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In (1], M.Kohno considered a reduction problem of a single linear differential
equation with a regular singularity and an irregular singularity to a system of linear
differential equations. He showed a method for the reduction of the single linear diffe-
rential equation with one regular singularity at t=0 and an irregular singularity of rank
g at infinity

dx s [a , i 2
0.n g = 2| ant ]t g

to the Birkhoff canonical system

0.2 t‘;—t— (Bo+Bit+ -+ +B DY

by means of a linear transformation with polynomials in ¢’ as its coefficients, where
B:(i=0,1,..q) are nXn constant matrices. Furthermore, he considered the reduction problem
of a single linear differential equation with p regular singularities at t=t¢;(i=1,2,..p)

and an irregular singularity of rank g at infinity

d"x dx
¢ dir Za:(t)fﬁ ldt"’
0.3
¢ = fi e
to the Schlesinger form
dY_ g C h
0.0 dr= (“ it +2Bht)Y

by means of a linear transformation with rational functions in ¢ as its coefficients. In
(0.3), each a,(t) is a polynomial of degree at most (p+g—1) I In (0.4), C; and B, are
nXn constant matricies.

He considered such a problem under the assumptions that no solutions near the
regular singularity of the single linear differential equation included logarithmic terms
and p=2, g=1. In this paper we shall consider the reduction problem of (0.3) to (0.4)
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without his assumptions.
1. We consider the reduction problem of the single linear differential equation

n drix
_ [ fd LA
1.0 ¢ dt" 3 awett
to the Schlesinger’s canonical system
(12) _= (Z + Z Bit* )Y

i=! tt

where
= fi Gt 6t G2

For simplisity, we can put ¢,=0. So, equation (1.1) has p regular singularities at t=¢;
(i=1,2,...,p) and an irregular singularity of rank g at infinity. In (1.1), the coefficients
alt) (I=1,2,...,n) are polynomials of degree at most (p+g—1I)I and are expressed in
the from

-1 p-i a2
a (t)=§ {5 al, ¢ P+ ¢'§ agtt Yor+al, P!
where

b=gt 69 =1

The characteristic constants o} (j=1,2,...,n) of the regular singularities at t=¢; (i=1.2,.
..,D) are given by the roots of the equations

[01.=3 5 ated o (1) [61sms

{¢’ (t )}

1.9
loli=p0(p—D-(p—k+D.

Here we put pi— pi=20 (<<k) if pj=pi (mod I).
Furthemore, the characteristic constants A; (j=1,2,...,n) of the irregular singularity at
infinity are given by the roots of the equation

1.9 A =i1: a A (=12,...n),
1=

where a,= af,.
We use the following notation

d'x
— 4-G-Ds
(1.5 x @) =t T

then we obtain
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1.6) t%+ (g—Dsx, =t'x, (s=0,1,...,n—D).

Multiplying both sides of (1.1) by ¢~ %?=¢ -"*! we can rewrite (1.1) in the form
a.n $x.(t) = E ar(®) ¢ xa-t) ,

and we can obtain from (1.6-7)

{ ¢% = 6‘+1 ¢t-’ x, + ¢x¢+l (S=0!1:""n'2)

é _dx"'l = .9t X, +i a () x0y
dt =1

where 0,=—(G—-D{(g—1D (G=12,...,n).
Putting

(1.8 dtt=0+0'¢p " +---+0g*'¢’ (0*;constants),

we can get a system of linear differential equations for the column vector X(&)=(x.(®),
x:1 ()., %0-1 (£))" as follows:

(0.6t ¢
0:0t" ¢,
dX X
e 0
’(/,
[ @a (D) ¢ aus ()P -+ B ft + ai(t)

= + ¢ (L] + e

Al (@) AL(g) = Al (¢) Al (¢) Al ()

A (@) - A (¢) Az () A2 (@)
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0 1
0 0, ™.
+ Pt + ¢
0 1
Aztai () .- A2 (@) Wy Qpepeoeerens a;
(0°6, 0'6,
N + ¢ b 4 ...
L '8, a6,
(g77'0,
+ ¢’ 1 X
."0""0,,

= [{§A~<¢>¢@-h’+¢ S 4 (9) e +A0+ 2 616 eP1X

(1.9 ={AW+0)}X,
where i
At (¢)= % at, ¢!
- (=12,..,n;h=0,1,....p0,p+1,...p+qg—2)
=3 9r¢p @» |
h=0
Now, we consider the following linear transformation with a triangular matrix as its

coefficient
(1.10) Y=E(t)X={gE*(¢)(¢)‘ﬂ"°+¢ %Eﬂ“(d))t"}X,

where
(5 *
e} (¢) . 5"'. 0

E*(¢) =

b (§)  eho(@) o ehai($) 6
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(h=0,1,....p,p+1,....p0+q—2;,6°=1, 6*=0 (h#0)).

Then our aim is to determine E(¢) such that E(¢) satisfies the system of linear differential
equations

pLE®) + EOAW® =9 (5E—+ 5 B EO-ED 6
(1.1D) B ]
= (X Gad "+ ¢ T But*}EW-EW®) 6

together with an appropriate choice of the constant matrices C;(or G.) and B, (i=1.2,..
Lo;m=01,...0—1;k=0,1,...,q—1). Here we have

C.= z Gud o™ (e (8" (¢}

Since the differential equation (1.1) includes n constants a,(l=12,...,n) and n(n+1)(p
+g—1) /2 constans a}, (I=1,2,...,n;r=0,1,...,1—1; h=0,1,...p—1,p,..., p+q—1), we
may put B,-/=A. and we may assume that G.(m=0,1,...,n) and B, (k=0,1,...,q—2) are
lower triangular matrices. We attempt to show that n (n+1)(p+g—1)./2 elements of
G. and B, can be determined uniquely by the same number of the constants a}, through
the differential equation (1.11).

We shall substitute the expressions (1.9) and (1.10) for A(¢), 8 and E(¢) into (1.11)
and compar the expressions attached to ¢ ¢ (h=0,1,....,p—1) and ¢¢t*(v=0,1,..q—2),
respectively, in both side. We make some preparations for that purpose as follows:

Let d;.» €a.. and fo . are constants and
0< mr<p-1 0< w,v < g-2.
[I1 We can set - .
$ORGeP=Sdn, ¢V G Sduk 0

+ P ldET ¢ © Hdaing 00+ e HdRitg G ey
(.12
={¢ p—m) ") <p—l->]0 +¢ [¢ p—m) @ e-n + ¢ [¢ bm @ (p‘h)]f.

If p < m+h < p+g—1,
[¢p o™ ¢ &P =db ,+dothtt - +dpthte P
1.13)
[¢pomgoen] =0

If m+hr<p,
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[¢ Go=m) ¢ (,-;.)']o = dfn.h¢ () +d:,..h¢ =D 4 enen +d2,”,{'¢ p=m-n
(1.19
[pom o] = [pomgon]=y,
If h=0,
(1.15) [pomgow]t = ¢om

It is obiously that d: »=di. .

(Il We can set »
Pt eP=¢ 3 eiat’+¢{evid P+ etad O o

+ € 3+,f'¢ (p*q'l-(w+h))}

(1.16)
=¢[dtod eP] + ¢[pteg e P])*,
If w+h<g—1,
[Pt @) = g8 to+ g8t + woeene + g gthgeth
1.17
[ptegp eP]2 =0

If k=0,

(1.18) [pteg &P =g«

Generally, we have €5, # €}u .

(] If g—1<w+ v, we have

¢tw¢tu= ‘l’ pﬂi: f3:711f+"¢ o-w + {f:’.’:f""fﬁf'ﬂ [ ST + f&f’;’”t"’”“‘“'” }
(1.19 ’
=¢{[otdt’) + ¢ldto g’} .
If o+v<g—1,
Botr =0 S L HGUSE O Hf1. 8+ e +
(].20) * fg:":ﬂ-» ¢(q—l—(m+y) }

=¢{ptdt’) +olptvdtr]’.
Particularly, if w+v<g—1-p,
[¢tm¢ty]l = forrpetyp farytipeterl 4o +furyte ot

1.2
[ptedt?]? =0 .
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It is obuiously that fs .=f¢ o .

As a result of (1.12-21), we can express these situation by the following figure.

b (1.14) 13

l (1.16)
P—1 | I (1.12)
0 ;
faan I

jo—v (1.20)
1 §h-—>m
v (1.18)

o= (1.16)

; o)

) h—m (119

a2
Fig.1.22

If p<q, then (1.12) is not exist.
If p<gq—1, then (1.21) is not exist.

Substituting the expressions (1.3) and (1.4) for A(t),6 and E(t) into (1.11) and
using (1.12-21), we have as follows:

% { {([¢" P OoP]e +(q—]).% om [¢ ™ g eP]0 )

+ {188 90) +(q—DE an [0 ¢ w0

+ (¢ ¢ P) + (g-D-5 om 4% ¢ »]* )} DE*

+ 5 (p(lgere’) + (q—I)'% o [¢t ¢ o]}

y=

<

+ 606" ) + @13 on [$17 ¢+ }DE

+ %: (¢ {lgtro’T +v-p2=_:; om [(ptr ¢ e}

F OB d'Y +1-S on [perg o1 ) B

+ ¢{p!E1+ZZ;:: [¢.¢ (p+l—l.)]l E* }_|_¢,:$_: [¢.¢p+l—h)]2 Eh
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p-1 q-2
+ 2¢ o=m) [P0 A m +¢.Zo teECAPte

m=0

+ (/) {D;-: ¢(n-h)Eh +% ¢t“]'}’+" }Am

(1.23)
= 5 5 (s tr s e
+ §Lp o™ g eP) ) (GuE—E6")
+ 55 (9lorraem) +910°6 1) (GuE" —E** 67)

+ 55 (416176 w1 +9[41°9 1 ) B.E"

w=0 h=

q~2 q-2-w

+ =3 {¢loteotrl +¢lotedt’])? )BE""

w=0 v=0

2

i"z_::- { oLt dt’) + ¢ dldtedt’]® YB.E™"

q
w=0 v=¢-i-o

+

o1 q-2
+ ¢ ¢ e PBEF+ ¢ ¢'Z, t'B,-1 EPtY

.
h=0

Here we used E*A"=0 (h#0, 0<m<p+q—2) and we denoted D= gb%.

(1.23) is formed by ¢ ¢® (h=0,1,...,p— 1) (under-line parts) and ¢¢t* (v =01,...,9—
2). Taking account of the fact that A*(¢) (h=0,1,...,p—1) are matrices of porinomials
in ¢! with no constant term, we can easily deduce from (1.23)’s under line parts that
B,-: must be equal to A. .

We denote
g
g% gr: 0
Gm= : : ."
: : (m=0,1,....p— 1),
L g::l g"mz ......... ng J
( 05,1
¢k che 0
Ci= - . '.

G=1.2,...p),

L ci.’ c:'.., ......... c:&.n J
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and
[ by,
by b 0
Bw= E -
(w=01,....q— 2,
::l :’2 """"" br‘:n J
where

= N
Ci.k_ {%g}lk¢(’ ) (tl)} ¢I(t|)

Comparing the expressions attached to ¢ ¢® (h=0,1,....p—1) and ¢¢* (v =0,1,...,a—2),
respectively, in both sides of (1.23), we can rewrite (1.23) in the following elementwise
form:

(1.24a) deli (f/))=g£‘;~0”9;+ dek; (¢)
(1.248) ¢.:z:§t et (¢)=¢- Z toby, + - b Z tres; ()

(G=12,..,n—D),

(1.25a) A+ et . (P)=gh.—0"0,

(h=0,1,...P_1) s
(1.258) ¢-§zw+~ 1995 verr, ()= ¢- Zt"’b
(U.26a) ,.Z.: { [’ e?) +(qg— D) Z., o [¢ o™ ¢ P }Del -y

+¢ {z ([$'d o1t +(g—D) z gm [¢ %™ ¢ o-P]* } Det.,

+ S 0087 Degiater)+ T (6607 ) el

a2 p-!

+ 2 S o leerferm] ((qg—DDejis+ veris) }

¥=0 m=0

ot
+ ¢ e ® el k-1

h=0

P~

!
_o¢(’"') (Z g,,eL,- —0om0 ej;-k)

m=
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+ S8 (6w 6T (3 et —0" 0 el )

h=! m=0
-1 p-1 j
+ G(ES (60T (X gnielin —0"0ru )
h=0 m=0 =j-

q

+ S5 6o ( 2 (g ety b et

v=0 m=0

- 0'"'6,'-4, ety )

+ S5 (el (z Cbern) )

w=p y=

+ ¢‘p2 &P ehrja

h=0
~1

(1.968) 65 ([6°¢“P) +(g—D zo [¢ &® ¢ =™ ]! } Det -,

r=0
-2
+ ¢'QZ., (gt ¢7) (Derith +erts )
~2 p-1

+ ¢S5 on (gt 6 o™ ((g—D Deriz +verisn)

v =0 m=0

+ ¢ {p,en'h +Z [¢¢ (P“—h)]l el.rh }+¢‘ ¢ Z tr efryk'

=1 p—1
=¢- [p ™ ¢ e ] ( i grietion —0™0 - elin )
"=0 m=0 - h+1
a2 p-1
+ ¢’§Z}J[¢t ¢ e ]( 2 g,zeﬁ —0™0 4 €234 )

q= i q=2 p-1 1‘
+ ¢'Z t* 25 biielin +o 22}[¢t”¢"”]" b3 el

w=0 t1=j- k& w=0 p= I=j—k+1
+ 0SS el v [9000T) (5 brier)

+ ¢ ¢-§a £ efilia
(i=2,3,...,n_l,‘k:I:g,'“)j_])'

-

S ([4°6 “P1 +(g=D -3 0 [$ %™ ¢ ©>1* ) Deloey

=0

>

(1.27a) i .
+ ¢ {2 {[d'0 ePY + (gD X on [¢ 5 ¢ P ] }Der o

+ % [¢t’¢':|1’ (Deg**n’_h +estr, )+% [¢ ) (p+1—;.)]: € o

9=2 p-1

+ 3> on [t ¢ ¢™] ((q—DDetrs+vegts ) }

¥=0 m=0



(1.278)
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P
+ ¢- Za: ¢ - h)en n—&—1 +Z ¢("")Ak+l

m=0

-1

Z‘I, @ ¢ "'>(Z grielnn —O0"0 .y €5nn )

t1=a=-k&
p=1 p—1
+ E}ij [¢pem g ew]o( ;h . grietas —O0™0 -k o )
p=1 p=1 n
+ 0 (EE160ms1 (B et —0m0, ebs)
a2 p-!
+ 2. 2 [ptr o o™ ]2 (‘ZE (gnieshiy +bhy efu-s )
-omen—k e:,—ny—k)
a=8 q-2
+E8 (orer) (X brienna))

p-! n
+ d)'h_zo ¢ b-n ‘2 Qn+i- etn—ll ’

=n—k+!

¢ Z {{¢’0 «P] +(g—D Z o [¢ ™ ¢ P }Del, ..

+ ¢'q2=9 [pe @] (Destr, +estrs)
a2 p1

+ ¢-22 om [ptr ¢ o] ((qg—DDef'rs +vestts)

v=0 m=0

+ b (plehus +5 (66 el )

2 q-2
+ ¢- ¢‘20t et + ¢33 teAgty

w=0

=¢.h=0 > [¢"""¢"'"’]’('=Z_I grielas — 00 .-y ek oy )
a2 p-1
+ ¢'§§[¢t ¢ e ]! (2 » griethty —0™0 -y e, )
+¢'th'—zhbn,eLRk
a2 p=1
+ ¢ [dte p@ P« 52 boielas
w=0 p=1 i=n—k+1

Y
"

oS (R el +0 B (edrl (S brern)

w=0

a2 n
+ ¢t A pe1-y €002
v=0 1=n—k+1

(k=12,..,n—1).

37
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We interprete e}« =0 (k<0). From these relations we can easily observe that the
k-th subdiagonal elements {e?;-x (¢);h=0, 1,...p—1}, {ez34 (&) ;v =0, 1,...,q—2} are
taken as polynomials in ¢ ' of degree k& with no constant term.

2. We are now in a position to determine constants ¢, ,b?: and all coefficients of
polynomials e?,(¢) in ¢~ uniquely. To determine these, we use a lemma of M.Kohno

[1]:

Lemma. Let 74, 73,...,n¥ be known constants such that
N
@.n (oly +nb [oJu-1 + oo +n% = ,EI, (o—p01)

(L), =0 (o =D (p—p+D).
Let 1 be an unk(zown variable which satisfies the relations
Ei =(u—(m—D)+ni
.2 -1 Eb=(u—G—D)EY +nb  (k=23,..,n—D
O=p E¥' +1n¥% .

Then 1 is equal to one of p., i.e., for instance, ;t=px , and there holds

“Ei+o-WN-D -1 0
£} o—(N-3) '
: _
: 0 ."._"
Ey o
= [0lves + 84 [0dums + o +E57 = T (0= 00) .

Now, we shall begin with the determination of coefficients of ek .-.(¢) and ci. .
Let us put

@9 et n(P)=Ebp "4 -eeen (k=12,...n—1;h=0,1,....0— D).
Then, from (1.25a), we immediately obtain
2.5 alo+ £ =gh. — 00, (h=01,....p—D.

Substituting (2.4) into (1.27@) and equating coefficients of the power ¢ ~* attached to
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¢ ¢ ® (u=0,1,...0—1) in both sides, we have

2.6) _k‘;;: {ds-1n +(q—1)'§0’“ dis } ER + Ei tatenoe
p=1 p~1
=’§ MZ=0 dis (grn —0m0,- ) EY
(k=12,....n—1),
where £: =0 (h=0,1,...p—1).
Here we use the following relations:

p=1

2 dnn @ o (t)=[d e e P] ., =6 () ¢ *P()

@.n

, 0 (i#p)
ngo ar¢ Go=m (ti)={¢t_'}¢-:,~ =
¢’ (t,) G=p).

Multiplying both sides of (2.6) by ¢ ¢ (¢,), adding to about uz (=0, 1,...p—1), and
dividing by {@’ (¢.)}**' ,we can rewrite (2.6) in the form

nin =(u' +R) 70 _g abeo ® “P () {97 ()} &P (i#p).

i =(ur+—D)g—(—k—D)n3 — % Qe o® @7 (t,) {97 (¢,)}- &
(i=p)
where

po={ S g, 60" (D@ @)
2.8 i (i=1.2,...0)

o1
Nk

{E Eb ¢ o (¢} (D} .

Similarly, we can rewrite (2.5) as follows:
mi =ut = (Zaled ¢ @} ' (8} G#p),

0t =ur +(n—])q—(n—1))—{% alo & P (6,0} {87 (¢,))
(i=p).
Hence we have obtained

i =u' —(Sale ¢ o S ¢}
(2.9) h=0 .
/Eo) =(ﬂi +k) nk _"Z: aler o =R (¢,) {¢, (t;)} - @0
" G=1,,...p—1;k=12,.n—1)
and
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11 =(ur+(=Da— =D~ (5 ated o (1)) (8" (1,0}
(2.10) " .
M8 = (e + (= 1)g— =k D) 18 —3 b od ¢ (2,0 (87 (2,0}~ 4
" k=12,..,n—1D),
where
7. =0 (@(=12...,p).

Applying the lemma in the begimning of section 2 to (2.9) and (2.10), we can see
that ui+—10 G=1,1,....,p—1) and p?+(n—1)g are equal to the same of the character-
istic constants po! (i=1,2,..p—1) and p? (j=1,2,...n), respectively. Therefore, putting
i =pi —(n—1) (=12,..p—1) and u* =p2 —(n—1)q, we can determine all values

% in (2.4) uniquely by means of (2.8-10). Then we have c¢i. =g (i=12,...,p).

Next we set

@.1n ehtp-1-x (P)=Ch ¢7H+ cooee (k=12,....,n—2;h=0,1,..p—1)
and determine {} and ci-i.-: (i=1,2,...,p). It follows from (1.24a) that
2.1 Ct =ghinr —0"0,0 +EF (h=0,1,....p—D.

Substituting (2.11) into (1.26 @) and equating coefficients of the power ¢ * attached to
¢ @ (u=0,1,....p—1) in both sides, we have

p—! p~1
_k’g {di-1. +(q—1)'Z=Ia onds Y Eh + Cia
(2.13) L )

= ':4—0.' % de s (@rtnmt —O™G 1) £+ Elu
(k=12,...,.n—2),

where {4, =0 (h=0,1,....p—D).
Then, putting again

(5 gruns ¢ ™ @M (¢}

m=0

n
.19
i ={X (h e @O )}

we can rewrite (2.12) and (2.13) as follows:
(2.1%)

Vi =¥ +R) 74 + 0k
(i=12,...p—1;k=12,..,n—2),
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ry =pe +(—Dg——=D)+ ¢
(2.16)
730 =" +(n—2Dg—(—k=2) 7% + N3 (k=1.2,...,n—2),

where 7i-, =0 (i=12,...,p).
Since the lemma yields that

n-! n=1!

@.17n (o]e-:r + FZ, ni[0]s-1m = E, (p—0)H (i=12,...,p),
we again apply the lemma to (2.15) and (2.16) and we can see that #'+(n—2) (i=1,
2,...,0—1) and ©* +(n—2)q are equal to some of pi (j=12,...p—1) an p?r (j=1,2,...,
n—1), respectively. Furthermore, putting ' = pi-s —(n~2) (i=1,2,...p—1) and u*=
o021 —(n—2)q, we can know that all values ¢} are determined uniquely and then we
have ci-in1 = Q' (i=1,2,...,p). Moreover we can proceed to the determination of ci; Gi=
1,2,....p) and the coefficients of

el =LhGTH 4 oo (k=12,....j—1;h=0,1,....p—1)

for j=n—2,n—3,...,1 in the same manner, and then we can put

i) = an 6 0 P N =0 ~G=D  (=12p=D)
(2.18) "
cg; =1 X gr ¢ e ) e ()} =p7 —(i—Dg .

We shall begin with the determination of the coefficients £8** (eztx, (@)= Eg+*
o F+ - (k=12,...,n—1;v=0,1,..,9—2) and b:,, (v=0,1,....¢g—2D.

If we put

2.19) extin (P)=Egv ¢~ + oo (k=12,...n—1;v =0,1,...,g—2.
We immediately obtain from (1.258) that

2.20) at™ + £ =bi. (v=01,..,9-2),

and then (1.278) yields that

b $-5([8 6 P) +@-D-F o= (g ¢ BT} E

~h-D- 65 91 ¢°] 5
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+ ¢S (v ~h(q=D}-Eo= (466 41 Eg
+ ¢ (p!EL +z (6o -PTED
+ ¢-:2; tvfg:r+¢-:zj;t~agm

-1 p—1

=¢S5 (g gD (gn, —0m0,.4) E}

A=0 m=0

+ 655 (60769 ™) (gr.—0m0,.4) EX

v =0 m=0

+ 655 [f106 ] by £

w=0 h=0

-2q-2-w

+ T3 [perpe) br.Fr,

where under-line parts are known. Comparing coefficients attached to ¢t* (v =0,1,...,
qg—2), we have

—(k—1)~Z=a: ez,,,-;’g’i*‘"+2=lo on 2:0 {w—k(@g—D}es . E5° + Egtt

p—1 v -1 v
@2 =3 (gr. 0" O) ek S ez, be, £l

A=0 w=0

+35 2 Sfo. b2, Ezt+ known values.

w=0 y=0

Let the set {&2*<,b2,.} (=1, 2,...,n—1I) be known for w=0, 1,...,v —1I. Since f =0 and
Ela =9 P (t,), we have

8 (t,) 1+ 87 () (pi— (¥ +D = (=) S
{67 (t,))"ns 8" (t,)(p1— (v +D= (=3 ...
\ {¢, (t.p)}n_‘ g—l
'Eq«ﬂa
0 £s
-1.. :

¢ (t,)(ps—(v+1)) | fﬁ.ﬁf,
2.22)
= known values.
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Using the lemma, we see that the determinant of the matrix in the left hand side of
the above formula is equal to

{¢" " {los— (v + D]+ 11 [02— (v + Doz + ooee + -4}
= (¢ T (oz—(v+D=09)
which is non-vanishing from (1.3). Thus we have determined £%** and &%. (k(=12,....,n—

v =0,1,...,q—2) uniquely.
Next we set

2.23 €8t (PI= L8 P4 omeee (k=1,2,...n-2;v=0,1,....—2)

and determine {§** (k=12,..,n—2) and b’ ,-: (v =0,1,...,q—2). It follows from (1.24
B) that

.29 £y =bi-t -0 +ET (v=01,..,q9—2).

Since &8 (v=0,1,...,q—2;k=12,...n—1) and ¢} (h=0,1,...p—1;k=1,2,....,n—2) are
known, (1.26 8) yields that

(k=D - $-Z (88 187+ 85 (v —kig-D} Son (626w (g

Y=

LY

a2
AP NS
=2 p-1
=¢- 2 2 (pt*d @] (grint —0™810) EEY
¢2 p-!
+ ¢ [dtog P bay.ilh
w=0 h=0
q-2 q-2-w
+ ¢‘Zq2 [ptodtr] bey &8 + Eknown values.
w=0 vy =0

Furthermore, comparing coefficients attached to ¢t* (v =0,1,...,q—2), we have
v p-1 ¥
—k=D -2 el + X on T {o—k(g-DY e L8 + LR
p—1 v
=2 (@rin —070 ) 2 eLalE

v

+Z 20 b b8y et ("+Z qu.,b 1 -1 £ 2T

w=0 w=0 u=0

+ known values.

Let the set {¢g*>, b, .-} (k=12,...n—2) Be known for w=0,1,...,v —1. Then we have
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&' )71 +¢' () (p2-r—(v+D—(r—3)) -1
{¢’ ()} 78 ¢ )i —(v+D—(n—9D)
‘ {67 (¢ ! 75
1 [ ¢ ]

_1 . 0 Cg;i-v

" s
¢ () (pei— (v +D) ) L e

(2.25)
= known values.

Again, from the lemma, we can see that the determinant of the matrix in the left hand
side is equal to
{¢’ D} {[oo-i— (v +Dla-e + 78 (05— (v +D1ast oo + 782}

= (8" @y T (or—(v D=9 # 0.

Thus we have determined ¢%** and b%-i .1 (B=12,...n—2;v =0,1,...,g—2) uniquely.

Moreover we can proceed to the determination of bf; (v =0,1,...,q—2) and the
coefficients

et =L8 g £ e k=12,....J—L;v=0,1,...,q—2

for j=n—2, n—38,...,1 in the same manner. From now on, we regard these constants as
known values.

We now return to (1.27a) and determine ci ,-; (i=1,2,...,p) and the coefficients
x%. Here we denote

2.26) eton (P)=Ed7* + xhuip™ + oo
(k=23,....n—1:h=0,1,....p— D).

Substituting £=1 into (1.27a) and comparing the expression included ¢ ¢® (h=0,1,...,
p—1) in both sides, we have

_{% [p’p @P] + (q—]) . % on [¢ o @]t} ED

+ % (V—q'l'l) . % on [¢t"¢ (p—m)]zgru + % [¢¢ (p+"h)]2£7
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+ S g + 5 gomay,
A=0 m=0
.27 R

p—1

= Z=:o ¢ p—m) gr -1 + gpzl{a |:¢ (-m) ¢ (p'h)]? (g:n —gn 6;.—1)57

m

+ S5 (g o) (gn—0m0.) ErHbi, £7)

v=0 m=0

+ Z".Zf (ptoper]? beEo

w=0 y=

Here under-line parts are known values. From above relation, equating coefficients attached
to ¢ ©® in both sides, we have

2.28) xt= gt .1 + known values (h=0,1,..p—1).
We here put .
(2.29) Ti ={ h2=a xg ¢ ©-» (tn)} {¢, (ti)}-lt (i=1:2;~-~;}7)»

and rewrite (2.28) as follows:

2.30) i ={ ’z:; ghot P (D@ ¢)} ' + known values
" (i=12,....p).

Substituting (2.26) into (1.27a) and equating coefficients of the power ¢ ~**' attached
to ¢ *® (u=0,1,...0—1) in both sides, we have

—(k—z)-‘% (310 +(q=D-5 0" day Ve +x1

.31 ot gt
=,§ > den ((gr. —0m0 -1 )xh- +80a1lt }
+ known values (k=23,....,n—1).

Using (2.29), we rewrite (2.3) as follows:

(2.32) i ={pi—1-(n—I1-R)} ti-s + 7} 7i-t + known values (i#p),
(2.33 v ={po2—q—(—1-Fk)} 781 + T2 7%-; + known values,
where

ti =0 (=12,...p).
Then, it follows from (2.32) and (2.33) that
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(7i+ pi—1—(n—8) -1 1 T} 1

74 pi—1-(—9) -1, 3]

[ 7i-e “pi—1) ltie. |

2.39
= known values (i=12,..p— D),
and that
[ ri+02—qg—(n—3) -1 1 (71
0
73 - oer—g—(— -1, T4
0 —1

78 0t —q Ths

(2.35)

= known values
We see the determinants of the coefficient matrices in (2.34) and (2.35) are equal to

R a—2
(ot =1e 3 78 04 =1 = T (pi=1=0)  G=12..p=D),
and R !
n- n-2
[pﬁ—q]n-z+§ 78 [08—qlae- = E, (p2—q—p9 ,

respectively, which are non-vanishing. Hence ¢i, .- (i=l,2,...,p) and the coefficients x} are
determined uniquely.
Lastly we shall determine b%,-; (v =0,1,....,¢q—2) and the coefficients x§**. Here
we denote
(2.36) eis (PI=EV ™ + gty g7+ + e
(k=23,....n—1;v=0,1,...,q—2).

Substituting k=1 into (1.278) and equating coefficients attached to ¢t* in both sides,
we have
.37 be . = x8Y +ayr —foretr! bl Epte (v=0,1,...,9—2.

Furthermore, substituting (2.36) into (1.278) and equating coefficients of the power
¢+ attached to ¢t* (v =0,1,...,q—2) in both sides, we obtain

—(k=2 - ZEE) €5 01 X3P+ ,,2;?; on Zo: {w—G—D(@—D} el n x58 +x5*
(2.38) "
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Ll v =i v
=2 (gn. —0"0.4) * X Ebn B + X EL bl
=0 w=0

" A=0 =0
+ p_oy::ff'.u (b8 -1 T82r +b%, x8%1) + known values.
Let the set {xg** , b2 ,.; } (k=12,..,n—2) be known for w=0,1,...,v —1. Nothing that
fio=0and €%, =6¢ %P (t,), we get from (2.37) and (2.38) that

(@' (t,)r +¢7 (t,)(p2—g— (v +D—(n-3) -1
(o' (t,)}rs ¢’ t)(or—q—(v+D—(n—D)
| M CT9) L 23
3 ( x7+v
0
x¥’:"
-1., :
0
—1
¢ ) (ot —g—(w+D) | |zt

2.39) = known values

Similarly, it follows from the lemma that the determinant of the above matrix is equal
to
{6’ (&))" {los—g— (v +D]-z +78l02—q— (v +D]-s + oo + 782}

= (", T (pr—g=(v+D=-pp) ,

which is non-vanishing. Therefore, we have determined x§** and &% . (k=1,2,...,n—1;
v =0,1,...g—2) uniquely.

Continuting the above procedure in succession, we can determine all ¢i. ,b%, and
all the coefficients of polynomials e}.(¢) and ez%*(¢). The complete proof of the validity
will be done by mathematical inductin. We here omit the details.

We consequently obtain the following theorem:

Theorem. Under the assumption that pi —pi > 0 (i=12,...,p) in the case pi =
ok (mod 1) (G<k) the single linear differential equation (1.1) can be reduced to the
Schlesinger system (1.2) by the following linear transformation with rational functions
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as its coefficients,

Y=E@®X={ z B98P + 95 B (4)e )X .

And that, in (1.2)

0 1
B-= | = T
0 0 1
&.. Qg g Herreseeessneessnenas & &) ,

whose eigenvalues are the characteristic constants A; (j=1,2,...,n), and C: (i=1,2,...p)
are triangular matrices, whose diagonal elements are given by (pi,pt—1,...,05 —(n—
D) (=12,..p—-D, (p?,p8—q,...,08—(n—Dq ), respectively.

Appendix. In [1], M. Kohno reffered to the possibility of algeblaic manipulation of
the reduction problem. We state here a program of an algebraic manipulation for a
reduction of single linear differential equation to Birkhoff canonical systems by REDUCE
on PC (Ver.3.2).
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2%%%%% %% Birkhoff . RED 9696 %9696 % % % % %6 % %6 %6 %6 % % %
%

% A Simple reduction of Single Linear Differential

% Equation to Birkhoff and Schlesinger’s

% Canonical Systems

%

%

%

%

996 % % % %6 96 %6 % % % % %6 % %6 %6 %6 %6 %6 % %6 %6 %6 %6 %6 %6 %6 % % % %
ARRAY AA(N,Q*N);

FOR I:=1:N DO
BEGIN

FOR K:=0:Q*N DO

AA(K):=SUB(S=0,DF(A(,%),8,K))
/(FOR J:=1:K PRODUCT J):

END;

OPERATOR P;
ARRAY KSI(N,N,Q,N);

%% —-JYO— %%

KSI(N,N—1,0,1):=P(N) —AA(1,0);
FOR K:=1:N-1 DO
KSI(N,N—(K+1),0,K+1)
:=(PN)—-(N-K-1)) *KSI(N,N—K,0,K)
—AAK+1,0);

FOR 1:=1:Q—1 DO
BEGIN
KSI(N,N-1,I,1):=U;
FOR K:=1:N-1 DO
KSI(N,N—(K+1),LK+1)
:=PM) —1-(N-K—1)) *KSI(N,N-K,LK)
+(FOR L:=0:1-1 SUM
KSI(N,N—K,L,K) *
(KSI(N,N—1,I-L,1)+AA(1,I-L)))
—AAK+1,D;
KSI(N,N—1,1,1): = —SUB(U=0,KSI(N,0,I,N))
/(DF (KSI(N,0,1,N),1));

49
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CLEAR U;
END;

%% —HA— %%

FOR J:=N-—1 STEP —1 UNTIL 2 DO
KSI(J,dJ—1,0,1):=PJ)— (-1 +KSI(J+1,J,0,1);
FOR J:=N-—1 STEP —1 UNTIL 2 DO
BEGIN
FOR K:=1:J—1 DO
KSI(J,d—K+D,0K+1D:=P@I-J—-K-1) *
KSI(J,J—K,0,K)
+KSI(J+1,J+1-(K+1),0,K+1);
END;

FOR J:=N-1 STEP —1 UNTIL 2 DO
BEGIN
FOR [:=Q—1 DO
BEGIN
KSI(J,J-1,1,1):=U;
FOR K:=1:J-1 DO
KSIJ,J—(K+1), L K+1)
=P -1-J—K-1)) *KSI{J,J—-K,[LK)
+ (FOR L:=0:1-1 SUM
KSI(J,J—K,L,K) * (KSI(J,J—1,I-L,1)
—KSI1(J+1,J,1-L,1D))
+KSIWJ+1,J-K,[LK+1);
KSI(J,d—1,1,1):=—-SUB(U=0,KSI(J,0,I,d))
/ (DF(KS1(J,0,1,4),U)N;
END;
END;

%% —KYUU—- %%

ARRAY B(N,N);
B(N,N):=AA(1,Q *(§* *Q)
+(FOR L:=1:Q—1 SUM (KSI(N,N—1,L,1)
+AA(,L)) * (S* *L))
+PMN)-(N-D*Q $

FOR J:=N-1:2 DO
B(J,D: =P —WJ-1D*Q
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+(FOR L:=1:Q—1 SUM (KSI(J,J—1,L,1)
+KSI(J+1,J,1,,1)) *S* *L);

FOR I:=1:N-1 DO
B(I+1):=8* *Q;

269696 %6 % 96 %6 % %6 %6 %6 %6 %6 %6 % % %6 % % %6 % % % % % %6 %6 % % % % %6 % % %
PROCEDURE EE(],J,K,S);
EE(,J,K,S):=(FOR L:=0:Q—1 SUM
KSI(1I,J,L,K) * (S* *L));
969696 % % % %6 %6 % % % %6 % % % %6 % %6 %6 % %6 % % % % % %6 % % % % % % % %
9626 96 %6 %6 %6 96 %6 %6 % % %6 % % %6 % %6 %6 %6 % %6 % % % % % % %6 % % % % % % % %
PROCEDURE BEI{,J,K,M);
BEGIN
SCALAR PROC:;
LET S* *Q=0 $
PROC:=B(l,J) * EE(J,K,M,S);
CLEAR S* *Q;
RETURN PROC;
END;
969696 %6 %6 %6 % %6 %6 %6 %6 %6 %6 % % %6 %6 %6 %6 % % %6 96 %6 %6 %6 % % % %6 % %6 % %6 % %6 % % %
269696 % %6 % %6 %6 %6 %6 %6 %6 % % %6 % % %6 % %6 %6 % %6 %6 % %6 %6 % % % %6 %6 % %6 % % %6 % %
PROCEDURE BEO(I,J,K,M);
BEGIN
SCALAR PROCE;
PROCE: =(B(,J) * EE(J,K,M,S)
—BEKLJ,K,M)/(S* *Q);
RETURN PROCE;
END;
9696% % %6 % %6 %6 % %6 %6 %6 96 96 96 96 %6 96 96 %6 96 %6 %6 %6 %6 96 96 %6 %6 %6 %6 %6 96 %6 %6 %6 % % % %

ARRAY BB(N,N—-1,Q—-1);
FOR K:=1:N—1 DO
BEGIN
FOR R:=0:Q—1 DO
BB(N,N—K,R)
:=SUB(S=0,DF(EE(N,N-K,1,9),S,R))

* (FOR I:=1:R PRODUCT D
+AA(K+1,Q*K+R)
—SUB(S=0,DF((FOR L:=0:K—1 SUM

BEO(N,N—L,N—K,1)),S,R));
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FOR L:=1:Q—1 DO
BEGIN
FOR M:=1:N—-K-1 DO
BEGIN
KSI(N,N-K—1,L,1):=U;
F:=(FOR I:=1:K—1 SUM
(BEIN,N-IN—-K—M,M)
+BEONN,N-ILLN—-K—-M,M+1)))
+BEO(N,N,N-K-M,M+1):
KSINN-K-(M+1),L,M+1)
=PMN)-K*Q-L-(N-K—-M-1))
* KSI(N,N—K—M,L,M)
+BB(N,N—K,L) * KSIIN—K,N—K—M,0,M)
- AAK+M+1,M*xQ+L)
+ (FOR I:=1:L. SUM
KSIINN-K—-M,L—-1,M)
* (KSI(N,N—1,I,1)
+AAQ,D))
+(FOR I:=1:L SUM
KSIN-K,N—-K—-M,[,M)
* BB(N,N—K,L—-D)
+SUB(S=0,DF(F,S,L)) *
(FOR I:=1:L PRODUCT I);
CLEAR F;
KSI(N,N—-K-1,L,1)
:=—SUB(U=0,KSI(N,0,L,N—K))
/ (DF(KSI(N,0,L,N—K),U));
END;
END;
B(N,N—K):=(FOR R:=0:Q—1 SUM
BB(N,N—K,R) *S* *R)
FAAK+1,Q*K+Q) *S* *xQ

END;
%% —-KYUU- %%
FOR J:=N-1 STEP —1 UNTIL 2 DO
BEGIN

FOR K:=1:J—1 DO
BEGIN
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FOR R:=0:Q—1 DO
BEGIN
G:=EE(J,J—K-1,1,8)—EE(J+1,J-K,1,S)
—(FOR L:0:K—-1 SUM BEO({J,J—-L,J—K,1));
BB(J,J—K,R):=SUB(S=0,DF(G,S,R));
CLEAR G;
END;

FOR L:=1:Q—1 DO
BEGIN
FOR M:=1:—K-1 DO
BEGIN
KSI{J,J—K—1,L,1):=V;
H:=FOR I:=1:K—1 SUM
(BEI(J,J—1,0—K—M,M)
+BEO(J,J—1,J—K—M,M+1))
+BEO(J,J,d—K—M,M+1)
+EEWJ+1,J—-K—M,M+1,8);
KSI(J,J—K—M,L,M+1)
:=(PW)-K*Q—-L—-(J—K-M-1))

* KSI(J,J—K—M,L,M)
BB(J,J—K,L) *KSI(J—K,JJ—K—M,0,M)
+(FOR I:=1:L SUM

(KSI(J,J—1,L,1) +KSI(J+1,J,L,1))
* KSI(J,J—K—M,L—1,M))
+ (FOR I:=1:L SUM
KSI(J—K,J—K—M,[,M) * BB(J,J —K,L—1))
SUB(S=0,DF(H,S,L)) *
(FOR I:=1:L PRODUCT D);
CLEAR H;
KSI(J,d—K—1,L,1)
:=—SUB(V=0,KSI(J,0,L,J—K))
/(DF(KSI(J,0,L,J—K),V));
END;
END;
END;
END;
END;
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