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Abstract. We investigate the fourth power moment and the even power mo-
ments of the double zeta-function of the Euler—Zagier type, which is defined
by analytic continuation of the double series (2(s1,52) = Y1 ;e ™ “I07 2
for Res2 > 1 and Re s1 + Re s > 2, under the region 0 < Res; < 1,
0 < Resz < 1and 0 < Resi + Re sz < 2. We provide the ) results of
the double zeta-function, and calculate the double integral under certain
conditions.

1 Introduction

Let s; = 0; +it; (j = 1,2) be complex variables with ¢;, t; € R, and let ((s) be
the Riemann zeta-function. The Euler—Zagier type double zeta-function is defined
by

Galsr,s2) = ) .

msins2’
1<m<n
which is absolutely convergent for oo > 1 and 01 + 09 > 2. One can easily verify
that the reciprocity law

C(51)C(s2) = (51 + s2) + (2(s1, 52) + C2(s2,51) (1.1)

holds for o7 > 1 and o2 > 1 (see T. M. Apostol and T. H. Vu [2]). The mean
value formula of the Riemann zeta-function given by F. V. Atkinson [3] (see also
A. Tvié [9]), which was applied to the analytic continuation of (3(s1,s2) to the
region {(s1,82) € C2 | 0 < o7 <1, 0 < o9 < 1}. The function (a(s1,s2) is
continued meromorphically to C2, which is holomorphic in {(s1,s2) € C?|sy #
1,81 +s2 ¢ {2,1,0,—2,—4,—6,...}} was proved in S. Akiyama, S. Egami and Y.
Tanigawa [1], and also the analytic continuation of (1.1) was obtained by J. Q.
Zhao [25] independently. Some analytic properties of (2(s1, s2) were considered by
Akiyama, Egami and Tanigawa, H. Ishikawa and K. Matsumoto [8], I. Kiuchi and
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Y. Tanigawa [16], I. Kiuchi, Y. Tanigawa and W. Zhai [17], K. Matsumoto [19],
[20], [21], [22], Y. Komori, K. Matsumoto and H. Tsumura [18], and others.

We assume certain conditions for the order of magnitude between the variables
t1 and to. The first purpose of this paper is to derive the formulas of the fourth
power moment of the double zeta-function (a(s1, s2) with respect to the variable
to under the region 0 < 01 < 1,0 < 02 < 1 and 0 < 01 + 02 < 2. Secondly, we
shall obtain the formulas of the even power moments of the double zeta-function
Ca(s1, s2) with respect to the variable ¢; under the region 0 < o1 < 1,0 < 09 < 1
and 0 < 01 + 09 < 2, and the formulas of that with respect to the variable 9, too.
Furthermore, we shall consider an average order of magnitude of difference for
the double integral fQN fQT {I¢2(s1, 82) %% — |¢a(s2, 51)|?* } dt1dts under the region
0<o01<1,0<09<1and oy + 09 =1 for any fixed positive integer k.

Notations. When g(x) is a positive function of z for x > zg, f(z) = Q(g(x))
means that f(x) = o(g(z)) does not hold as x — co. In what follows, € denotes any
arbitrarily small positive number, not necessarily the same ones at each occurrence.

2 Mean square formula

Before the introduction of our results, let us recall the mean value formulas of
the double zeta-function (5(s1, s2) with respect to the variable ¢; under the region
0<o1<1,0<o09 <1land0 < o1+ 03 < 2. We also recall the mean value
formulas of the double zeta-function (2(s1, s2) concerning the variable ¢5 in place
of the variable ¢; within the region 0 < 07 <1,0< 02 <1land 0 < oy + 02 < 2.

2.1 Mean square formula — concerning t;

A new type of mean value formulas of the double zeta-function (s(s1, s2), namely,
f2T |C2(51, 82)|?dta, which was first considered by K. Matsumoto and H. Tsumura
[23] for a fixed complex number s; and any large positive number 7" > 2, who
derived useful approximate formulas for (2(s1,s2) and obtained the following in-
teresting formula. For % < 09 <1 and % < 01 + 02 < 2, they showed that

T oo n—1 1 2 1
[T Do S = )
2 n=2'm=1

1o} (T4720’1*202 logT) +0 (T%) if % <oy <1, % <o <1,
O(T2 201 IOg T +O< %) if %<O’1 <17 02:17
+ 0 (TQ 201 log T + [0) ( %) if o= 1, % < 0og < 1, (2.1)

O(Té) if oy =1, 09 =1,

(NI

O(1*272210g T) + 0 (TF) if 1<or<3 d<om<l,
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where the point (s1, s2) does not encounter the hyperplane s; + s = 2, which is
a singular locus of the function ((s1,s2). Here the coefficient of the main term
on the right-hand side of (2.1) is convergent for o1 > 1 and o3 > 3, or for o3 < 1
and o1 + 03 > 3. S. Ikeda, K. Matsuoka and Y. Nagata [6] studied the integral

(2.1) under the region og > % and o1 + oo > %, and also considered the integral
f2T |C2(51, 82)|?dt1 with respect to the variable t; for a fixed complex number so.
For any large positive number T' > 2, they showed that

2

T 00 m
) 1 1
[ st ={ 3 oot - 3 | | T

1) (T4—201—202) if % <o1+092 <2,
(2.2)

O(lOgQT) if 01400 =2,

where the coefficient of the main term on the right-hand side of (2.2) converges
if 09 + 09 > % In particular, Tkeda, Matsuoka and Nagata deduced that the
asymptotic formula

T
1
/ |G (51, 82)° dty = ————=T'log T + O (T) (2.3)
2 |sg — 1

holds for the region o1 +09 = % and oy > % Matsumoto and Tsumura conjectured
that the form of the main term of the mean square formula for the double zeta-
function would not be CT' with a constant, most probably, some log-factor would
appear on the line o1 + 03 = % This result (2.3) implied that the conjecture of
Matsumoto and Tsumura on the line o1 + 09 = % was true.

Some mean value formulas obtained by I. Kiuchi and M. Minamide [14] were
inspired by Matsumoto and Tsumura, and Ikeda, Matsuoka and Nagata. For the
region 0 < o1 <1,0< o0 <land 0 <oy 403 < %, Kiuchi and Minamide have

been considered that one divide evaluations of the integral f2T |C2(51, 82)|?dt1 with
respect to the variable ¢; into five cases, namely; for any sufficiently large positive
number T > 2,

r 2 ¢(2) 2 -3 3
L |C2(81,82)| dtl = m T +O (t2 2(10gt2)T2) (24)
1
with 0 < o1 < 1, 0<02<1,01+02=1and2§t2§%,

T
2 201+20,—3__ C(4 =201 — 209)
dty = (2 e
/2 |<2<81782)| 1 ( 7T> (472017202)|$271|2

+0 (t;%T%_”l_‘”) (2.5)

T4—201 —209

with0 <01 <1, 0<o0p <1, 1<0;+02 <3 and 2 <ty <T'-3(01F02)

T
2 20142053 ((4 — 201 — 203)
dty = (27)%"
/2 (G2(51, s2)[" dta = (2) (4~ 201 — 209)[52 — 1|2

+0 (1377 i) 20

T4720'1 —209
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3—201 —209

with0 <oy <1, 0<03<1,4<o01+0;<land2<t, <T2-27%,

T
[ icator sl = B
2

12725y — 1|2

O (1?) if IogT <t» <T3,

(2.7)
O (13'T*\logT)  if 2<t, < VIlogT
With0<01<1,0<02<1and01+02:%,and
T
2 2014205—3 ((4— 201 — 209) 4—201—20
dty = (2 T 1o
| @ s)Pdn = 2n) A= —to)le 2P
1 o g s 1-20] —209 3—201 209
o) <t22 1 2T§—01—02) if T3=201—202 <ty < T‘sfzalfza27
+ (2.8)

1-20] —209

O <t51T3—201—202) if 2 < ﬁg < T3=201—202

with0< o1 <1,0< 0y <land 0 < o1 +09 < % Note that the O-constants
depend on o7 and o9 in these results. Thus, they deduced the following ) results

3
) ' tg—a'l—oz
CQ(O’l + ’Ltl,O'Q + ’Ltg) =0 <ltg> (29)
for 1 <oy 409 < %, 2<t; <Tand 2 <ty <Tl-5(O1+o2)—c 44
t%*0'170‘2
<2(0'1 + itl,Ug + ’itg) =0 <1t2> (2.10)

3—201—209

for0 <oy 4+02<1,2<t; <Tand?2 <ty <T521-22 ° with € being any
small positive constant.

The formulas (2.9) and (2.10) provide a certain improvement on the § results
of Kiuchi, Tanigawa and Zhai [17].

Ikeda, Matsuoka and Nagata made use of the mean value theorems for Dirichlet
polynomials and suitable approximate formulas derived from the Euler-Maclaurin
summation formula to obtain the formulas (2.2) and (2.3). However, Kiuchi and
Minamide [14] used some mean value formulas of the Riemann zeta-function for
the region —1 < 0 < % and a weak form of the approximate formula of Kiuchi,
Tanigawa and Zhai for {s(s1,s2) to obtain the mean value formulas (2.4)—(2.8)
of the double zeta-function. In (2.2) and (2.3), sz is a constant, but t5 is not a
constant in (2.4)—(2.8). This fact is one of some important properties, because the
analytic properties of (2(s1,s2) depend on both s; and ss.

2.2 Mean square formula — concerning

As mentioned earlier, Matsumoto and Tsumura first obtained the mean square
formula (2.1) of the double zeta-function (2(s1,s2) concerning the variable ts.
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The mean square formulas of the double zeta-function (»(s1,$2) concerning the
variable 5 in place of the variable ¢; within the region 0 < 01 < 1,0 < 02 < 1 and
0 < 01+ 02 < 3 were recently studied by S. Ikeda, I. Kiuchi and K. Matsuoka [7],
who made use of the reciprocity law (1.1) and the method of Kiuchi and Minamide
to obtain the mean square formulas of the double zeta-function (a(ss,s1) under
the region 0 < 01 < 1, 0 < 02 < 1 and 0 < 01 + 03 < % Tkeda, Kiuchi
and Matsuoka showed that for any sufficiently large positive number 7' > 2, the

integral f2T |Ca(s2, s1)|? dty was evaluated by

/Jﬂg( )fdt<—4—£l@———T2+C)@7%ﬂ t)J%) (2.11)
. 2(52, S1 1= 47r\32 — 1‘2 2 ogto .
1
with § <01 <1,0<02 < 3,01 +02=1and 2 <ty < I,
T
2 ¢(2) 2
dty =———T
|t san = S0
_1 T3
()(@é(bgtgig) i log3 T <ty < ——
+ logT"  (2.12)
5
O<t26 (logts) %(logT)%) if 2§t2§10g%T
with o1 = 09 = % and
T
2 ¢(2) 2 ( -3 §)
dty = ——"—"——=T t, 2 (logts)T
/2 |<2(52551)‘ 1 47T|52—1|2 +0 2 (Og 2) 2
20’ o
+0 (t§ l(logt2)4T2_2‘”) +0 (t2 43 ‘(lo gt2)2T2—”1) (2.13)
1
with0 < o1 <3, 21 <os<1l,01+0,=1and2<t, < %. They observed

that the average order of magnitude of (2.4) and (2.11) are the same one with
1<01<1,0<02 <3 ando; +0s =1, but (2.11) does not coincide with (2.4);
namely

T T s
[ Gl dn ~ [ latsasPdn =0 (5 togtaT?) . (219)
2 2

Integrating (2.14) by the variable to, we have

N T
%/2 /2 {|Cz(s1,82)|2 - |C2(52,31)|2} dtydty = O (ﬁlogN) (2.15)

for2< N < T”" . Furthermore, from (2.11) and (2.12) they derived an alternative
proof of the Q results in Kiuchi, Tanigawa and Zhai [17] within o7 + 09 = 1,
1<01<10<02 fand2<t1<T namely

2

1
t§
CQ(O‘Q + ito, 01 + itl) =0 <t1>
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for 2 <t < T%*E, with € being any small positive constant. Ikeda, Kiuchi
and Matsuoka considered the mean square formula of the double zeta-function
C2(s2, s1) with respect to the variable ¢; under the region 0 < o1 <1, 0 < o2 <1
and 1 < o1 + 02 < %, they showed that for any sufficiently large positive number
T>2,

T
2 _ 2014202—3 ((4— 201 — 207) 4—201—20

dt1 = (2 17e02 T 17292

/2 (Cals2, 51)1" by = (2m) (4 =201 — 209)|s2 — 1)?

+0 (t;%T%*f’f@) (2.16)

with 1 <01 <1,0< 02 <1,1 <01 +09 < 3 and 2 <ty < T1-5(1t02),

T
9 20e—2  C(3—202) 320

dt, = (2m)2°2 77

/z |Ga(s2, 51)|" dtr = (2) (3 —205)|s2 — 1]2

+0 (t;%THz) +0 (t;%*%” (log t2)°T% "2 (log T)* ) (2.17)

2 2
with o1 = %7 % <oy <l,and 2 <ty <T37392 and

T
2 2014202—3 ((4—201 — 207) 4—201 —4o
dt; = (2 1402 T 17202
/2 |<2(82a31)| 1 (7T) (4 20_1 20’2)|82 1|2

_1 5 _2_ 1, o
+O(t2 2T§701*U2) —|—O(t23 3 2(10gt2)2T3 201 0'2)

+0 (t§““’2)(10g t2)4T2‘2"1) (2.18)

with 0 < 01 < %, % <o <1l,1<o01+09< % and 2 <ty < T1-3(o1+02) They
also considered the mean square formula of the double zeta-function (3(s2,s1)
with respect to the variable ¢; under the region 0 < 07 < 1, 0 < g2 < 1 and

0 < 01 + 02 < 1, namely,

C(4—20’1 — 20’2)
(4 — 201 — 202)|82 — ].|2

+0 (t;%_%ﬁ2 (IOth)Tg_Ul_UQ) +0 (t;_%”2 (lOth)ZT)

4—20’1—20’2

T
/ |Co(s2, 81)| dty = (2m)27r+20273
2

+0 (tg i) (2.19)

3—2071 —209

With%<01<1,0<02<%,%<01+02<1and2§t2§T5—2”1—2“2,

T 2 _ g2 — C(gi 202)
/2 |<2(32,51)| dty = (277)2 ? (3 _ 202)|32 — 1|2

+0 (t;%‘” (log t2)?T log T) +0 (t;%%@ (log t2) T2~ (log T)%) (2.20)

T372a2 + 9] (t502T2702)
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1—0gy
With01=%,0<0'2<%,and2§t2§T2’“2,

<(4 - 20’1 — 20’2) T472017202
(4 —201 —203)|s2 — 1]2

_1_2, _dg
+0 (t2 273 2(logtg)T?’”‘”*"”) +0 (t; s 2(logtg)QTg’Q"l)

T
/ |Ca(s9,81) % dty = (2m)201F202=3
2

l—0’1—0’2 5__ —
+O(t§ T3 02) (2.21)

3—2071 —209

VVithO<O’1<%,O<O’2<l l<01+02<1and2§t2§T5—2”1—2“2,

27 2
T
2 20i—2 (3 —201) 3—2
dt; = (2m)% T
/2 [Ga(s2,51)[" dtr = (2) (3—201)|s2 — 1[2

+0 (tz_%(log tz)T%‘Qal) +0 (t§ (log t2)2T2—201>
+0 (ty 127 (2.22)

1-0y

withO< o1 <1, o0=3 1 <o +oa<land2<t, <T*1,

C(4— 207, — 203)
(4 — 201 — 202)|52 — 1|2

_2_14 2(1—¢
+ O (t2 373 2(10gt2)2T3720170'2) + O (téo, (1 2)(10gt2)4T27201)

4—201—202

T
/ Ca(s2, 51)| dty = (2m)271 20273
2

+o (t2 ”’““2T%“’1‘”2) (2.23)

3—201 —209

with 0 < oy <%7 % <02<1,%<01+02<1and2§t2§T572017202,
T
3 - 12 5
/z G52, 1) dlty = 127r2|Cs(2)—1|2T3 +0 (tg 2757 (logty) T2 2"1)

) (t;*%” (log t2)2T2‘2”1) +0(T?) +0 (t;lT%/log T) (2.24)

With0<01<%, O<Ug<%,01—|—02:%and2§t2§T%,and

C(4 - 20’1 - 20’2)
(4 — 201 — 209)|s2 — 1)?

_1_2,4 . _a,
+O (t2 273 2(10gt2)T37(r1702> +O (t; 3 2(10gt2)2T27201)

4—201—202

T
/ Ca(s2, 51)|? dty = (2m)271 20273
2

l70' — 0
+0 (t22 ' “’T%—"l‘”) + O (ty 173201 20) (2.25)

3—201—20

with0 < o1 <3, 0<o02<3,0<o014+02< 3and2<t < T5 201203
Note that the O-constants of the above depend on o1 and o5. In short, t5 is not
a constant. This fact is important observation, because the analytic properties of

C2(81, s2) depend on both s; and sz. From (2.16) and (2.17), they showed that

3
) ' t§70'1702
CQ(O’Q + Zt2,0'1 + Ztl) =0 <1t2> (2.26)
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withl < o1+o0 < 3,1 <01 <1,0<02<1,2<t <T,2< by < T-5(toz)—e
and € being any small positive constant.

3 Fourth power moment

In this section, we shall derive the fourth power moment of the double zeta-
function (a(s1, s2) with respect to the variable ts.

3.1 Fourth power moment — concerning t;

The fourth power moment of the double zeta-function (2(s1, s2) within the region
0<o; <1,0< 09 <1and0 < oy + 0y < 2 with respect to the variable tq,
which first studied by I. Kiuchi and M. Minamide [14], who used some mean value
formulas of the Riemann zeta-function under the region —1 < o < % and a weak
form of the approximate formula of Kiuchi, Tanigawa and Zhai [17] for {2(s1, $2)
to obtain the following formulas (3.1)—(3.6) below. For 0 < 01 < 1,0 < 02 < 1
and 2 < t; < T, they proved that for any sufficiently large positive number T > 2,

¢fg) T
1272¢(4) [s2 — 1[*

T . ;
/ 1Ga(s1, 30)| ity = 10 (5 0g)r?)  (31)
2

i
with01+02:1and2§t2§%,

(27.r)401+40276 €4(4 _ 20_1 _ 20_2) T774o'1 —409
T—4o1 — 40y ((8—4o1 —4o3)  |s2 —1]*

+0 (t;%T%—?’f’l—?’@) (3.2)

T 4
/ |C2(s1,52)|" dty =
2

with 1 <01+ 02 < % and 2 < ty < T1—3(01+02),

/ " alon, sty = RV (A = 201 — 20y) TTAor s
) 2\51, 52 1 7 — 4oy — 409 4(8—40'1—40'2) |52_1|4

0 (t2_4T673017302+€) if 2<ty,< Tm-‘ra,

_|_

3-207 209

o (t; %*‘”*”QT%*SUI*S@) it Tt < gy < T5 o2
(3.3)

With%§0'1+0'2<1,

/T |C (S i )|4 dt _ (27r)4¢71+4172—6 C4(4 _ 20.1 _ 20.2) T7—4¢71—4¢72
, AL T s — 4oy ((8— 4oy — doa) sy — 1[4
+ O (tg—40'1—40'2T) + O (t2—3T67401740‘2)

n 0 (t;%*UI*UZT%—&Tl—?)Uz) + 19) (t2—4T6—301—302+5) (34)
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3—201 —209

with 0 < 07 + 092 < % and 2 <ty < T'5-201—202

T
/2 |Ga(51, 82)|* dty = O (83T) (3.5)

with % < o1+ 09 <2, and

r 4
/ |C2(51,82)|" dty
2

1 Tlog*T s 3 _ >
08 -~ O(t ) T) fo2<ty < (logT)3,
o R ! Sta < (logT)3 (3.6)
O (27) if  ty> (logT)3

with o1 + 09 = % Furthermore, Kiuchi and Minamide derived the €2 results of the
double zeta-function (a(s1, s2) from the above formulas, which hold that under the
region 0 < o1 <1,0< 09 <1land2<t; <T, we have

t%—ol—az
CQ(O'l + itl,Ug —+ Ztg) =0 IT (37)

with 1 < o1 + 09 < 2 and 2 < t, < 15140202 and

t%*dlfo'g
<2(O’1 +it1,0’2+it2) =0 1T (38)

3-201—209

with 0 < 01 +09 < 1,2 < ty < T521-22" 7 and ¢ being any small positive
constant. The 2 results (3.7) and (3.8) coincide with (2.9) and (2.10), respectively.

3.2 Fourth power moment — concerning ¢,

The first purpose of the present paper is to prove the fourth power moments of the
double zeta-function (»(s1,$2) concerning the variable t5 instead of the variable
t; under the region 0 < 01 < 1,0 < 02 < 1 and 0 < g1 + 02 < 2. We make
use of the reciprocity law (1.1) and the method of the authors [7] to obtain the
fourth power moments for the double zeta-function (2(s2,s1) under the region
0<o1<1,0<o092<1land0< 0o;+4 0y <2. Then we have the following.
1

Theorem 1 Suppose that 2 < t; < T and 2 < ty < I(Z:; .
large positive number T > 2, we have

For any sufficiently

¢ T
1272¢(4) |55 — 11

T . :
/ 1Go(sa, 51)| ity = +0 (5 og)?)  (39)
2

with%<01<1,0<02<%and01—|—02:1.
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;

For 2 <t; < T and 2 <ty < i L5, we observe that the main terms on the

right-hand side of (3.1) and (3.9) are the same one with § < 01 <1,0< 02 < 3
and o1 + o9 = 1, but (3.9) does not coincide with (3.1), namely

T T 5
[ Gl d~ [ latsasitdn =0 (5 togta)T?) . (310)
2 2

Integrating (3.10) by the variable o, then

1 N T T3
v | il = el dds =0 <N> (.11)

TS
for2< N < g T

loo

Theorem 2 Suppose that2 <t; <T and oy = 09 = % Then, for any sufficiently
large positive number T > 2, we have

T 4 3
4 ¢2) T
dt; = 3.12
| 1ttt = 2 (312)
] (t;%(loth)T%) if log® T <ty < 1;’:;T,

O (t;%(loth)Tg log T) if 2 <ty <log®T.

1
Theorem 3 Suppose that 2 < t; < T, 2 <ty <7, 0<o1 < 2, 2 <oy <1
and o1 + o9 = 1. Then, for any sufficiently large posztwe number T > 2, we have

T 4 s
. ¢e) T
i 3.13
/2 (Cols2 sl = o 2@y sy 11 Y
0) (tz_ %(logtz)Tg) it 7577353 (logT>”2"2 <t < g

_8_92
0 (t2 3—F 10g2 to T3—al> if2<t, < T3 m(logT) 1+202'

From Theorems 1 and 2, we immediately derive an alternative proof of one of
the € results in Kiuchi, Tanigawa and Zhai [17], namely

Corollary 1 Let 01 + 09 =1, % 01<1,0<09 < = and2<t1 <T. We have
1
) . 7

CQ(UQ +1to,01 + ’Lt1) = (t) (3.14)
2

with 2 <ty < T3¢ and e being any small positive constant.

Under the condition 0 < 01 <1, 0 <oes <land 1l <o =01+ 03 < %, we
shall consider the fourth power moments for the double zeta-function (a(s2, $1)
with respect to the variable ;.
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Theorem 4 Suppose that 2 < t; < T, 2 < ty < Tl’%(‘”*”?), 0 <o <1,
O<oa<landl <op+o02< % Then, for any sufficiently large positive number
T > 2, we have

/T |<2(s2 ) )|4 G — (27T)401+402—6 <4(4 _ 20_1 _ 20.2) T7—4<71—4<72 (3 15)
; T T 4oy — 4oy (8 — 4oy — 40y)  |so — 1[4 ‘
+0 (ty s ie)
with%<01<l and 0 < o9 < 1,
T 4doo—4 4 5—4o
4 (27T) 2 C (3—20’2) T 2
, dt; = 3.16
/2 (G252, 1) dta 5—409 ((6—403) |s2 — 1|4 (3.16)
+0 (53 11772) + 0 (1,737 ogt; TV 72 10g T)
2 2 g 12 og
with o1 = % and % < o9 <1, and
/T |< (S ) )|4 dt _ (27T)401+40276 <4(4 _ 20_1 _ 20_2) T774017402 (3 17)
, ARV T s — 4oy ((8— 40y —40y) sy — 1[4 '

+0 (t;%T%73017302) +0 (tggf%gz ]og2 to T674617362)

with0<al<%and%<ag<1.

Furthermore, we shall consider the fourth power moments of the double zeta-
function (»(s2,s1) with respect to the variable ¢; under the region 0 < o7 < 1,
O<ogs<land 0< o1+ 09 <1
Theorem 5 Suppose that 2 < t; < T, 2 < ty < T%, 0 <o <1,
0<o9<1 and % < 01+ 09 < 1. Then, for any sufficiently large positive number
T > 2, we have

T
/ |G (52, 51)|" dta (3.18)
2

_ (2m)dortdo2=6 (4(4 — 20y — 20,) T7 4017402 ) (t74T6—301—302+e)
7 — 40, — 4oy ((8 — 4oy —4oy) sy — 1[4 2

+ O (tggfo'lfo'zT%—BoijG’z) (319)

with%<01<land0<ag<%,

T
/ [Ca (52, 51)| " dta (3.20)
2

— (27‘-)40274 C4(3 - 202) Ao +0 (t—4T%7362+6)
5—40’2 C(6—40'2) |82—1|4 2

+0 (6271 072) + 0 (15575 logts T3 log T)
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1

3, and

withm:%and0<02<

T
/ |Ga (52, 51)|" dty (3.21)
2

_ (2m)to1t4o2=6 (4(4 — 20y — 204) TT— 4017402 1+ O (t5 47681 —d0w+e)
7 — 4oy — 4oy ((8 — 4oy —4oy)  |sg — 1]4 2

L0 (t;g—aﬁozTgfsmfs@) +0 (t;gi% 10g2 t2T674‘7173‘72>

with0<01<%and0<ag<1.

Theorem 6 Suppose that 2 < t; < T, 2§t2§T%,0<01<%, O<02<%

and o1 + o9 = % Then, for any sufficiently large positive number T > 2, we have
¢H3)T°
5(2m)*¢(6)[s2 — 1|
_5_2,
+0 <t§2T4) +0 <t2 273% ogty T4+‘72) .

T
/ (Galsa, s)| ity = +0 (t78+) (3.22)
2

3—201—20
Theorem 7 Suppose that 2 < t1 < T, 2 < ty < T5—2”i—2”§, 0 < o1 < %,
0< oy < % and 0 < 01+ 02 < % Then, for any sufficiently large positive number

T > 2, we have

/ T alsm )t dty = BRI 0 ¢4 = 200 = 209) Tt
) 2152, 51 L 7— 401 — 4oy ((8 —401 —403) |s2 —1J2

+ 19) (t2—3T6—4z71—402) + 0 (tggfznfa'leQ—l—Sal—Sag) + 0 (t2—4T6—30'1—3o'2+e)

(3.23)

+0 (574 T) + O (tg%_% (log tQ)TG—“”l—?"’?) .

As an application of Theorems 4-7, we give the {2 results of the double zeta-
function (2(s1, s2). Then we deduce the following formulas.

Corollary 2 Let0<01+02<%, o1+o02#1,0<01<1,0<09 <1 and
2<t; <T. We have

3
t§—0'1—0'2
CQ(O’Q + ito, 01 + itl) =Q <1t2> (324)

forl<op+o09< % and 2 <1y < Tl_g(aﬁaz)_a, and

t§70'170‘2
CQ(UQ +its, 01 + itl) =0 <1> (325)

3—201 —209

for 0 < oy +o09 <1 and?2 <ty <T5 2022 % with € being any small positive
constant.
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Now, we suppose that % <oy <1, % <og<land2<t <T. In a similar
manner to the method of proofs of Theorems 1-7, we have

T
/ |C2(82, 81)|4 dtl =0 (t%T) (326)
2
for % <o1+09 <2,
T 4
4 1 Tlog™ T _s 3
/2 Gz, o)ty = 55125 +0 (t2 >Tlog T) (3.27)
for o1 + 09 = % and 2 <ty < 1og% T, and
r 4
/ |<2(82, 81)| dtl =0 (th) (328)
2

for o1 + 09 = % and ty > log% T.

To improve the formulas (3.26)—(3.28), we must obtain a sharper estimate for
the function E(s1,$2) in Lemma 1 below, but this is very difficult.

4 Even power moments

Let 0 <01 <1,0< 02 <1and 0< 0y +o09 <2, and let k (> 3) be any fixed
positive integer. We shall consider the 2k-th power moments of the double zeta-
function (a(s1, s2) with respect to the variable ¢;. Furthermore, we shall consider
the 2k-th power moments of the double zeta-function (s(s1, s2) with respect to the
variable t5, too.

4.1 Even power moments — concerning t;

To state our theorem, let k be any fixed positive integer larger than or equal

to 3, and let di(n) be the number of ways n can be written as a product of k
oo di(n)?

factors. Furthermore, the Dirichlet series Dy (o) is given by Dy (o) = >~ “E5
and Dy, = Dy(1). We derive the 2k-th power moments of the double zeta-function
Ca2(s1, 82) with respect to the variable ¢; in the region 0 < 03 <1, 0 < 03 < 1 and
0 < 01 + 02 < 2, whose proof makes use of the method of Kiuchi and Minamide
[14]. Then we derive the following formula.

Theorem 8 Suppose that 0 < 01 < 1, 0 < 02 < 1 and 01 + 02 = 1. For any
sufficiently large positive number T > 2, we have

/T|<< o T—
p PRI T Bk k1) [s, — 1P

Tlc+1 g—Qk

+0(t; (1ogt2)Tk+%) (4.1)

1
. T3
with 2 S t2 S m.
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1

Inserting to = % into (4.1), the right-hand side of the formula (4.1) is esti-

1

mated by T35 (log T)2*, if we can take ty = [og T+ SO estimates T4 (log T)%*. The
main term of this theorem is not 7'(log 7)# (A > 0), but T**! since the analytic
behaviour of the double zeta-function (2(s1, s2) depends on both s; and ss. This
observation is in fact to support of the Q result of Kiuchi, Tanigawa and Zhai.

As two applications of (4.1), we give the evaluation of the double integral
fZN fQT |Ca(s1, 82)|?Fdt1dty and the Q result of the double zeta-function. Then we
deduce the following.

Corollary 3 Let0 <01 <1,0< 09 <1 and o1 + 09 =1. We have

1 N T .
TIEI;OWL /2 G2 (51, 82) [ ditydi

_ Dy, > 1 1-2k
= GG D /2 5 1|%dt2 + O (N'7%F) (4.2)

1
3

T
log T

for2 < N <

Hence, this observation may be regarded as certain average order of magnitude
of the double zeta-function, which is

Dy, /°° 1 i
)k (k+1) )y, |so— 11267

1
for0<o; <1, 0<09 <1, 01+U2:13nd2§N§1§g3T'

Corollary 4 Suppose that 0 < 01 <1,0< 03 <1,01+02=1,2<t; <T and
1 . . Ly
2 <ty <T37° with € being any small positive constant. Then we have

i3
Co(o1 +ity, 00 + ita) = Q (;) . (4.3)
2

This corollary imply an improvement on the result of Kiuchi, Tanigawa and
Zhai.

Theorem 9 Suppose that 0 < o1 <1 ,0< 09 <1 and1l < o1+ 09 < 2. For any
sufficiently large positive number T > 2, we have

T
/ [Ca(s1,82)|*" dty = O (tz_QkTg(PLL(UIJmZ))H log* T) (4.4)
2
with1 < o140, <3 and 2 <ty < T5(T—4(01+02)) log% T, and
T 2k 2k 2k 4k
| 1Grso an =0 (5274 e ot ) (45)
2

with 3 < o014+ 02 <2 and 2 <ty < T8(2-01-02) 10g% T.
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Theorem 10 Suppose that 0 < 01 <1, 0< 02 < 1,2<t; <T and 2 <ty <

3—201—209 ) N
T5=251-22 . For any sufficiently large positive number T > 2, we have

T 3k—2k(o1+02) _ _
2k (2k) Dy(2 — 01 —09) 3k+1—2k(01402)
dt1 = T 71Tz (4.6
A ol ) = T o + 02))lsa — 1P (4.6)

) (tz‘g—2k—t71—02T3k—%—(2k—1)(01+02)) L0 <t§72kT3k—é—(Qk—%)(ol—&-og) log? T)

L0 (t2—2kT3k7(2k71)(01+02))

with % <o1+o09<1, and

T 3k—2k(o1+02) _ _
ok (2k) Dy(2 = 01— 02) skt1-2k(01402)
dt — T o) (4.7
/2 ‘C2(81782)| 1 (3k+lfk(01+02))|52*1‘2k ( )

) (tQ%—2k—01—02T3k7%7(2k71)(01+02)) L0 (t%72kT3k7(2k7§ (01+02) logT)

L0 (t2—2kT3k7(2k71)(01+02))
with 0 < o1 + 09 < %
From Theorem 10, we deduce the following.

Corollary 5 Suppose that 0 < 071 <1,0< 02 <1,0<014+02<1,2<t; <T

3—201 —20
and 2 <ty < T5 201205 % with ¢ being any small positive constant. Then we have

Ca(o1 +ity, 00 +ita) = 0 <1t2> . (4.8)

4.2 Even power moment — concerning i,

Secondly, we shall consider the 2k-th power moments of the double zeta-function

Ca(s1,82) concerning the variable ¢o in place of the variable ¢; within the region
0<o01<1,0<09<1and0< o1+ 0y < 2. Thus, by using the reciprocity
law (1.1) and the method of Tkeda, Kiuchi and Matsuoka [7], it is sufficient to
calculate the integral f2T |C(s2,51)|?*dt; within the region 0 < 0y < 1,0 < 09 < 1
and o1 + 09 = 1. Then we derive the following formula.

Theorem 11 Suppose that 0 < 07 <1, 0 < 09 < 1 and 01 + 09 = 1. Then, for
any sufficiently large positive number T > 2, we have

T k+1
2% Dy, T
dt; = 4.9
A'Q“%“” Pkl 1) Jsp — 1% (4.9)
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2]6750’2

0 (t§* (log to)2TH+1=371 log T) +o (t§*2’“(10g tg)Tk+%)

if 0< o < 2’ 5

7_ 5 )

O (15" (1o 12) T+ 1og T) +0 (15" (10g 12)T*+¥)
if o1 =09 = % and 2 <ty < T%(logT)—S,

2h=302 (log to) TH+6— 391 Jog? T) +0 (tzgf%(logt )T’”%)

14209

0 (t§7

Loy <l, o1 4+0s=1and 2<t, < T4 r’2(logT)

1f7<01<1 0< o9 < ,01—|—02—1and2<t2 To=402 4“2(logT)

We observe that the main terms on the right-hand side of (4.1) and (4.9) are
the same one with 0 < 07 < 1,0 < 02 < 1 and 01 + 02 = 1, but (4.9) does not

coincide with (4.1), namely

T T
/|C2(52,81)|2kdt1*/ Ca(s1, 82)[*Fdty
2 2

é—?k—%og

0 (t§‘2"'(1og tg)TH%) +0 (t3

if 0<or<i l<coy<l, and2<ty < T4 w(logT)

2> 2
19, (t§ “**(log tz)T’”%) 40 (tg _%(log £)T*E log T)
if oy =09=5 and 2<t, <T7 (logT)_?’7

O (tQT (1ogt2)Tk+%) +0 (tQ%*Q’“*%"Z

Integrating the above by the variable t5, we have

N T
/ / {|C2(52,$1)|21C - |C2(81782)|2k}dt1dt2
2 J2

0 (Tk+%) +0 (T’““*ggl 1ogT)

if 0<0’1<27 3

@) (T’”% logT)
if op=09= % and 2 < N < T%(logT)*S,

0 (T’f+%) Ie) (T’”"Tﬁ 1ogT)

(log t )QT’““—%"I log T)

(log to) THT6-31 log T)

1420
if L<oi<1,0<0y<% and2<ty<To2(logT)

< o9 <1, and2<N<T4 w(logT)

14207
if = < o1 <1, 0< oy <1 35 and 2 < N < T'9-402 (logT)_3
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Hence the double integral for |(2(s1, 52)|? —|C2(s2, 51)|? may be regarded as certain

average of the double zeta-function, namely

1 N7
ﬁ/z /2 {|C2(82,81)|2k - |C2(31782)|2k}dt1dt2

_O<T’€é T+311og T T’cééallogT>

Nt N + ¥ (4.10)

under the conditions 0 < o1 < %, % <oy <1l,014+02=1and 2 < N

20

T3 32(1ogT)*3, ort <o <1,0<0 <t oi+0y=1and2 <N <
14207

T (logT) 3

Corollary 6 Suppose that 0 < oy < % 3 % <ogs<l,o1+09=1,2<t; <T and

201
2§t2_T4”2 5,or%gal<1,O<02§%,01+02:1,2§t1STand

IN

2<ty < T9 15 with € being any small positive constant. Then we have

2

1
t

CQ(O’Q + ity 01 + itl) = (;) . (411)
2

Furthermore, we shall consider the 2k-th power moments for the double zeta-
function (2(s2,s1) with respect to the variable ¢; within the region 0 < o1 < 1,
0<oy<1land oy +0g #1.

Theorem 12 Suppose that 0 < 01 < 1, 0 < o9 <1, 1 <o1+02 <2 and
2 <ty <T. Then, for any sufficiently large positive number T > 2, we have

T
/ |(:2(82, 51)|2k dtl =0 (t_sz7k+1_ék(Ol+02) 10g2k T) (4.12)
2

with0<01§2,2<02<1 1<o1+09< fand2<t2 T‘*‘fz(logT)6 or
l<z71<1,§<02<1 1<01+02<7and2<t2<T k7 (logT)*,or

201 —4o

7<01<1 0<og < 2,1<01—i-(72 §and2<t2<T 94022(logT)_6
Furthermore, for any sufficiently large positive number T > 2, we have

T
/ G52, 51)| dty = O (t 2R HE AL (1402) otk T) (4.13)
2
14201 —20
with 3 <01 <1, <0y<1,3<01+02<2and2<ty <T 570 2(logT)_1
Theorem 13 Suppose that 0 < 01 <1,0<09<1,0<01+09<1,2<t; <T

3-201—209

and 2 < ty < T5-21=202 . Then,, for any sufficiently large positive number T > 2,
we have

/T [Ca (52, 51) 2" dty = (2k)*F 2O+ Dy(2 — 01 — 03)
, 10218281 ! (3k + 1 — k(o1 + 02))|s2 — 1|2

) (tQ%72k7c71*02T3k7%7(2k71)(01+02)) L0 (t%—ZkTiikféf@kf%)(alJraz) log? T)

+0 (tg—QkTSk—(Qk—l)(01+0'2))

T3k+l—2k(0'1+0'2) (414)
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O (57757 log ) PT—371=(h-Dlere) Jog )
if0<01<%and%<02<1,

O (tzg_%_%(72 (log to) T3~ 501~ (2k=D(e1502) o g T)
if 0<o1<31and0<oy<i,

10 (t2%72k7%‘72 (log t2)T3k—é—%ﬂ'l_(2k—1)(01+02))

ifi<o;<land0<oy< 3
with%<01 + 09 <1, and

/T G52, 51) [ dty = (2k)*—2MO1t2) Dy, (2 — 01 — 09)
| |Gls2s T Bk + 1 — k(o1 +09))sa — 1|

+0 (th72k701*0’2T3k,—%—(2k—1)(01+0'2)) +0 (t%—QkTiSk—(Qk—%)(rrl-‘rag) log T)

T3k‘+172k(0'1+0'2) (415)

with 0 < o1 + 09 < %
From Theorem 13, we deduce the following.

Corollary 7 Suppose that 0 < 01 <1,0<02<1,0<014+02<1,2<t; <T

3—201 —20
and 2 <ty < T5201-205 < with ¢ being any small positive constant. Then we have

3 g
5—01—02

t
Colog +ity, 00 +it1) = Q <1t> : (4.16)
2

The Q result of Kiuchi, Tanigawa and Zhai [17] is improved by the formula
(4.16), which coincide with (4.8).

5 Some Lemmas

To prove our theorems, we use Lemma 1, which is a weak form of the approximate
function of the double zeta-function (s(s1, s2) given by Kiuchi, Tanigawa and Zhai
[17]. Kiuchi and Minamide used Lemma 2 of the cases k = 1 and k = 2 to prove
the mean value formulas (2.4)—(2.8) and the fourth power moments (3.1)—(3.6) of
the double zeta-function (5(s1, s2) with respect to the variable ¢; under the region
O0<o1<1l,0<0os<land0<o1+409 < % The authors used Lemma 3 below of
the case k = 1 to obtain the mean value formulas (2.11)-(2.13) and (2.16)—(2.25)
of the double zeta-function (2(s2,s1) with respect to the variable ¢; under the
region0<01<1,0<02<1and0<01+02<%.



Double zeta-function 19

5.1 Preliminaries

We start from a weak form of the approximate formula of Kiuchi, Tanigawa and
Zhai. The next lemma gives us a simple form of Lemma 1 in [15] (see also (2.2)
and (2.3) in [14]).

Lemma 1 Suppose that 0 < 01 <1 and 0 < g9 < 1. We have

si+s2—1) 1C(S1 + 82) + E(s1, 82) (5.1)

C(s1,82) = o 1 5

where the error term E(s1,$2) is estimated as
O(|t2‘%_01_02) if0<oy+o09<1,
E(Sl,SQ) = 0] (|t2‘% lOg |t2|> if o1+ 09 = 1, (52)
O(|t2‘%) if o1 +09 > 1.

Note that this error term F(s1, s2) is independent of t;. We use Lemma 1 and
Holder’s inequality to obtain the 2k-th power moments of the double zeta-function
Ca(s1,82) with respect to the variable t;. Then we have the following.

Lemma 2 Suppose that 0 < 01 <1 and 0 < o5 < 1. We have

T
/ ICa(s1,82) 2 dty = T + I + I3
2

1 1 1 1 1 1
— o o L 1— L 1—L L

% T2k 1= 2% 3% % 3% S 135 I3 IR
P+ 1 *PISR + 1, PRISE L, CRIR 4 I RISR 4 I PRI
(5.3)

+0(111

for any fixed positive integer k, where the integrals I, Is and I3 are defined by

I L /T |C(s1 + 1)[**at
= s S9 —
1 52 — 112 J, 1 2 15
I 2k
I, = T IC(s1 + s2)|“"dty
2

and

T

13 = / |E(81,82)|2kdt1,

2

respectively.

As a similar method for the proof of Lemma 3.2 in [7], we establish the following
Lemma 3. Now, using the reciprocity law (1.1), namely

Ca(s2,51) = ((s1)¢(52) — (51 + 52) — Ca(s1, 52)
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and Holder’s inequality, we deduce the following formula

1— L

T ok 11 1 11 1 1 L
/ |C2(52751)‘ dt; = J1+J2+J3+O<J1 3k 22k —|—J2 2% 3% +J3 2% J12k>
2

within the region 0 < o7 < 1and 0 < 05 < 1, and the integrals J; = f2T |Ca (51, 82)|?Fdt1,

Jo = |C(s2)[% [} [C(s1)|?Fdty and J5 = [, [C(s1 + so)|**dt,. Using the analytic
property of the power moments for the Riemann zeta-function (see Lemmas 4 and
5 below), there is a positive constant ¢ = ¢(«, ) depending on « and S such that
the inequality

T+¢ T
/ |Qa+MWM§c/\Qﬁ+MPWt (5.4)
2 2
holds for 0 < 8 < a < 2 and 2 < ¢ < T. This constant ¢ is independent of &.

From the inequality (5.4) we obtain J3 = O (J3). Hence, it completes the proof of
Lemma 3.

Lemma 3 We have
T 1 1 1 1 1 1
/i@@@m%mzﬁ+b+0@fﬂgﬂJjﬁﬁﬁ (5.5)
2

with the region 0 < 01 < 1, 0 < 02 <1 and 0 < 01 + 02 < 2, and the integrals

T
tnz/ 1Co(s1, 50)|2rdt (5.6)
2

and

Ty = [ (s2) " / Cs) [Pty (5.7)

To deal with the integral (5.7) when k = 2, we need the following Lemma 4,
which is the fourth power moments of the Riemann zeta-function within the region
—-1l<o<?2.

Lemma 4 For any positive number T > 2, we have

LTKw+ﬁN%t§ZQT+OHﬁ”“)+OO) (5.8)

with o > 1,
LTKa+un%t=iE?T+oa%*m (5.9)

with o =1,
LTKw+ann:ii?T+0a*%b§T) (5.10)
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with 3+ <o <1,

r

with o = %, co =

r
¢ (2 +’Lt>

and the other constants c being computable,

4 4
dt =T elogT)** 40 (T%+f) (5.11)
k=0

1
o2w2

T @ 20
/2 ¢ (o +it) [*dt = 310 (4 10)

with0<a<%,

T34 + 0 (T**10g’T)  (5.12)

/T |C (it) |*dt = &T?’ +0 (T?1og* T) (5.13)
2 ~ 120%((4) ¢ '
with o =0, and
T do—2 4
N4 g (2m) (*(2-20), 54, 3—30+¢
/2 ¢ (o +it) |*dt = S C(4—4a)T + 0 (T°737%) (5.14)

with —1 < o < 0.

Proof. The formulas (5.8) and (5.11) follow from the standard texts (see [9],
[10] or [24]). From [4] and [11], we get the formulas (5.9) and (5.10), respectively.
The formulas (5.12)—(5.14) derive from Lemma 3 in [15].

To calculate the integral (5.7), we need the following Lemma 5, which is the
2k-th power moments of the Riemann zeta-function within the region —1 < o < 2.
We again denote di(n) by the number of ways of expressing n as a product of k

factors, Di(o) = > " () ond Dy (1) = Dy.

n=1 n2°

Lemma 5 For any positive number T > 2, we have

T
/ (o +it)|**dt = Dy(o)T + O (T?777°) + O(1) (5.15)
2
with o > 1,
T 2
/ IC(1 +it)|**dt = DT + O(log" T), (5.16)
2
with o =1,
T 2
/2 C(o +it)|?dt = O (T@MI*U)“ log** T) (5.17)

with%<a<1,

T
/ C(o +it)|?dt = O (TW—%U)“ log2* T) (5.18)
2
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with 0 < o < 4,

/ ' C(it) [t = — Dk pr1 (T’“ log"’ T) (5.19)
2 (2m)k(k +1) ’ '
with o =0, and

Dy(1-o0)
(2m)k(1=20)(k + 1 — 20k)

T
/ I¢(o +it)[*kdt = Th+1=20k 4 ) (Tk+l—(2k—1)a)
2

(5.20)
with —1 < o < 0.

Proof. 'The formula (5.15) follows from Theorem 1.10 in A. Ivi¢[9]. The for-
mula (5.16) follows from [4]. We use the functional equation of the Riemann

zeta-function (see [24] or [9]), the equality (1 —it)| = |¢(1 + it)| and the formula
Ix(it)|** = (i)k—i—O (t*=1) (t > to > 0), (5.16) and integration by parts to obtain

T T
/ C(it)[P*dt = / I(it) PHIC (1 + it) [P
2 2

_ 1 ’ Tk 1\ |2k Tlc—l N2k
_<27T) /2 tR1¢(1 + it)| dt+0</2 L C(L + it) 2Rt

1 Dy,

@2m)k k+1

TH 4 0 (T’“ log"’ T) .

Similarly as the above, we have the formula (5.20). Next, by using Lemma 6 below,
we have the estimates (5.17) and (5.18) of the power moments of the Riemann
zeta-function.

Furthermore, we need an upper bound for the Riemann zeta-function in the
critical strip to prove our theorems, which follows from Lemma 2.5 in Kiuchi and
Tanigawa [16] (see also [9] or [24]).

Lemma 6 Fort >ty > 1 uniformly in o, we have

9] (t%“*”) log? t) if % <o <1,
((o+it) = (5.21)
o(ﬁ%qogt) if0<o<

1
5

5.2 The function E(sy, ss)

As for the function E(s1, s2) mentioned in Kiuchi and Minamide [14], they showed
that another expression of the function E(s1, s2) is given by

11
e T O <|t2\m“<°’1—“1—"2>+5) : (5.22)
m S S

E(s1,52) = X(s2) Z

[tao]
ml< 52
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The first term on the right-hand side of (5.22) can be written as follows:

1 1
X(2) D = >

m<M I<L

with M >1, L>1and ML = % We use the approximate functional equation
of the Riemann zeta-function (see Theorem 4.13 in [24]) and the simplest form
on the approximation to the Riemann zeta-function (see Theorem 4.11 in [24]) to
obtain

1 1
X(s2) D —r = C(s2) = Y 7 + O (L™ log [ta]) + O (Jtaf 277201771
m<M I<L

with 0 < o9 < 1, and

1 1—81 —on
Zﬁ:g(slwr ey +0 (L)

with 0 < o1 < 1, respectively. Taking the product of the above formulas and using
(5.22), the function E(sy, s2) is given by

1 e L 1
E(sy.52) = C(s2)C(s1) = C(a1) 3 e + E(s0) - 2 3 L0,
I<L 1 1<t

Roughly speaking, in the case where [t1| < |t2], the true order of magnitude for the
function E(s1, s2) may be regarded as |E(s1, s2)| < |((s1)] |¢(s2)|. But in the case
where [t2] < [t1]* (0 < a < %), the order of magnitude of the function E(s1, s2)
is smaller than that of the first term on the right-hand side of (5.1), hence (5.22)
implies the error term of (5.1).

6 Proofs of fourth power moment

Taking k£ = 2 in Lemma 3, we have



24 S. Tkeda, I. Kiuchi & K. Matsuoka

where K7 = f2 |C2(51, 82)|dt1 and Ko = [((s2)]* f2 |¢(s1)|*dt;. By using Lemmas
4 and 6, we have the following estimations

_s
O(tz 372 Jog* ty T3*4”1) if0<01<%,0<02§%,

(t3(1 o2) log®t, T3~ 4‘71) if0<o1 <3, 3<02<1,
§
O(t 37 Jog? t2T10g4T) ifor=3,0<0, <1,
K, = fo (6.2)
O<t§ ?2) 1068 t5 Tlog T) ifoy =21 1<oy<1,
§
O(t 39 10g tQT) if%<01<1,0<02§%,
g(1-02), 8 e 1 1
O (t3 log®ty T if 5 <01 <1, 53<02<1.

Throughout this section, we use (6.2) to evaluate the fourth power moments of
the double zeta-function (a(s1, $2).

6.1 Proofs of Theorems 1-3

We shall evaluate the integral f2T |C2(s2, 81)|*dt; under the region 0 < o7 < 1,
0<og<1lando;+oy=1.
When the case 3 < 01 <1 and 0 < o3 < 3, we use (3.1) and (6.2) to obtain

KiKi=0 ((t;4T3)%( 572 Jog ty T)%) ~0 (t;% log £ T) ,

and Ky = O (Klg KQ%) Since all error terms on the right-hand side of (6.1) are
absorbed into O (t;% log ty T%), we have Theorem 1.

|—=

Similarly, in the case o1 = 02 = 5, we have
Kl%KQ% =0 ((t2_4T3)%(t2§ log* t5 T'log® T)%> =0 (t*% logty T2 logT) .

All error terms on the right-hand side of (6.1) are absorbed into O (t;% log to T%)
1

1 1T
if log® T <ty < 3T7 or into O (t2 ¢ logts T3 logT) if 2 <ty < log®T. Hence

we have Theorem 2.

1

31
Similarly, in the case 0 < 07 < 1 and 0 < 02 < 3, we have K{ K} =

_8_o2
@) (t2 i log? to TS"”) . Hence, all error terms on the right-hand side of (6.1)

or into

are absorbed into O (t;% log to Tg) if 7370 (log T)7#272 T <y < o ET’

_s_o2
0] (t2 ) log2 to T3_"1> if2<t,<T? 7273 (logT) T3y | This implies Theorem
3. 0
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6.2 Proof of Theorem 4

As in the proof of Theorems 1-3, we shall evaluate the integral fQT |Ca (52, 81)|2dt;
under the region 0 < 01 < 1,0 < 09 < 1,1 < 01 + 09 <%and2§t2 <
T'=3(@1t02) I the case where 3 <o1<land0 <oy < 3, we use (3.2) and
(6.2) to obtain

K iKyi =0 ((t;‘*T74C’14C’2)i (é*%”"’ log™ to T)‘l‘>

=0 (t2737%02 log to T%*&“*S”?) :

Similarly, in the case % < o1 <1and % < 0y < 1, we have
KiKi=0 ((t24T7_4"1_4"2)Z (5577 10g™ 15 T)‘l‘)

=0 (tibmi0g2ty TH ImIe)

Hence, we have the formula (3.15).
Similarly, in the case o1 = % and % < 09 < 1, we have

KKt =0 (t—%—%afz log? t5 T2 log T) :
Hence, we have the formula (3.16).

Similarly, in the case 0 < 01 < % and % < 09 < 1, we have

1

K 1K1 =0 (f%‘gﬁ log? ts T6_4"1_3"2) ,
hence, we obtain the formula (3.17). O

6.3 Proofs of Theorems 5 and 6

Under the region0 < 07 < 1,0 < 09 < 1, % < o140y =1land 2 <ty < T5-201-202
we shall evaluate the integral fQT |C2(s2,81)]dt1. In the case where 1/2 < 07 < 1
and 0 < 03 < %, we use (3.3) and (6.2) to obtain

3 /o 8, I
KiiKyt =0 ((t2_4T74"14"2)4 (é 37 log™ 1 T)4>

=0 (t2737%02 log to T%*&“*S”?) ,
From (3.3), (6.1) and (6.2) we have the formula (3.18). Similarly, in the cases
where o1 = % and 0 < 09 < %, and 0 < 01 < % and 0 < 09 < 1, the error term

3.1 .
K11 K57 are estimated as

—5-302 4—302
O [ty logty T logT
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and 8 1 5 2
O (5571 1571 logh 1y om0

respectively. Hence, we have the formulas (3.20) and (3.21).

In a similar manner to above, we shall evaluate the integral fQT |Ca (52, 81)|*dt;
under the region 0 < o1 < %, 0<o2 < %, o1+ 09 = % and 2 < t, < T2. We use
(3.3) and (6.2) to obtain KI% KQ% =0 (752_%_%(72 log to T4+‘72) . This completes the
proof of Theorem 6. [

6.4 Proof of Theorem 7

Lastly, we shall evaluate the integral f2T |C2(s2, 81)|*dt; under the region 0 < o7 <
3—201 209

2,0<02<1,0<01+02<3and2<t, <T521-272. We use (3.4) and (6.2)
to obtain s -
K Kf =0 (577 logty 707477372

From (3.4), (6.1) and (6.2), this proves Theorem 7. O

7 Proofs of even power moment

7.1 Proofs of Theorem 8 and Corollary 3

1

Let 2 <ty < % and let k be any fixed positive integer. We shall evaluate

the integral fQT |C2(51, 52)|?#dt; under the region 0 < 07 < 1,0 < 09 < 1 and
o1+ 02 = 1. From the formula (5.19) in Lemma 5 and Lemma 2, we obtain

/2 ¢t + 1) dty

B (27):?% {(T + t2)k+1 —(t2+ 2)k+1 +0 (Tk logk2 T)}

D )
- mﬂ“ +0 (82T%) + 0 (T 108" 7).

Hence, we have

Dy Tk+1
2m)k(k+1) |sg — 1]k

L= +O (BT + 0 (57T 08" T) . (1.1)

From the formula (5.16) and the estimate (5.2) in Lemma 1, we have

Dy,

12:47

T+0 (logkz T) (7.2)
and

=0 (Tt’; log?* tg) . (7.3)
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Substituting (7.1)—(7.3) into (5.3), we observe that all error terms on the right-
3_
hand side of (5.3) are absorbed into O (t; 2 log to T’“%). This completes the

proof of Theorem 8.
Next, as an application of (4.1), we have

//IC s1, 59) |2 dt,dt D, /Nldt ThH
2\°1, 2 1at2 = ( ) (k‘—f—l) ) ‘82—1|2k 2
fo+ 1 N 3_ok
+0 T*E/ t3 7" logtadts
2

for 2 < N < 17;;71. It follows from 0 < o9 < 1 and any fixed positive integer

k (> 3) that

/Wlﬁ —/m——i——ﬁ4%ﬂN”%)
T T R PR TR

and
N 4 o, )
/2 t27 " logtadty = /2 12 leogtzdtg—f—O(Nf_%logN)

hold. Hence, we have

e 1
Tk+1/ / [Ga(s1, 52)* dtrdty = @ )(k+1)/2 |s2_1|2kdt2
40 (T‘f n Nl—%)

for2< N < nggT This proves Corollary 3. O

7.2 Proof of Theorem 9

We shall evaluate the integral fQT G2 (51, 52)|#dt; under the region 0 < oy < 1,
O<og<landl<o;+oo < % As in the proof of Theorem 8, it follows from
Lemmas 2 and 5 that

1
sy — 1|2k

) (t;Q’“T§<7—4<”1+Uz>>+1 log2* T) (7.4)

T
I - / C(01 + 03 — 1+ i(ts + 1))ty
2

holds. From Lemmas 1, 2 and 5, we have I = O(T) and I3 = O(Tt’g).
Substituting (7.4), I, = O(T) and I3 = O (Tt5) into (5.3), we observe that

the right-hand side of (5.3) is estimated by O (t52kT§(7—4(01+02))+1 log?* T) for
2<ty < Té(7_4(“1+"2))(log T)%_ This completes the proof of (4.4).
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Next, under the region 0 < 07 < 1, 0 < 09 < 1 and % < o014+ 09 < 2, we

shall evaluate the integral f2T |C2(51, 82)|?#dt1. From Lemmas 1, 2 and 5, we have
I, =0(T) and I3 = O (Tt§) . It follows from Lemmas 2 and 5 that

L=0 (t;QkT%k(z’”l"’z)*l log** T) (7.5)
holds. Substituting (7.5), Iz = O(T) and I3 = O (T't}) into (5.3), the right-
hand side of (5.3) is estimated as O (tQ%T%@_”l_"z)H log4k T) for 2 <ty <
T5@2-01-02) log% T. This proves (4.5). O

7.3 Proofs of Theorem 10

We shall evaluate the integral sz |C2 (51, 82)|?¢dt; under the region 0 < oy < 1,
0<o2<1and % < 01+ 02 < 1. From Lemmas 1, 2 and 5, we have

(27T)2k((71+(72)—3ka(2 —o — 0.2) T3k,+1—2k(a'1+0'2)

I =
! 3k + 1 — 2k(oy + 02) |sg — 1|2k
) (t%72kT3k—2k(01+02)) +0 (tg%T?'k—(?’f—l)(”ﬁ”?)) , (7.6)
_ 2k(1—g1—03)+1 4k
I,=0 (T 3 log T) , (7.7)
and
Isi=0 (Ttgk_%(alJr "2>) . (7.8)

Substituting (7.6)—(7.8) into (5.3), we observe that all error terms on the right-
hand side of (5.3) are

o (t2%—2k—a1—U2T3k-—%—(2k—1)(01+02)) 10 (tékaTBk—%—(21@'—%)(01—&-02) log? T)

L0 (tEQkT3k7(2k¢71)(o’1+o’2))

3—201 —209

with 2 < to < T'5-201-272 . Hence, this completes the proof of the formula (4.6).
In a similar manner to the above, we can obtain the formula (4.7). O

7.4 Proof of Theorem 11

We shall evaluate the integral sz |C2 (52, 51)|?#dt; under the region 0 < oy < 1,
0<o9<1,00+0s=1and 2 <t; <T. We use Lemmas 3, 5 and 6 to obtain

O (85177 log ta) 1 TH1- k1o T)  if 0 <oy < S and § <o <1,
k
J2=40 (t23 (IOgt2)2k 75+ IOng T) if oy =09 = %7

Ly , .
O (tg 5592 (Jog )2k TEk+L=Fko1 |ogtk T) if § <oy <land0<oy<3.
(7.9)
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From (4.1) and (5.6), we have

Dy, Tk+1
2m)*(k+1) |sg — 1]2F

g = 40 (t§ 2% (log tg)T’“JF%) (7.10)

1
with 2 <ty < 1ngST' Substituting (7.9) and (7.10) into (5.5), all error terms on the

right-hand side of (5.5) are absorbed into
o) (tzé_%_%(72 (log t2)2TF+t1=51 Jog T) +0 (tQ%_Qk(log tQ)TkJr%) ,
f0<or < %, % <oy<1l,o1+oo=1and 2 <1ty < T‘*Q*Lf'g(logT)_?’7 or into
0 <t2 2k (log t5)T"+ log T) +0 <t2 “(log tg)TkJr%) 7
ifor =09 = % and 2 <ty < T%(logT)_?’7 or into
0 (t2 T30 (g 1) TR 301 g2 T)+0 <t2 “(logta)TH)

1420
if% <01 <1,0<09< %, o1 +oa=1and 2 <ty < T (log T)~3. Hence, it
completes the proof of Theorem 11. O

7.5 Proof of Theorem 12

We shall evaluate the integral f2T |Co (52, 51)|?Fdt; under the region 0 < o7 < 1,
O<og<landl <oy +o09< % From Lemmas 3, 5 and 6, we have

262k, .
@) (t23 372 (Jog ty ) TR+ - 5kon |2k T) if0<o;<iandi<oy<l,
2k 2k, .
Jo =140 (t23 3 2(10gt2)4kT%k+1_%k"1 log‘“€ T) if % <03 <1and % < o9 < 1,
—4ko .
o) (t; sk 2 (log ty) 2T 3k+1-3kon Jogtk T) if £ <oy <land0 <oy <3
(7.11)
From (4.4) and (5.6), we have
Ji=0 (t;QkT§(7—4(”1+02>>+1 log2* T) (7.12)

with 2 < ty < T5(7=4(1402) 1055 T, Substituting (7.11) and (7.12) into (5.5), we
have

T
/ (Golsa, 1) dty = O (52T ¥ +1- % (o 10g2k 1)
2

2—209
with 0 < o1 < %, % <oy <1, 1<o01+09 < % and 2 <ty < T %2 (logT)~F, or
5—201 —40y

%<01<1,%<02<1,1<01+02§%and2§t2§T =22 (logT)~3, or
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5—201 —4oy

= < 01<1,0<09< 2, l1<oi+o09<= and 2<t, <T 12 (logT) 5. This
pI‘OV@b the formula (4.12).

Next, under the region 0 < 01 <1, 0 < 02 < 1 and % < 01+ 09 < 2, we shall
evaluate the integral fQT |C2(52,51)|?#dt;. From Lemmas 3, 5 and 6, we have

Jo=0 (t; TEO (Jog o) TR+ o1 g2k T) (7.13)
with 1 <01 <1, % <oy <1and 2 <oy +05 <2. From (4.5) and (5.6), we have
J =0 (tQ_QkTgk“’%k("l*"?) log** T) (7.14)

with 2 < ty < T3(7=4(01402) Jog5 T, Substituting (7.11) and (7.12) into (5.5), we
have

T
/ G52, 81)| dty = O (t_2kT43k+177(01+02) log™* T)
2

1+2071 —209

with%<01<17%<02<1 <o1+0y<2and2<t, <T 522 (logT)" !
This proves the formula (4.13) O

7.6 Proof of Theorem 13

Under the region 0 < o7 < 1, O<02<1% 01 +o09 < 1land 2 < ty <
3—20 20
T5 21— 2“57 we shall evaluate the integral f2 Ca(s2,81)|%Fdt;. Tt follows from

Lemmas 3, 5 and 6 that

26 _2k
o) (t23 372 (Jog ty ) Tk 1= 5ko1 |2k T) if 0<o;<iandi<oy<l,

Ja

_ 4k, .
0 (tl; T (log t )QkaZ-'rl—TUl log?® T) if0<op < % and 0 < o2 < %,

0 (tg o 2(log to) 2k T 5 +1=5 01 |ogt* T) if <oy <land0<oy <3,
(7.15)

From (4.6) and (5.6), we have

(2k)3k—2k(01+02)Dk(2 — 0 —
(3]41 +1-— k(0'1 + 0'2))|82 — 1|2k

) <t2%72k770'1 02T3k7%7(2k71)(01+02)) L0 (t%—ZkTSkféf( k—2)(o1+02) log? T)

Lo <t2_2kT3k—(2k—1)(01+02)) )

5 02) 8k 1-2k(r1+02) (7.16)
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From (7.15) and (7.16), the error term Jllfi 22% is estimated as

4 _op_1, .
0] (tg k=3 2 (log t2)2 T3k~ 301~ (2k=1)(@1402) |og T) if 0<o;<iandi<or<l,

3_9k—24
0O (t22 2k—35 2(logtz)TSk—%O'l—(Qk—l)(O'l'f‘O?) log T) if 0 < o1 S % and 0 < 09 S %’

@) (t?izki%a2 (log to) T3k 5~ 301—(2k=1)(01+02) |og2 T) if § <oy <land0<oy<3.
(7.17)

We substitute (7.15), (7.16), (7.17) into (5.5) to obtain the formula (4.14).
As for the integral f2T |Co (52, 51)|?Fdt; under the region 0 < oy < %, 0< oy <

3—201—209 ) A A
%, 0< o140y < % and 2 <ty < T5-201-292 in a similar manner to the above, we

can obtain the formula (4.15). O
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