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Abstract. The Sobolev inequality shows that the supremum of a function
is estimated from above by a constant multiple of the potential energy. We
have found the best constant and function, which attain the equality. In
the background, there is a 2M -th order linear ordinary differential equation
(−D2 + a2

0) · · · (−D2 + a2
M−1)u = f(x) on an interval (0, L) with periodic

boundary conditions, where D = d/dx, M = 1, 2, 3, · · · and 0 < a0 < · · · <
aM−1. The solution u is expressed by using the Green function G(x−y). The
best constant of the Sobolev inequality is the diagonal value of the Green
function G(0). The equality of the Sobolev inequality holds for the Green
function G(x− y0) where any fixed y0 ∈ [0, L].

1 Introduction

We prepare some notations which are used in this paper. Let M = 1, 2, 3, · · ·
and L > 0. We define hyperbolic functions ch(x) = cosh(x), sh(x) = sinh(x) and
th(x) = tanh(x) for short. The eigenvalue problem

EVP{
(−1)Mφ

(2M)
j = λjφj (0 < x < L)

φ
(i)
j (L)− φ

(i)
j (0) = 0 (0 ≤ i ≤ 2M − 1)

(j ∈ Z)

has countably many eigenvalues

λj =
(ωj

L

)2M

, ωj = 2πj (j ∈ Z)

and corresponds to eigenfunctions

φj(x) =
1√
L
e
√
−1

ωj
L x (j ∈ Z, x ∈ R).

Mathematical Subject Classification (2020): Primary 46E35; Secondary 34B27
Key words: Sobolev inequality, Green function, reproducing kernel



2 H. Yamagishi & Y. Kametaka

As is well-known, the system of eigenfunctions
{
φj(x)

∣∣ j ∈ Z
}
is a C.O.N.S. in

L2(0, L). φj(x) satisfies φj(x+ L) = φj(x), φj(−x) = φ−j(x) and the additional
formula

φj(x)φj(y) =
1√
L
φj(x+ y) (j ∈ Z, 0 < x, y < L).

For any u ∈
{
u ∈ L2(0, L) |u(L+x) = u(x)

}
, we introduce the Fourier transform̂

defined by

u(x) =
∑
k∈Z

û(k)φk(x) −̂→ û(k) =

∫ L

0

u(x)φk(x) dx. (1.1)

We define the convolution:

(u ∗ v)(x) =
∫ L

0

u(x− y) v(y) dy.

We introduce the characteristic polynomial:

P (z) =

M−1∏
j=0

(z + a2j ) =

M∑
j=0

pM−j z
j , (1.2)

0 < a0 < a1 < · · · < aM−1,

p0 = 1, p1 = a20 + a21 + · · ·+ a2M−1, · · · , pM = a20a
2
1 · · · a2M−1.

We put D = d/dx. We consider the periodic boundary value problem for a 2M -th
order linear ordinary differential operator P (−D2):

BVP(M){
P (−D2)u = f(x) (0 < x < L),

u(i)(L)− u(i)(0) = 0 (0 ≤ i ≤ 2M − 1).

Concerning the uniqueness and existence of the solution to BVP(M), we have the
following theorem.

Theorem 1.1. For any bounded continuous function f(x) (0 < x < L), BVP(M)
has a unique solution u(x) expressed as

u(x) =

∫ L

0

G(x− y) f(y) dy (0 < x < L), (1.3)

where G(x− y) (0 < x, y < L) is the Green function. Using the function

Gj(x) =
ch( aj(|x| − L/2) )

2aj sh(ajL/2)
(0 ≤ j ≤ M − 1, −L < x < L),
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G(x) (−L < x < L) has three equivalent expressions:

G(x) =


G0(x) (M = 1),

(−1)M−1

∣∣∣∣∣∣ a2ij

Gj(x)

∣∣∣∣∣∣
/ ∣∣∣∣∣∣ a2ij

∣∣∣∣∣∣ (M = 2, 3, 4, · · · ),

(1.4)

G(x) =

M−1∑
j=0

1

P ′(−a2j )
Gj(x), (1.5)

G(x) = (G0 ∗ · · · ∗GM−1)(x). (1.6)

In the numerator of (1.4), i and j satisfy 0 ≤ i ≤ M − 2 and 0 ≤ j ≤ M − 1,
respectively. In the denominator of (1.4), i and j satisfy 0 ≤ i, j ≤ M − 1.

The concrete forms of G(x) = G(M ;x) (M = 2, 3, 4) in (1.4) are as follows:

G(2;x) = −
∣∣∣∣ 1 1
G0(x) G1(x)

∣∣∣∣/ ∣∣∣∣ 1 1
a20 a21

∣∣∣∣ ,
G(3;x) =

∣∣∣∣∣∣
1 1 1
a20 a21 a22

G0(x) G1(x) G2(x)

∣∣∣∣∣∣
/ ∣∣∣∣∣∣

1 1 1
a20 a21 a22
a40 a41 a42

∣∣∣∣∣∣ ,

G(4;x) = −

∣∣∣∣∣∣∣∣
1 1 1 1
a20 a21 a22 a23
a40 a41 a42 a43

G0(x) G1(x) G2(x) G3(x)

∣∣∣∣∣∣∣∣
/ ∣∣∣∣∣∣∣∣

1 1 1 1
a20 a21 a22 a23
a40 a41 a42 a43
a60 a61 a62 a63

∣∣∣∣∣∣∣∣ .
The graphs of Green functionsG(x−y) = G(M ;x−y) (M = 1, 2, 3, 4, 0 < x, y < 1)
are shown as Figure 1.

We introduce the Sobolev space

H =
{
u
∣∣∣ u, u(M) ∈ L2(0, L), u(i)(L)− u(i)(0) = 0 (0 ≤ i ≤ M − 1)

}
,

the Sobolev inner product

(u, v)H =

∫ L

0

M∑
j=0

pM−ju
(j)(x) v(j)(x) dx

and the Sobolev energy

∥u ∥2H = (u, u)H =

∫ L

0

M∑
j=0

pM−j

∣∣∣u(j)(x)
∣∣∣2 dx.

H is a Hilbert space with inner product (·, ·)H .
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G(1;x− y) G(2;x− y)

G(3;x− y) G(4;x− y)

Figure 1: Green functions G(M ;x− y) (a0 = 1, a1 = 2, a2 = 3, a3 = 4, 0 < x, y <
1).
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Theorem 1.2. There exists a positive constant C such that for any u ∈ H the
Sobolev inequality (

sup
0≤y≤L

|u(y) |
)2

≤ C∥u ∥2H (1.7)

holds. Among such C the best constant C0 is

C0 = G(0) =

1

2a0 th(a0L/2)
(M = 1),

(−1)M−1

2a0 · · · aM−1

∣∣∣∣∣∣ a2i+1
j

( th(ajL/2) )
−1

∣∣∣∣∣∣
/ ∣∣∣∣∣∣ a2ij

∣∣∣∣∣∣ (M = 2, 3, 4, · · · ).

(1.8)

In the numerator of (1.8) (M = 2, 3, 4, · · · ), i and j satisfy 0 ≤ i ≤ M − 2 and
0 ≤ j ≤ M − 1, respectively. In the denominator of (1.8) (M = 2, 3, 4, · · · ), i and
j satisfy 0 ≤ i, j ≤ M −1. If we replace C for C0 in the above inequality (1.7), the
equality holds if and only if the constant multiple of u(x) = G(x−y0) (0 < x < L),
where y0 ∈ [0, L] is an arbitrary real number.

The concrete forms of C0 = G(M ; 0) (M = 2, 3, 4) in (1.8) are as follows:

G(2; 0) = − 1

2a0a1

∣∣∣∣ a0 a1
( th(a0L/2) )

−1 ( th(a1L/2) )
−1

∣∣∣∣/ ∣∣∣∣ 1 1
a20 a21

∣∣∣∣ ,
G(3; 0) =

1

2a0a1a2

∣∣∣∣∣∣
a0 a1 a2
a30 a31 a32

( th(a0L/2) )
−1 ( th(a1L/2) )

−1 ( th(a2L/2) )
−1

∣∣∣∣∣∣
/ ∣∣∣∣∣∣

1 1 1
a20 a21 a22
a40 a41 a42

∣∣∣∣∣∣ ,
G(4; 0) = − 1

2a0a1a2a3

×

∣∣∣∣∣∣∣∣
a0 a1 a2 a3
a30 a31 a32 a33
a50 a51 a52 a53

( th(a0L/2) )
−1 ( th(a1L/2) )

−1 ( th(a2L/2) )
−1 ( th(a3L/2) )

−1

∣∣∣∣∣∣∣∣
/ ∣∣∣∣∣∣∣∣

1 1 1 1
a20 a21 a22 a23
a40 a41 a42 a43
a60 a61 a62 a63

∣∣∣∣∣∣∣∣ .
The engineering meaning of the Sobolev inequality (1.7) is that the square of

the maximum bending of a string (M = 1) or a beam (M = 2) is estimated from
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above by a constant multiple of the potential energy. The best constant is the
maximum of the diagonal value of the Green function associated with bending
problem of a string or a beam.

In our previous study, we have the best constants of Sobolev inequalities cor-
responding to some differential equations with boundary conditions. The bend-
ing of a string on an interval (−D2 + a20)u = f(x) (x ∈ (0, L)) with Dirich-
let [13], Neumann [13] and periodic [5, 13] boundary conditions, and its dis-
crete version [16, 17] are given. The bending of a beam on a half line (−D2 +
a20)(−D2 + a21)u = f(x) (x ∈ (0,∞)) with clamped, Dirichlet, Neumann and free
boundary conditions [6, 8, 11] are given. The bending of a beam on an interval
(−D2 + a20)(−D2 + a21)u = f(x) (x ∈ (0, L)) with clamped [15], Dirichlet [13, 15],
Neumann [13, 15], free [15] and periodic [13] boundary conditions are given. 2M -
th order differential equation on a whole line P (−D2)u = f(x) (x ∈ R) [1] and
on an N dimensional Euclidean space P (−∆)u = f(x) (x ∈ RN ) [3, 4] are given.
2M -th order simple type (a0 = · · · = aM−1 = 0) differential equation on an
interval (−1)MD2Mu = f(x) (x ∈ (0, L)) with clamped [12], Dirichlet [14], Neu-
mann [14], free [10] and periodic [14] (the discrete version [7]) boundary conditions
are given. Moreover, we have the best constants of Sobolev-type inequalities cor-
responding to M -th order differential equations P (D)u = f(x) (x ∈ R) [2] and
P (D)u = f(x) (x ∈ (0, 1)) with periodic boundary conditions [9]. In this paper, we
have the best constant of the Sobolev inequality corresponding to a 2M -th order
differential equation on an interval P (−D2)u = f(x) (x ∈ (0, L)) with periodic
boundary conditions.

This paper is organized as follows. In section 2, we explain the Fourier trans-
form. The section 3 is devoted to the proof of Theorem 1.1. The section 4 is
devoted to the proof of the main Theorem 1.2.

2 Fourier transform

We explain the properties of the Fourier transform defined by (1.1). We introduce
the trigger function

{x} = L
( x

L
−
⌊ x
L

⌋)
(−∞ < x < ∞),

where ⌊x⌋ is an integer part of a real number x defined by

⌊x⌋ = sup{n ∈ Z |n ≤ x }. (2.1)

Hence, {x} is a periodic function of x with period L as Figure 2.

Lemma 2.1. Several important properties of the Fourier transform (1.1) are listed
as follows.

Diu(x) −̂→
(√

−1
ωk

L

)i

û(k), (2.2)
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y

xO L

L

- L- 2L 2L 3L

Figure 2: Trigger function {x} (−∞ < x < ∞).

where u(x) satisfies u(i−1)(L)− u(i−1)(0) = 0 (i = 1, 2, 3, · · · ).

u(x− y) −̂→ e−
√
−1

ωk
L yû(k). (2.3)

u(−x) −̂→ û(−k). (2.4)

√
L

1

1− e−ajL
e−aj{x} −̂→ 1√

−1ωk

L + aj
. (2.5)

Gj(x) =
ch( aj(|x| − L/2) )

2aj sh(ajL/2)
−̂→ Ĝj(k) =

1√
L

1(
ωk

L

)2
+ a2j

. (2.6)

(u ∗ v)(x) =
∫ L

0

u(x− y) v(y) dy −̂→ (u ∗ v)̂ (k) =
√
L û(k) v̂(k). (2.7)

∫ L

0

u(x) v(x) dx =
∑
k∈Z

û(k) v̂(k). (2.8)

∫ L

0

|u(x)|2 dx =
∑
k∈Z

|û(k)|2 . (2.9)

(2.9) is the Parseval equality.

Proof of Lemma 2.1 (2.2) is shown as

Diu(x) −̂→
∫ L

0

Diu(x)φk(x)dx =

∫ L

0

u(i)(x)φk(x)dx

= u(i−1)(L)φk(L)− u(i−1)(0)φk(0)−
∫ L

0

u(i−1)(x)
(√

−1
ωk

L

)
φk(x)dx

=
(√

−1
ωk

L

)∫ L

0

u(i−1)(x)φk(x)dx = · · · =
(√

−1
ωk

L

)i
∫ L

0

u(x)φk(x)dx

=
(√

−1
ωk

L

)i

û(k),
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where we use u(i−1)(L)− u(i−1)(0) = 0 (i = 1, 2, 3, · · · ). (2.3) is shown as

u(x− y) −̂→
∫ L

0

u(x− y)φk(x)dx =

∫ L−y

−y

u(z)φk(y + z)dz

=
√
L

[∫ 0

−y

u(z)φk(z)dz +

∫ L−y

0

u(z)φk(z)dz

]
φk(y)

=
√
L

∫ L

0

u(z)φk(z)dzφk(y) =
√
Lφk(y)û(k) = e−

√
−1

ωk
L yû(k),

where we use u(z) = u(z + L), φk(z) = φk(z + L). (2.4) is shown as

u(−x) −̂→
∫ L

0

u(−x)φk(x)dx =

∫ L

0

u(L− x)φk(x)dx

=

∫ L

0

u(y)φk(L− y)dy =

∫ L

0

u(y)φk(−y)dy =

∫ L

0

u(y)φ−k(y)dy = û(−k).

(2.5) is shown as

√
L

1

1− e−ajL
e−aj{x} −̂→

∫ L

0

√
L

1

1− e−ajL
e−aj{x}φk(x)dx

=
1

1− e−ajL

∫ L

0

e−(
√
−1

ωk
L +aj)xdx =

1√
−1ωk

L + aj
.

We consider (2.6). Noting {−x} = L− {x} and

ch( aj({−x} − L/2) ) = ch( aj(L− {x} − L/2) )

= ch( aj(L/2− {x}) ) = ch( aj({x} − L/2) ),

we have

ch( aj({x} − L/2) ) = ch( aj(|x| − L/2) ) (−L < x < L).

(2.6) is shown as

Gj(x) =
ch( aj(|x| − L/2) )

2aj sh(ajL/2)
=

ch( aj({x} − L/2) )

2aj sh(ajL/2)

=
1

2aj

1

1− e−ajL

[
e−aj{x} + e−aj(L−{x})

]
=

1√
L

1

2aj

√
L

1

1− e−ajL

[
e−aj{x} + e−aj{−x}

]
−̂→ 1√

L

1

2aj

[
1√

−1ωk

L + aj
+

1√
−1ω−k

L + aj

]

=
1√
L

1(
ωk

L

)2
+ a2j

= Ĝj(k),
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where we used (2.4). (2.7) is shown as

(u ∗ v)(x) =
∫ L

0

u(x− y) v(y) dy =

∫ L

0

∑
k∈Z

û(k)φk(x− y)
∑
ℓ∈Z

v̂(ℓ)φℓ(y)dy

=
∑
k∈Z

∑
ℓ∈Z

√
Lû(k)v̂(ℓ)φk(x)

∫ L

0

φk(y)φℓ(y)dy

=
∑
k∈Z

√
Lû(k)v̂(k)φk(x) =

∑
k∈Z

(u ∗ v)̂ (k)φk(x).

(2.8) is shown as

∫ L

0

u(x) v(x) dx =

∫ L

0

∑
k∈Z

û(k)φk(x)
∑
ℓ∈Z

v̂(ℓ)φℓ(x) dx

=
∑
k∈Z

∑
ℓ∈Z

û(k)v̂(ℓ)

∫ L

0

φk(x)φℓ(x) dx =
∑
k∈Z

û(k)v̂(k).

Applying (2.8) to v(x) = u(x), we have (2.9). Hence we have Lemma 2.1. ■

3 Green function of BVP(M)

In this section, we prove Theorem 1.1.

Proof of Theorem 1.1 (M = 1) Applying the Fourier transform to BVP(1)
and using (2.2), we have((ωk

L

)2

+ a20

)
û(k) = f̂(k) (k ∈ Z)

↕

û(k) =
√
L Ĝ0(k)f̂(k), Ĝ0(k) =

1√
L

1(
ωk

L

)2
+ a20

(k ∈ Z).

Using the inverse Fourier transform for û(k) and using (2.7), we have (1.3). Using

the inverse Fourier transform for Ĝ0(k), we have the Green function (1.4) (M = 1).
Since the right-hand side of (1.3) includes only a data function f(x), the solution
to BVP(1) is unique.

Using the properties (3.1), (3.2) and (3.3) of Lemma 3.1, we can show that u(x)
defined by (1.3) satisfies BVP(1), which guarantees the existence of the solution.
■

Lemma 3.1. Gj(x − y) (0 ≤ j ≤ M − 1, 0 < x, y < L) satisfies the following
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properties:

(−∂2
x + a2j )Gj(x− y) = 0 (0 < x, y < L, x ̸= y), (3.1)

∂i
xGj(x− y)

∣∣∣
x=L

− ∂i
xGj(x− y)

∣∣∣
x=0

= 0 (i = 0, 1, 0 < y < L), (3.2)

∂i
xGj(x− y)

∣∣∣
y=x−0

− ∂i
xGj(x− y)

∣∣∣
y=x+0

=

{
0 (i = 0)
−1 (i = 1)

(0 < x < L),

(3.3)

Gj(x− y) > 0 (0 < x, y < L). (3.4)

Proof of Lemma 3.1 We introduce the signum function sgn(x) = 1 (0 ≤ x <
∞),−1 (−∞ < x < 0). Differentiating Gj(x− y) with respect to x, we have

Gj(x− y) =
ch( aj(|x− y| − L/2) )

2aj sh(ajL/2)
> 0 (0 < x, y < L),

∂xGj(x− y) = sgn(x− y)
sh( aj(|x− y| − L/2) )

2 sh(ajL/2)
(0 < x, y < L, x ̸= y),

∂2
xGj(x− y) =

aj ch( aj(|x− y| − L/2) )

2 sh(ajL/2)
= a2jGj(x− y) (0 < x, y < L, x ̸= y).

Using these relations, we have (3.1), (3.2), (3.3) and (3.4). ■

Lemma 3.2. The partial fraction expansion of 1/P (z) is

1

P (z)
=

M−1∏
j=0

1

z + a2j
=

M−1∑
j=0

bj
1

z + a2j

= (−1)M−1

∣∣∣∣∣ a2ij
(z + a2j )

−1

∣∣∣∣∣
0≤i≤M−2, 0≤j≤M−1

/∣∣∣∣∣∣ a2ij

∣∣∣∣∣∣
0≤i,j≤M−1

,

(3.5)

bj =
1

P ′(−a2j )
=

M−1∏
k=0, k ̸=j

1

−a2j + a2k
. (3.6)

Proof of Lemma 3.2 Multiplying

1

P (z)
=

M−1∑
k=0

bk
1

z + a2k

into (z + a2j ) and taking the limit as z → −a2j , we have (3.6). Usingbi

 =

 1

P ′(−a2i )

 =

 (−a2j )
i


−1 0

...
0
1


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and

taA−1b = −

∣∣∣∣∣∣ A b

ta 0

∣∣∣∣∣∣
/∣∣∣∣∣ A

∣∣∣∣∣,
where an M ×M regular matrix A and M × 1 matrices a and b, we have

M−1∑
j=0

bj(z + a2j )
−1 =

(
(z + a2j )

−1
) bi



=
(

(z + a2j )
−1

) (−a2j )
i


−1 0

...
0
1



= −

∣∣∣∣∣∣∣∣∣
0

(−a2j )
i

...
0
1

(z + a2j )
−1 0

∣∣∣∣∣∣∣∣∣
/ ∣∣∣∣∣∣∣ (−a2j )

i

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣ (−a2j )
i

(z + a2j )
−1

∣∣∣∣∣∣∣
/ ∣∣∣∣∣∣∣ (−a2j )

i

∣∣∣∣∣∣∣
=

(−1)0+1+···+(M−2)

(−1)0+1+···+(M−2)+(M−1)

∣∣∣∣∣∣∣ a2ij

(z + a2j )
−1

∣∣∣∣∣∣∣
/ ∣∣∣∣∣∣∣ a2ij

∣∣∣∣∣∣∣ ,
where i, j satisfy 0 ≤ i ≤ M − 2, 0 ≤ j ≤ M − 1 in the numerator and i, j satisfy
0 ≤ i, j ≤ M − 1 in the denominator. Thus, we have (3.5). ■

Proof of Theorem 1.1 (M = 2, 3, 4, · · · ) Applying the Fourier transform to
BVP(M) and using (2.2), we have

P

((ωk

L

)2
)
û(k) = f̂(k) (k ∈ Z)

↕

û(k) =
√
L Ĝ(k)f̂(k), Ĝ(k) =

1√
L

1

P
((

ωk

L

)2) (k ∈ Z). (3.7)

Using the inverse Fourier transform for û(k) and (2.7), we have (1.3). Applying
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Ĝ(k) to Lemma 3.2, we have

Ĝ(k) =
1√
L

1

P
((

ωk

L

)2) =
(√

L
)M−1 M−1∏

j=0

Ĝj(k) =

M−1∑
j=0

bjĜj(k)

= (−1)M−1

∣∣∣∣∣∣∣ a2ij

Ĝj(k)

∣∣∣∣∣∣∣
0≤i≤M−2, 0≤j≤M−1

/∣∣∣∣∣∣∣ a2ij

∣∣∣∣∣∣∣
0≤i,j≤M−1

.

Using the inverse Fourier transform, we have the Green function (1.4), (1.5) and
(1.6). Since the right-hand side of (1.3) includes only a data function f(x), the
solution to BVP(M) is unique.

Using the properties (3.8), (3.9) and (3.10) of Lemma 3.3, we can show that
u(x) defined by (1.3) satisfies BVP(M), which guarantees the existence of the
solution. ■

Lemma 3.3. The Green function G(x− y) satisfies the following properties:

P (−∂2
x)G(x− y) = 0 (0 < x, y < L, x ̸= y), (3.8)

∂i
xG(x− y)

∣∣∣
x=L

− ∂i
xG(x− y)

∣∣∣
x=0

= 0 (0 ≤ i ≤ 2M − 1, 0 < y < L), (3.9)

∂i
xG(x− y)

∣∣∣
y=x−0

− ∂i
xG(x− y)

∣∣∣
y=x+0

=

{
0 (0 ≤ i ≤ 2M − 2)
(−1)M (i = 2M − 1)

(0 < x < L), (3.10)

G(x− y) > 0 (0 < x, y < L). (3.11)

Proof of Lemma 3.3 Using (3.1), we have (3.8) as

P (−∂2
x)G(x− y) =

M−1∏
k=0

(
−∂2

x + a2k
)M−1∑

j=0

bj Gj(x− y)

=

M−1∑
j=0

bj

M−1∏
k=0

(
−a2j + a2k

)
Gj(x− y) = 0.

If we set i = 2k + ε (0 ≤ k ≤ M − 1, ε = 0, 1), then we have

∂2k+ε
x G(x− y) =

M−1∑
j=0

bj ∂
2k+ε
x Gj(x− y) =

M−1∑
j=0

bj a
2k
j ∂ε

xGj(x− y).

Using (3.2), we have (3.9) as

∂2k+ε
x G(x− y)

∣∣∣
x=L

− ∂2k+ε
x G(x− y)

∣∣∣
x=0

=

M−1∑
j=0

bj a
2k
j

[
∂ε
xGj(x− y)

∣∣∣
x=L

− ∂ε
xGj(x− y)

∣∣∣
x=0

]
= 0.
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Using (3.3), we have (3.10) as

∂2k+ε
x G(x− y)

∣∣∣
y=x−0

− ∂2k+ε
x G(x− y)

∣∣∣
y=x+0

=

M−1∑
j=0

bja
2k
j

[
∂ε
xGj(x− y)

∣∣∣
y=x−0

− ∂ε
xGj(x− y)

∣∣∣
y=x+0

]

=


0 (ε = 0)

−
M−1∑
j=0

bja
2k
j (ε = 1)

(0 ≤ k ≤ M − 1),

where

−
M−1∑
j=0

bja
2k
j = (−1)M

∣∣∣∣∣∣ a2ij

a2kj

∣∣∣∣∣∣
/ ∣∣∣∣∣∣ a2ij

∣∣∣∣∣∣
=

{
0 (0 ≤ k ≤ M − 2),

(−1)M (k = M − 1).

Using (1.6) and (3.4), we have (3.11). This completes the proof of Lemma 3.3. ■

Concerning the uniqueness of the Green function, we show the following lemma.

Lemma 3.4. The smooth function G(x− y) (0 < x, y < L) satisfying Lemma 3.3
(3.8), (3.9) and (3.10) is unique.

Proof of Lemma 3.4 Suppose that we have another function G̃(x−y) satisfying
Lemma 3.3 (3.8), (3.9) and (3.10). For any function f(x),

u(x) =

∫ L

0

G̃(x− y) f(y) dy (0 < x < L)

satisfies BVP(M). From Theorem 1.1, we have∫ L

0

G̃(x− y) f(y) dy =

∫ L

0

G(x− y) f(y) dy (0 < x < L).

This shows G̃(x− y) = G(x− y) (0 < x, y < L). ■

4 Sobolev inequality

In this section, we show that the Green function G(x− y) is a reproducing kernel
for a set of Hilbert space H and its inner product (·, ·)H introduced in section 1.

Lemma 4.1. For any u ∈ H and any fixed y ∈ [0, L], we have the reproducing
relation

u(y) = (u(·), G(· − y) )H (0 ≤ y ≤ L) (4.1)
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holds. Applying u(x) = G(x− y) ∈ H to (4.1), we have

G(0) = ∥G(· − y) ∥2H (0 ≤ y ≤ L). (4.2)

Proof of Lemma 4.1 Applying (·, ·)H to the Parseval equality (2.8), we have

(u, v)H =
∑
k∈Z

P

((ωk

L

)2
)
û(k) v̂(k). (4.3)

Inserting

v(x) = G(x− y) −̂→ v̂(k) = e−
√
−1

ωk
L yĜ(k)

into (4.3), we have

(u(·), G(· − y) )H =
∑
k∈Z

P

((ωk

L

)2
)
û(k) e−

√
−1

ωk
L yĜ(k) =

∑
k∈Z

û(k)φk(y) = u(y),

where we use
√
LP

((
ωk

L

)2)
Ĝ(k) = 1 (k ∈ Z) in (3.7). We have Lemma 4.1. ■

Proof of Theorem 1.2 Applying the Schwarz inequality to (4.1) and using
(4.2), we have

|u(y)|2 ≤ ∥u∥2H∥G(· − y) ∥2H = G(0)∥u∥2H .

Noting C0 = G(0) and taking the supremum with respect to y ∈ [0, L], we have
the Sobolev inequality (

sup
0≤y≤L

|u(y) |
)2

≤ C0 ∥u∥2H . (4.4)

This inequality shows that (·, ·)H is positive definite. In fact, ∥u∥H = 0 yields
u ≡ 0 (x ∈ [0, L]). Applying (4.4) to u(x) = G(x− y0) ∈ H where y0 ∈ [0, L] is an
arbitrarily fixed number, we have(

sup
0≤y≤L

|G(y − y0) |
)2

≤ C0 ∥G(· − y0) ∥2H = C2
0 .

Combining this with the trivial inequality

C2
0 = (G(y0 − y0))

2 ≤
(

sup
0≤y≤L

|G(y − y0) |
)2

,

we have (
sup

0≤y≤L
|G(y − y0) |

)2

= C0 ∥G(· − y0) ∥2H .

The concrete form of (1.8) is followed by (1.4). This completes the proof of
Theorem 1.2. ■
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