v) = )\;131( 4)(u,v). Let w € A(g)( 4)(u, v), then
it holds that usw = v«w =4, uxvsw = 3,u*xv = 4. By these conditions we see
that #{h| up = L,vp, = wp, = 0} = 3, #{hlup, = wp, = 1,vp = 0} = 1, #{h|up =
Vp = WhH = 1} = 3,#{]1‘ Up = U = 1,wh = 0} = 1,#{h| Vp = Wh = 1,uh = O} =
1 #{h|uh:0vh:1 wh:O}:3#{h|uh:vh:0wh:1}:3 #{h|uh:
vp, = wp, = 0} = 9 holds. Using these relations we observe that v+ w € A(l)( 4),
and the correspondence w <> v + w is a one to one correspondence between two
sets A( 1(4) and Aé14( 4). Hence we get )xfi(4) = /\52(4).
The proof of No4(4) = )\4(14,14)1 (4) is quite similar to that of )\f)l (4) = )\gi(él). We only
point out that Afﬂ(4) S W< v+ w € Ags(4) is a one to one correspondence.
And we omit the details.

Lemma 4.11 Weleta=uUv withuxv =4. Then it holds that

4 ifwe ALY (4)(u,v) 6 ifwe AL (4)(u,v)
wxa=1{ 3 ifweAY4)(uv) , wra=< 5 ifweAY)4)(uv) ,
2 ifwe Aé?%(él)(u,v) 4 ifwe Ag}l(él)(u?V)
ifw e Afi 4)(u,
ifw e Agi 4)(u,
W xa =

= ot O 3 0o

<

g

m

4;>/—\
/\Auj—\\sz—\/—\
BB B R e
TEEE
2222l

Proof. Proofs of first six equations are very similar to those of Lemma 4.7
and we omit them. Proof of last 5 equations. Let w € Azﬂ@) 0 < s < 4, then
as in Lemma 4.7 we see that 4 = 11 +s,d =s+ v and wxa=1v1 +s+1vy =
4—s+4+s+4—s=8—s. From this the last 5 equations follow.
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Proposition 4.12 Let u,v € Cg satisfying uxv = 4. Let )\f‘? (4), where i,j €
1,0 < s <4 defined above. Then we have

)\070<4)<U,V) = 3, )\072(4)<U,V = 24 )\0 4(4)(11 V) = 3 )\0 8( )( ,V) = 0,
Moo()(u, v) = 24, A% (4) (u,v) = 72, A (4) (1w, v) = 192,Aé?%<4><u,v> =24,

A (@) (u,v) = 0,259 (4)(u, v) =

Aao(4)(u,v) = 3,28 (4)(u,v) =0, A§13(4)(u, v) = 64, A5 (4)(u,v) = 72,

AS)(4) (w,v) = 0, A5) (4)(u, v) = 0, As,0(4) = 0,

A @) (w,v) = LAY (@) (u,v) = o,Afiu)(u,v) =72, A7) (4) (w0, v) = 64, AL (4) (u,

Proof. We use the vector a = u U v. This time wt(a) = 12. To determine

A; Sj (4)’s we utilize the formulas (3.1)~(3.5). In viewing Lemma 4.11 the formulas

(3.1)~(3.5) go
Z (w xa)
weCs
Z (wxa) + Z (w*a)’
WGA() 2(4)UA2 0(4) W€A0,4(4)UA4,0(4)
+ Z (w*a) Z (wxa) + Z (w*a)t
weAs)(4) weA;};(z;) weAS)(4)

> (wxa)'t Y (wxa)t D0 (wxa)

weAS) (4)UAL) (4) weAS) (UL (4) weAS ) (9)UAT) (4)

+ Z (wxa) Z (wxa) + Z (wxa) + Z (wxa)l

weA) (4) weAEJ,i<4> weAT) (4) weAT) (4)
+ E (wxa) E (w xa)
weAl?) (@) W€A4,8(4)UA8,4(4)

= 2:2" XNga(4)+2-4" - Nga(4)
4T A (4) + 3 AT (@) + 20 AP (4)
260 AT)(4) + 250 AT (4) + 248 AT (4) + 8- A (4)
+70 A0 @) + 60 A (@) + 50 AT (4)
+48 AT (@) + 288 Ags(4)
= fi(axa),

where fi(axa) (1 <t <5) is the right handsides of the formulas (3.1)~(3.5) with
(axa)=12.
In viewing Lemma 4.9 and Lemma 4.10,(iv),(v) the above five equations are sim-

v) =3.
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plified to
M) = 192,
AMh) = 64,
(4.2) A = 72,
A(4) = T2-2X2(4),
AB(4) = 225 —3Nga(4) — 22F)(4).

The formula (3.6) unfortunately does not give additional linear condition.
Here we use Lemma 4.4 to decrease the number of the unknowns:

A2,0(4) + A2 2(4) + A2.4(4) + A2s(4)
= No2(4) + AS(4) + A5 (4) + ALY (4)
+FAL(A) + A5H (@) + A8 (4)
= 448,
A,0(4) + Ag2(4) + Aga(4) + Aas(4)
= Xoa(d) + A1) + A0 (4) + AF)(4)
A + 25 @) + 28 @)
A1) + 20 @) + A1 @
= 28&0.

Substituting the known values and the identities (4.2) into the above two linear
equations and rearranging the terms we have

Xo2(4) = 27— Aou(4),
AD4) = 69+ Aoa(4),
AC)4) = 18+ 2002(4),
ADI4) = T8 —2X2(4).

Xo2@)(w,v) = 27— Xp4(4)(u,v),
3 M)W v) = 69+ Aoa(4)(w,v),
(43) M@ (w,v) = 18+ 2X04(4)(u,v),
A (4) (u, v) 78 — 2X0.4(4)(u, v).
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We now use (i),(ii) of Lemma 4.10. Combining (ii) of Lemma 4.10 with the second
and the fourth relations of (4.3) we get

A @), v) = 69+ Aoa(4)(u,v)
A @) (wu+ v)
78 —2Xp4(4)(u,u+v)

A1 (@) (wu 4 v)

Thus we obtain

(4.4) X0,4(4) (0, v) +2Xx04(4)(u,u+v) =9,

The equation (4.4) yields by symmetric argument

(4.5) A0,4(4)(w,u+v) 4+ 2X0.4(4)(u,v) = 9.

The equations (4.4) and (4.5) give the solution:
Aoa(4)(w,u+v) = Ap.a(4)(u,v) =3.

All the other values except A 0(4)(u, v) of Proposition 4.12 are obtained by Lemma
4.9 and the equation (4.3). As to the value of A\ ¢(4)(u, v) one may use the first
relation of Lemma 4.4 and actually we obtain

)\070 (4) (u, V) =3.

4.6 Main Theorem
We prove

Theorem 4.13 The set Cg together with the relations P above forms an associ-
ation scheme.

Proof. We recall the set of relations P = { Py, Py, P2, Py} between the elements
of Cg, which are introduced directly after Lemma 4.3. One may immediately note
that Ps corresponds to Ry in the definition of the association scheme. Viewing (i)
of Lemma 4.1 we see that P satisfy the condition (i) of the association scheme.
By the symmetry property of the intersection * it holds that P = Pg, Pl =
Py, P} = P,, P}' = P,, and therefore P satisfies (iii) of the association scheme.

It remains to show that P satisfies the condition (iv) of the association scheme.

(1) If (u,v) € Pg then u = v, and the number pz(-i-) = #{w € Csg| uxw =
i,v*w = j} is non-zero only if ¢ = j € I,5;. By Lemma 4.3 we conclude
Pss = 1,p00 = 30,p%%) = 448, p{%) = 280.

(2) If (u,v) € Py then the numbers pg?j) =#{w e Cgluxw=1i,vxw=j} are
treated in Section 4.3, and we see that pl(-g-) are given by \; ;(0). The precise values
are discussed also in Section 4.3.
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If (u,v) € P, then the numbers (2) =#{weCglusxw=4,vw= are
(3) p; j

i,
treated in Section 4.4. Some of p(- )'s are derived with a refined process., and the

i,J
summarized results are
(2)

Pip =Aoo(2) =0, pil = )‘072( )= 5 p(()zé)l = )\0 4(2 ) = 15, pé?s)s = Ao,3(2)
Doy = A2,4(2) = X5 4(2) + As, 4( ) As. 4( ) = 180, Pya = Aas(2) =
pf()) = A1,0(2) = 15, pf% = As2(2 ) 180,

P = haa(@) = 20@) AN @) + AR ) = 5 P = As(2) =

)

(4) If (u,v) € P4 then the numbersp(j #{w e Cgluxw =i,vxw = j} are
() .

treated in Section 4.5. We could the values p;
summarize the results:

Py =oo(d) =3, pih=Xoa(4) =24, pi

in a very complicated way. We

i=n
i =p =24, plY = rpaa) = A&&@+ é<>+A@<>—2%
P5 = Aoa(4) = A0(4) + AL (4) + 2Z)(4) = 136, P = Mis(4) =0,
Pt = Aaa(0) = A0 + 28 @) + 28 @) + G @) + 2 4) = 140,
P = deo) =0, P = rea(®) =0, ) =Asa(®) =1, p{=Ires(4)=0.

By the processes above to determine the numbers p( ) 1,7,k € I, they do not
depend on the choice of u,v € Cg satisfying u * v = k, therefore the (Cg, P)
satisfies the condition (iv) of the association scheme.

5 A Distance Regular Graph in Gy,

5.1 Some Basic Definitions of the Distance Regular Graph

We will define a graph structure on Cg. For precise definitions of distance
regular graphs one may refer [3]. Here we give some basic definitions of the graph.
A graph G consists of two objects:

(i) one is a finite set V which is called a vertex set,

and

(ii) another is a finite set £ which is called an edge set. Each edge connects two
different vertices in V.

We may assume that the cardinality of V is not less than 2 and the set £ is not
empty. A graph G is called simple if for each pair of vertices in V there is at most
one edge which connects those vertices. In this section we only consider simple
graphs. In a simple graph an edge is defined by a pair of vertices v; and ve. Thus
we may express an edge as v1v3. Two elements vy and vs in V are called adjacent
if they are connected by an edge in £. We write this relation for v; and wvo as
v1 ~q V2. The vertices which are adjacent to a vertex v are called the neighbors
of v. A path from a vertex v; to another vertex v, is a sequence of edges in &:

V102, V2V3, " , Un—-1Un.

Moa(4) =3, pi=Nos(4) =0,

:0,

L

0.
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The number n—1 is called the length of the above path. The graph G is connected
if for any two of the vertices vy and vy in V we can always find at least one path
from v1 to ve. The degree or the valency k(v) of a vertex v € V is the number of
the vertices that are adjacent to v. When k(v) is a constant k for all v € V then
the graph is called regular of valency k.

In a connected graph G we can define a graph distance. Let v; and ve in V then
the graph distance d(v1,v2) between v1 and v is the least length of all the path’s
joining v and ve. We understand that d(u,v) = 0 holds if and only if u = v. From
here we suppose that the graph G is connected. In G the number

0=0(G)= Inax, d(u,v)

is meaningful, and we call this § the diameter of the graph G. For a vertex v € V
we set

Li(v) ={ueV|du,v) =i}

We also consider T';_1(v) (1 < ¢ <) and T'j11(v) (0 <i < §—1). The numbers
defined by

¢ = H#lwelis1(v)|w~gu}l,1<i<4,
bi = #{weTl1(v)|w~gul,0<i<d—1,

are called intersection numbers of the graph G. The graph G is called distance
regular if G is regular and for any pair of vertices v,u € V satisfying d(u,v) = 1
there are precisely ¢; neighbors of w in IT';_1(v) and b; neighbors of u in T';y1(v).

5.2 Graph Structure in Cg

We will define a graph structure on Cg. The vertices are the vectors of Cs.
Two codewords u and v in Cg are said to be adjacent if and only if uxv =0
holds. For two codewords u and v in Cg we write u ~, v if they are adjacent to
each other. By Lemma 4.4 each vertex u has 30 adjacent vertices, and therefore
the graph is regular and the valency is 30. In this section we must treat two kinds
of distances. One is the Hamming distance of the code, which is denoted by hd.
This distance is introduced in Section 1 as d. The another distance is the graph
distance. A path from a vertex u to another vertex v is a sequence of vertices
u=ug,uy, - ,u, = v that satisfy the condition : u; ~, u;4; for 0 <i <n—1.
n is the length of the path. The graph distance gd(u,v) between two vertices
u,v € Cg is defined to be the length of the shortest path joining u and v. The
graph distance is denoted by gd. For a codeword u € Cg and a non negative
integer 4 the subset I';(u) of Cg is defined by

Ti(u) ={v ] gd(u,v) =i}

‘We now prove
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Proposition 5.1 Let u,v € Cg then the following two conditions are equivalent.
(i) hd(u,v) =8,
(i) gd(u,v) = 2.

Proof. 'The condition (i) is equivalent to u * v = 4 by Proposition 4.2. First

we assume the condition (i). By Proposition 4.12 there are 3 codewords w € Cg
satisfying both u*w = 0 and v * w = 0, namely gd(u,w) = 1 and gd(v,w) = 1.
This implies gd(u,v) < 2. Since uxv = 4, we can say that gd(u, v) > 2. Therefore
gd(u,v) = 2 holds.
Next we assume the condition (ii). Then there is a codeword w € Cg such that
gd(u,w) = 1 and gd(v,w) = 1. The last conditions imply that u* w = 0 and
v x w = 0. Concerning the value of u * v there are three possibilities: 0,2 and 4.
One may note that uxv = 8 is impossible. Suppose that uxv = 2 then we see that
wt(u + v + w) = 20, which is impossible in Gay. If u* v =0, then gd(u,v) =1,
which contradicts to the condition (ii). Therefore u*v =4 is the only possibility.
Then by Proposition 4.2 hd(u,v) = 8.

Proposition 5.2 Let u,v € Cg then the following two conditions are equivalent.
(i) hd(u,v) =12,
(#) gd(u,v) = 3.

Proof. First we assume (i) holds. By Proposition 4.2 (i) implies ux v = 2.
This shows that gd(u,v) > 3. By Proposition 4.8 there is a codeword w € Cg such
that usw = 0,v+«w = 4. Thus gd(u,w) =1 and gd(v,w) = 2, and gd(u,v) < 3.
Consequently gd(u,v) = 3.

Next we assume that (ii) holds. Then there is a path of length 3 and there is no
shorter path joining u and v. We set that the sequence of codewords u,uy,us, v €
Cy forms a shortest path of length 3. By this setting it must hold that u*u; =
0,u; xuz = 0,us xv =0, gd(u,u;) = 2 and gd(uy,v) = 2. We now discuss on
the intersection u % uy. If u* us = 0, then u ~, uy and the length of the path
u,ug, us, v € Cg is less than 3, which contradicts our setting. If u* us = 2, then
by Proposition 4.2 and the proof of (i) of the present proposition gd(u,us) = 3.
This contradicts to our setting. Hence the equation u % us = 4 must hold. By the
same reasoning we have uy x v = 4.

Finally we consider the value of u*xv. If uxv = 4, then by Proposition 4.2
hd(u,v) = 8 and by Proposition 5.1 gd(u,v) = 2. This contradicts to the present
assumption (ii). If u* v = 0, then gd(u,v) = 1 which also contradicts to the
present assumption (ii). Therefore we must have u x v = 2, and by Proposition
4.2 hd(u,v) = 12.

Here we summarize some results scattered in many places in this paper as a propo-
sition,

Proposition 5.3 Let u,v € Cg then the following hold.

uxv=8 & hd(u,v)=0 <& gd(u,v)=0,
uxv=0 < hd(u,v)=16 < gd(u,v)=1,
uxv=2 < hd(u,v)=12 & gd(u,v) =3,
uxv=4 & hd(u,v)=8 < gd(uv)=2.
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Theorem 5.4 The set Cg with the adjacent relation above is a distance reqular
graph.

Proof. By the definition of adjacency for a given codeword u, there 30 code-
words that are adjacent to u, by Propositions 4.3 and 5.1 there are 280 codewords
that have distance 2 from u, and by Propositions 4.3 and 5.2 there are 448 code-
words that have distance 3 from u. These are 758 in number. Therefore Cg is
a connected regular graph of diameter 3, since there is no codeword which has
distance greater than 3 from any codeword.

We now determine the intersection array. We fix a codeword u € Cg. Let
[;(u) 0 <4 < 3 be the subset of Cg defined before. For an element v € Cg with
gd(v,u) = i two numbers are associated :¢; = #{w € I';_i(u)|gd(w,v) = 1},
and b; = #{w € I'iy1(u)|gd(w,v) = 1}. ¢ is meaningless. ¢; is the number
of w’s satisfying gd(u,w) = 0,9d(w,v) = 1 under the condition gd(v,u) = 1.
This implies that u = w, and ¢4 = 1. ¢y is the number of w’s satisfying
gd(u,w) = 1,gd(w,v) = 1 under the condition gd(v,u) = 2. Looking Propo-
sition 5.3 and Proposition 4.12 we see that ca = Ao0(4) = 3. ¢3 is the number of
w’s satisfying gd(u,w) = 2, gd(w,v) = 1 under the condition gd(v,u) = 2. By
Propositions 5.3 and 4.8 we see that cs = Ag0(2) = 15.

bo is the number of w’s satisfying gd(u, w) =1, gd(w,v) = 1 under the condition
gd(v,u) = 0. The last condition implies that v = u. Hence the condition on w is
simply uxw = 0 by Proposition 5.3. By Proposition 4.4 by = 30. b; is the number
of w’s satisfying gd(u,w) = 2, gd(w,v) = 1 under the condition gd(v,u) = 1. By
Proposition 5.3 we see that by = A4 ,0(0) = 28, which is discussed directly before
Lemma 4.5. by is the number of w’s satisfying gd(u, w) = 3, gd(w,v) = 1 under
the condition gd(v,u) = 2. By Propositions 5.3 and 4.12 we have by = A9 (4) =
24. Since the conditions on b3 contain gd(u, w) = 4 and therefore b3 = 0. Thus
the graph Cg is a distance regular graph.

Note 1 The intersection array of the distance regular graph proved in Theorem
5.4 is 1(Csg) = {bg, b1, ba; c1,c2,c5} = {30,28,24;1, 3,15}, which is identical to the
one given in Brouwer-Cohen-Neumaier [3], Chapter 11, Section 4.

Note 2 [t is known that a distance reqular graph is also an association scheme
[3], Chapter 4. It may be possible to compute intersection numbers qf,j (i, 5k €
{0,1,2,3}) associated with the association scheme for present distance regular
graph along with the explanation in [8], Chapter 4, but here we can give qﬁj s
by wutilizing Proposition 5.3 and the results in Section 4. We observe that qf’j =
#{w € Cs | gd(u,w) = i,gd(v,w) = j} under the condition gd(u,v) = k. Below
we give tables of qi’fj (k =1,2,3) without precise explanation.

o e e

\Nj|0] 1 2 3 N\j 0] 1 2 3 i\j|0] 1 2 3
0 ]0]1 0 0 0 |0 O 1 0 0 (0] O 0 1
1 (1] 1| 28 0 1 0] 3 3 24 1 (0] 0| 15| 15
2 | 0|28 28 | 224 2 |1 3 |140 | 136 2 [0[15| 8 | 180
3 |0] 0 |224]|224 3 | 0|24 136 | 288 3 | 1]15] 180 | 252
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Note 3 By the previous note we may show that the association scheme obtained
in Section 4 and that of Section 5 are isomorphic.
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