Kumamoto J. Math.
Vol.36 (2023), 1-16

The best constant of the Sobolev inequality
corresponding to 2M/-th order differential equation
with periodic boundary conditions

Hiroyuki Yamagishi and Yoshinori Kametaka

(Received March 21, 2022)
(Accepted November 1, 2022)

Abstract. The Sobolev inequality shows that the supremum of a function
is estimated from above by a constant multiple of the potential energy. We
have found the best constant and function, which attain the equality. In
the background, there is a 2M-th order linear ordinary differential equation
(=D?* +ad)--- (=D?* + a3;_1)u = f(z) on an interval (0, L) with periodic
boundary conditions, where D = d/dz, M = 1,2,3,--- and 0 < ap < -+ <
ar—1. The solution w is expressed by using the Green function G(z—y). The
best constant of the Sobolev inequality is the diagonal value of the Green
function G(0). The equality of the Sobolev inequality holds for the Green
function G(z — yo) where any fixed yo € [0, L].

1 Introduction

We prepare some notations which are used in this paper. Let M = 1,2,3,-
and L > 0. We define hyperbolic functions ch(z) = cosh(x), sh(z) = sinh(z) a
th(z) = tanh(z) for short. The eigenvalue problem

d

EVP

{ (MM = Njp; (0<z <L)

LW 0=0 o<izar-y Y

has countably many eigenvalues

A= (%)QM, wi=2rj  (j€2)

and corresponds to eigenfunctions

Y e et 8 .
%‘(x):ﬁ@ﬁL (J€Z, z€R).
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As is well-known, the system of eigenfunctions {goj (2) |j € Z} is a C.O.N.S. in
L?(0,L). ¢j(x) satisfies p;(z + L) = ¢;(x), ¢;j(—x) = p_j(x) and the additional
formula

o3(@)p5 () = \%%(xw) ez, 0<ay<L).

For any u € {u € L?(0,L)|u(L+z) = u(x)}, we introduce the Fourier transform ™
defined by

~ L
u(e) = YAk en(s)  — ak) = / w(@)Bp(a) dz. (L)

keZ

We define the convolution:

(uxv)(x) = / u(z — y) o(y) dy.

We introduce the characteristic polynomial:

M-1 M ‘
P = [[G+a) = pus . (1.2)
j=0 §=0

O<ag<ay <---<ap-_1,

2, 2 2 2 2 2
po =1, p1=ag+ay+---+ay_q, S DM = Gpay - - apr_q-

We put D = d/dxz. We consider the periodic boundary value problem for a 2M-th
order linear ordinary differential operator P(—D?):

BVP(M)
P(—D*)u = f(z) (0<z <L),
{ uD(L) —uD0)=0 (0<i<2M —1).

Concerning the uniqueness and existence of the solution to BVP(M), we have the
following theorem.

Theorem 1.1. For any bounded continuous function f(z) (0 < x < L), BVP(M)

has a unique solution u(x) expressed as

L
ulz) = / Glr—y) fy)dy (0<z<L), (1.3)

where G(z —y) (0 < z,y < L) is the Green function. Using the function

_ ch(a;(|z| - L/2))
Gile) = =5 sh(a,L)2)

0<j<M-1, -L<az<L),
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G(z) (—L < x < L) has three equivalent expressions:

Go() (M =1),
G(z) = (—1)M-1 a—?l / a?i (M=2,3,4,---),
Gj(z)
(1.4)
M—-1
Z P/ (z), (1.5)
G() = (Go*-~-*GM,1><x>- (16)

In the numerator of (1.4), ¢ and j satisfy 0 < i < M —2and 0 < j < M — 1,
respectively. In the denominator of (1.4), ¢ and j satisfy 0 < 4,5 < M — 1.

The concrete forms of G(z) = G(M;x) (M = 2,3,4) in (1.4) are as follows:

1 1
9 p) — — —/
G20 =G m Gl<m>‘ @ a? |
1 1 1 1 1 1
G(3;x)=| da? a? a3 / at a? d} |,

Go(z) Gi(z) Ga(x) ag ai as
1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2
Y - Qg ay aj ag / ag aj a3 ag
COn == i ol ad o |/|af ol of af

Go(z) Gi(z) Ga(z) Gs(x) aj af af af
The graphs of Green functions G(z—y) = G(M;z—y) (M =1,2,3,4, 0 < 2,y < 1)

are shown as Figure 1.
We introduce the Sobolev space

H= {u ‘ u, u™ € 120,L), uD(L)—uD0)=0 (0<i<M— 1)},

the Sobolev inner product

L M

uva/ ZPM 09 ()59 (2) da

and the Sobolev energy

LM . 2
lully = (s = [ > paecs o @) do
0 o

H is a Hilbert space with inner product (-, ).
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Figure 1: Green functions G(M;xz —y) (ap = 1,a1 = 2,a2 =3,a3 =4, 0 < z,y <

1).
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Theorem 1.2. There ezists a positive constant C' such that for any v € H the
Sobolev inequality

( sup_ | u(y) |)2 <Cllul (17)

0<y<L

holds. Among such C the best constant Cy is

Co = G(0) =
1
2a0 th(agL/2) (M =1),
(_1)]\/[_1 a§i+1 0
A a? (M =2,3,4,---).
20+ Gy (th(a;L/2))~" //

(1.8)

In the numerator of (1.8) (M = 2,3,4,---), ¢ and j satisfy 0 < i < M — 2 and
0 <j< M —1, respectively. In the denominator of (1.8) (M =2,3,4,---), i and
J satisfy 0 < i,5 < M —1. If we replace C for Cy in the above inequality (1.7), the
equality holds if and only if the constant multiple of u(x) = G(zx—1yo) (0 <z < L),
where yo € [0, L] is an arbitrary real number.

The concrete forms of Cy = G(M;0) (M = 2,3,4) in (1.8) are as follows:

1 Qo aq 1 1
G(2:0) = — _ _ // :
@ 0) = = Zaoar | (h(@L/2) " (th{aiL/2)) ’ @ a?
1 ag ay az
G(3;0) Y ad a3 a3
021 (th(agL/2))~ " (th(a1L/2))~" (th(agL/2))~!
11 1
Jlat et ad |,
ag af al
1
G4:0)= ———
( ' ) 2&0&1&2@3
agp ay az as
y aj a? a3 a3
ag a3 a3 a3
(th(aoL/2))~" (th(a1L/2))~" (th(agL/2))~" (th(azL/2))""
11 1 1
// aj ai a3 a3
ag af a3 aj

ag af af af

The engineering meaning of the Sobolev inequality (1.7) is that the square of
the maximum bending of a string (M = 1) or a beam (M = 2) is estimated from
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above by a constant multiple of the potential energy. The best constant is the
maximum of the diagonal value of the Green function associated with bending
problem of a string or a beam.

In our previous study, we have the best constants of Sobolev inequalities cor-
responding to some differential equations with boundary conditions. The bend-
ing of a string on an interval (—D? + a?)u = f(z) (z € (0,L)) with Dirich-
let [13], Neumann [13] and periodic [5, 13] boundary conditions, and its dis-
crete version [16, 17] are given. The bending of a beam on a half line (—D? +
a?)(—D? + a?)u = f(z) (z € (0,00)) with clamped, Dirichlet, Neumann and free
boundary conditions [6, 8, 11] are given. The bending of a beam on an interval
(—=D? 4+ a2)(—D?* + a?)u = f(x) (x € (0, L)) with clamped [15], Dirichlet [13, 15],
Neumann [13, 15], free [15] and periodic [13] boundary conditions are given. 2M-
th order differential equation on a whole line P(—D?)u = f(x) (z € R) [1] and
on an N dimensional Euclidean space P(—A)u = f(z) (z € RY) [3, 4] are given.
2M-th order simple type (ag = -+ = apy—1 = 0) differential equation on an
interval (—1)™D?My = f(z) (x € (0,L)) with clamped [12], Dirichlet [14], Neu-
mann [14], free [10] and periodic [14] (the discrete version [7]) boundary conditions
are given. Moreover, we have the best constants of Sobolev-type inequalities cor-
responding to M-th order differential equations P(D)u = f(z) (x € R) [2] and
P(D)u = f(z) (x € (0,1)) with periodic boundary conditions [9]. In this paper, we
have the best constant of the Sobolev inequality corresponding to a 2M-th order
differential equation on an interval P(—D?)u = f(x) (z € (0, L)) with periodic
boundary conditions.

This paper is organized as follows. In section 2, we explain the Fourier trans-
form. The section 3 is devoted to the proof of Theorem 1.1. The section 4 is
devoted to the proof of the main Theorem 1.2.

2 Fourier transform

We explain the properties of the Fourier transform defined by (1.1). We introduce
the trigger function

{x}zL(%—{%J) (—o0 <z < ),
where |z] is an integer part of a real number z defined by
|z] =sup{n € Z|n <z} (2.1)
Hence, {2} is a periodic function of = with period L as Figure 2.

Lemma 2.1. Several important properties of the Fourier transform (1.1) are listed
as follows.

Du)  — (VI %) alk), (2.2)
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Figure 2: Trigger function {z} (—oco < & < 00).

where u(z) satisfies (L) —u~D(0) =0 (i=1,2,3,---).

wz—y) e VTUEG(R).
wl—z)  — =k

1 -~ 1

[ —— e—aj{z} — - -
\Fl—e*“jLe V1% +q;
oy - hla(z]| = L/2)) eI | 1
@)= 50, shia,L/2) G0 =T ey e
J

L
/ w()(z) do = 3 (k) 5(k).
0 keZ
| P de= S @,
0 kEZ

(2.9) is the Parseval equality.
Proof of Lemma 2.1 (2.2) is shown as
D'u(x) — / D'u(z)g,(x)dx = / u (z)@y (z)dz
0 0
L

I
<
—~
~
|
[ay
~
—~
h
~—

AlL) = O70) = [0 (VTR e



8 H. Yamagishi & Y. Kametaka

where we use u'"V(L) —u~D(0) =0 (i=1,2,3,---). (2.3) is shown as

~

L L—y
wz—y) A Mx—mauwa3[ w(2)Puly + 2)dz
0 L—y
WU‘U<MHA wmwﬂm@

—f/ 27, (y) = VI B (y)alk) = e~V TEva(k),

where we use u(z) = u(z+ L), vr(z) = ¢r(z + L). (2.4) is shown as

~

L L
s (A u«a@@AxMx:3£ u(L — 2)py (x)dz
L L L
=/u@@@—wwz/u@@vwwz/zww%@wzmwy
0 0 0

(2.5) is shown as

1 o~
—aj{z} —
VI

1 L
= / (\/ +a7 md.]? —
1—e %l J,

\ﬁlf + a]
We consider (2.6). Noting {—z} = L — {z} and
ch(a;({-2} = L/2)) = ch(a;(L — {z} - L/2))
= ch(a;(L/2 = {z})) = ch(a;({z} - L/2)),
we have
ch(a;({z} — L/2)) =ch(a;(|Jz| — L/2)) (-L<z<L).
(2.6) is shown as

6oy - Bl = 1/2) _ ehlaslfah = 1/2)
J 2a;sh(a;L/2) 2a; sh(a;L/2)

- - [e—aj{x} + e—aj(L—{m})]

= —— VI - [efaj{z} n e—aj{—a:}}
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where we used (2.4). (2.7) is shown as

L L
(u*v)(z) = / u(z — y)o(y) dy = / S ak)on(z — ) S 0(0ee()dy

kEeZ LeZ
L
=¥ Y VRO | ey
k€EZ LeZ 0
=" VLak)o(k)pr(z) = Y (uxv) (k)pw(x).
keZ kEZ

(2.8) is shown as

L L R
/ u(z) v(x) dm:/ Zﬂ(k)apk(:v)Zﬁ(é)(pg(x) dx

0 O ez ez
— L p—
=SS a0 [ eno)pila) de= S k),
keZ ez 0 kEZ
Applying (2.8) to v(z) = u(z), we have (2.9). Hence we have Lemma 2.1. [ |

3 Green function of BVP(M)

In this section, we prove Theorem 1.1.

Proof of Theorem 1.1 (M = 1) Applying the Fourier transform to BVP(1)
and using (2.2), we have

~

((‘*Z“)Q " ) k) = k) (kez)

(k) = VI Go(k) F(), éooc):&(wk)i“ (k € 2).
T ap

Using the inverse Fourier transform for @ (k) and using (2.7), we have (1.3). Using
the inverse Fourier transform for Gy (k), we have the Green function (1.4) (M = 1).
Since the right-hand side of (1.3) includes only a data function f(x), the solution
to BVP(1) is unique.

Using the properties (3.1), (3.2) and (3.3) of Lemma 3.1, we can show that u(z)
defined by (1.3) satisfies BVP(1), which guarantees the existence of the solution.
]

Lemma 3.1. Gj(z —y) (0 < j < M -1, 0 < z,y < L) satisfies the following
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properties:
(—654—@?)(;’](.13—],/):0 (0<1‘,y<L, a:;éy), (31)
G;Gj(x—y)’ _L—8;Gj(:1c—y)‘ 0:0 (i=0,1, 0 <y < L), (3.2)
i~ i~ 0 (i=0)
0,Gj(x —vy) oo 0.G(x —y) 0 = { 1 (i=1) (0<z <L),
(3.3)
Gj(r—y) >0 (0<z,y <L) 3.4

Proof of Lemma 3.1 We introduce the signum function sgn(z) =1 (0 < z <
00), —1 (—oo < < 0). Differentiating G, (x — y) with respect to z, we have

~ch(ay(lz —yl — L/2))
G; (x—y) = 2a,; sh(ajL/2)

sh(a;(jlz —y|—L/2))
2sh(a;L/2)

82Gj(1'*y): a‘jCh(aj(|x_y‘_L/2)) QGJ'(.’K

>0 (0<z,y<L),

0:Gj(z —y) = sgn(z — y) (0O<az,y<L, z#y),

- = a‘

2sh(a,L/2) iGilz—y)  (O<zy<L, z#y)

Using these relations, we have (3.1), (3.2), (3.3) and (3.4). |

Lemma 3.2. The partial fraction expansion of 1/P(z) is

M—-1 M—-1

1 1 1
T
7= b
P(z) e 2tael = z+aj
= (—M-1 a3’ / a?
= J :
(z+a3) 0<i<M—2, 0<j<M—1 0<i j<M—1
(3.5)
M-1
1 1
b] = 72 = H 72 5 (36)
P'(—a3) ko kg ~% T Gk

Proof of Lemma 3.2 Multiplying

M—-1

LN,
P(z) prt M+ a2

into (z + a?) and taking the limit as z = —a?, we have (3.6). Using

<
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and

taA~lh = — A ‘ b /| A

where an M x M regular matrix A and M x 1 matrices a and b, we have

M—1
bjz+a t=( (z+a§)*1 )| bi
7=0
=( G+ )| ||
1
0
—a?)?
— _ ( ]) 0 / (_a?)l
1
(z+a))" 1 |0
= /| (ady
z—i—a2 -1
_ (_1)0+1+-..+(M—2) a?i 0
T (—1)0F (M2 (M) / a; ’
(z+aj)~"

where 7, j satisfy 0 <i < M — 2, 0 < j < M — 1 in the numerator and i, j satisfy
0 <1i,7 <M —1 in the denominator. Thus, we have (3.5). [ ]

Proof of Theorem 1.1 (M = 2,3,4,---) Applying the Fourier transform to
BVP(M) and using (2.2), we have

P((5))aw =7 ez
0
(k) =vVLGE)f(k), Gk)=—-—=——+ (k€Z). (3.7

f P((%)%)

Using the inverse Fourier transform for @(k) and (2.7), we have (1.3). Applying

—_
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é(k) to Lemma 3.2, we have

~ 1 1 (\/*)M_l Aﬁl -~ =
Gk)=—=——3=(VL G( e
\/ZP((WT’C)Z) j=0 7=0 ’ j
S I /
G;(k) 0<i<M—2, 0<j<M-—1 0<i,j<M—1

Using the inverse Fourier transform, we have the Green function (1.4), (1.5) and
(1.6). Since the right-hand side of (1.3) includes only a data function f(z), the
solution to BVP(M) is unique.

Using the properties (3.8), (3.9) and (3.10) of Lemma 3.3, we can show that
u(z) defined by (1.3) satisfies BVP(M), which guarantees the existence of the
solution. u

Lemma 3.3. The Green function G(x —y) satisfies the following properties:
P(=0})Gla—y) =0  (0<zy<L z#y), (3.8)
a;G(x—y)] . —a;G(x—y)’ —0 (0<i<2M-1,0<y<L), (3.9)

9,G(x —y) —0,G(z —y)
y=x—0 y=x+0
(o0 (0<i<2M—2)
_ { ERURR ety d (0<z <L), (3.10)
Gx—y)>0 (0<z,y<L). (3.11)
Proof of Lemma 3.3 Using (3.1), we have (3.8) as
M-1 M-1
P(-05 G H 82+ak ijGj(x—y)
=0 =0
M-1 M-1
= bj H (—Gg + ai) GJ((E — y) = 0

j=0 k=0

Ifweseti=2k+e (0<k<M-—1, e=0,1), then we have
M—1
G —y) =D b0 G( Z bj a2F05G(x — ).
§=0

Using (3.2), we have (3.9) as

9" G(x — y)

M—-1

_ 92k+e o
=G —y)

=0

x

G —
L J(CU Y)

} —0.
=0 x=0
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Using (3.3), we have (3.10) as

MGz —y)

y=x—0

where

2% M aj' 2

- g bja;" = (—1) / as’
; o2k
j

Sl oM k=M.
Using (1.6) and (3.4), we have (3.11). This completes the proof of Lemma 3.3. B

Concerning the uniqueness of the Green function, we show the following lemma.

Lemma 3.4. The smooth function G(z —y) (0 < z,y < L) satisfying Lemma 3.3
(3.8), (3.9) and (3.10) is unique.

Proof of Lemma 3.4 Suppose that we have another function é(m—y) satisfying
Lemma 3.3 (3.8), (3.9) and (3.10). For any function f(z),

L~
ua) = [ Ge—n e ©0<z<i)

satisfies BVP(M). From Theorem 1.1, we have

L _ L
/G(z—y)f(y)dy=/ Ga—y) fly)dy (0<z<L).
0 0

This shows G(z —y) = G(z —y) (0 < 2,y < L). [ ]

4 Sobolev inequality

In this section, we show that the Green function G(x — y) is a reproducing kernel
for a set of Hilbert space H and its inner product (-, )y introduced in section 1.

Lemma 4.1. For any u € H and any fized y € [0, L], we have the reproducing
relation

w(y) = (u(),G(—y))s  (0<y<L) (4.1)
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holds. Applying u(x) = G(x —y) € H to (4.1), we have
GO) =Gt~y (0<y<L) (4.2)
Proof of Lemma 4.1 Applying (-,-)g to the Parseval equality (2.8), we have
Wk 2 ~ =
(wo)g =Y P((L) ) a(k) 3 (k). (4.3)
keZ

Inserting

into (4.3), we have

(u(), G —y))u =3 P( (“’;)2) (k) eV IEVG() = S (k) paly) = ulw),

kEZ keZ

where we use ﬁP((%f) G(k) =1 (k € Z) in (3.7). We have Lemma 4.1. M

Proof of Theorem 1.2 Applying the Schwarz inequality to (4.1) and using
(4.2), we have

()] < lullf || GG =) 1E = GO)|ullF.

Noting Cy = G(0) and taking the supremum with respect to y € [0, L], we have
the Sobolev inequality

2
( sup u<y>|) < Co llull3- (4.4)
0<y<L

This inequality shows that (-,-)y is positive definite. In fact, ||ullz = 0 yields
u=0 (x €[0,L]). Applying (4.4) to u(z) = G(xr —yo) € H where yy € [0, L] is an
arbitrarily fixed number, we have

2
(,sup, 60— ) <ColGt—wm) I = &

0<y<L
Combining this with the trivial inequality

2
2
G = (Gl )" < (sup |G- w)])
0<y<L

we have

2
( sp G<y—yo>) = Coll G- — w0 I -

0<y<L

The concrete form of (1.8) is followed by (1.4). This completes the proof of
Theorem 1.2. |
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