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Abstract.In this note, we show that the asymptotic critical value set of a
polynomial map contains the critical values of a polynomial associated to so
called "bad face" of the Newton polyhedron. For this purpose, we present an
effective method to construct rational curves that make the polynomial to
approach asymptotic critical values. In the case when the polynomial map is
Newton non-degenerate at infinity, we give also a superset of the asymptotic
critical value set including the bifurcation locus. Our main technical tool is
the toric geometry that has been introduced into the study of this question
by A.Némethi and A.Zaharia.

1 Introduction

The bifurcation locus of a polynomial map f: C* — C is the smallest subset
B(f) C C such that f is a locally trivial fibration over C\ B(f), [17, A1], [21, Cor
5.1]. Tt is known that B(f) is the union of the set of critical values f(Singf) and the
set of bifurcation values at infinity Bs(f) which may be non-empty and disjoint
from f(Singf) even in very simple examples [1|. Finding the bifurcation locus in
the cases n > 2 is a difficult task and it still remains to be an unreachable ideal.
Nevertheless, one can obtain approximations by supersets of B(f) by exploiting
asymptotical regularity conditions at infinity.

Jelonek and Kurdyka [11, 12] introduced the set of asymptotic critical values
Koo (f) and established an algorithm for finding them. Parusinski [16] has shown
that Koo (f) is finite and includes B (f). Under the condition that the projective
closure of the generic fibre of f in P™ has only isolated singularities, it is shown in
[15] that the equality B(f) = Koo (f) U f(Singf) holds.

A precedent work [5] established a method to detect the bifurcation set in an
efficient way. It gave an answer to a question raised in [12] and [6] about the
detection of the bifurcation locus by rational curve with parametric representa-
tion. More concretely, for a real polynomial f : R®™ — R of degree < d, authors
of [5] consider a real rational curve X (t), lim;—o|| X (¢t)|| — oo, with parametric
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representation of length (d + 1)d"~! + 1 to attain the asymptotic critical value
limyoof(X(2)) € Koo(f)-

In our present note, we propose a method to construct a rational curve that
corresponds to an asymptotic critical value of a polynomial (Theorem 3.1). This
allows us to find out efficiently a subset of Koo (f) for a polynomial f whose Newton
polyhedron has full dimension n. The rational curve in question has drastically
reduced number of terms present in its parametric representation. Further in this
article, we shall use the terminology "parametric length of a curve" to denote this
number. Thus in our Example 5.1, the parametric length of a real rational curve
has been reduced to 4 in comparison with 3601 proposed in [5].

Starting from Lemma 3.1, we take into account the condition (u) on the vector ¢
(2.17) that is always satisfied for a proper choice of the toric data W (2.4) (Lemma
3.2). We follow [13, 22] as for the use of toric geometry in the investigation of the
asymptotically non-regular values of f. Our main Theorem 3.1 states the inclusion
into Ko (f) of critical values of a certain polynomial f,‘y’V , with possibly non-isolated
singularities, constructed on a "bad face" « of the Newton polyhedron of f. Thus
Corollary 3.2 establishes an inclusion relation

U fi(Sing £, 0 (C)¥™7) € Koo(f) (1.1)

vy:bad face

that is valid even in the case of f,yv with non-isolated singularities. The inclusion
(1.1) holds for every f that effectively depends on n variables.

For the case where f is Newton non-degenerate at infinity this gives an ap-
proximation of K (f) formulated in Corollary 3.3 that determines a superset of

Koo (f)
Koy |J  £(Sing £, n(C)%™7)u{o}. (1.2)
~:bad face
In this case our Corollary 3.5 gives a refined upper bound estimate of the car-
dinality #Ko(f) in terms of volumes of polyhedra explicitly obtained from bad
faces. We remark that this estimation gives an approximation sharper than [11,
Theorem 2.2, 2.3] under conditions imposed in Corollary 3.5.

In [19] it is shown that the left hand side set of the relation (1.1) is contained in
the bifurcation set B(f) for v relatively simple bad face (see Definition 4.1) and f,‘y/V
with isolated singularities on (C*)%™ 7. As the inclusion B(f) C Koo (f) is known
from [11],[16], our Corollary 3.3 represents a new result only for v non-relatively
simple bad face, if the condition of the isolated singularities at infinity is assumed.

In Section 4 we examine an example of a polynomial in 5 variables with non-
relatively simple bad face. Even in this situation, we can construct a curve ap-
proaching an asymptotic critical value of f. This gives an example to Corollary
3.3 that is not covered by [19]. As [19] imposes the condition of isolated singu-
larity at infinity, it does not concern our Example 5.1 treating the non-isolated
singularities.

It is worthy noticing that M.Ishikawa [10] established a precise description of
B(f) analogous to [13, Proposition 6] for any polynomial map in two variables, i.e.
possibly for Newton degenerate polynomials.
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Our method heavily relies on various kinds of Newton polyhedra constructed
in two different chart systems. The core technique is explained in Proposition
2.1 where the key data like the integer vector ¢ € Z™ and the integer p > 0 are
introduced. The vector ¢ € Z" is used to calculate the number Ly (3.7) that
determines the parametric length together with the integer p (2.18).

Finally, we remark that efficiency to detect asymptotically non-regular values
can be applied to optimisation problems e.g. see [9]. We recall that [2] had
recourse to effective use of Newton polyhedra in the investigation of the order of
coerciveness of a polynomial f. After [18, Theorem 5], if a polynomial mapping
f : R®™ — R with rational coefficients admits a bounded infimum, this infimum
must belong to the set Koo (f) U f(Singf). As for the real setting of the problem,
see [20]. Thus we hope that our approach represents not only purely theoretical
interests, but also certain utility in the optimisation problem.

The first author expresses gratefulness to Mihai Tibar for having drawn his
attention to the question of asymptotic critical values of a polynomial map and for
useful discussions. He thanks Kiyoshi Takeuchi for comments and remarks. Careful
critical reading achieved by the anonymous referee deserves special mention.

2 Approach with unimodular subdivision of the
dual cone

To fix notations and fundamental notions, we follow [13, 22].
Let us consider a polynomial in & = (21, ,z,),

fl@) =) aqa” (2.1)

with f(0) = 0 where the multi-index « runs within the set of integer points
supp(f) = {a € (Z>0)";ao # 0}. We introduce a convex polyhedron of finite
volume A(f) defined as the convex hull of supp(f) in R™ that is assumed to be
of the maximal dimension, i.e. dim A(f) = n. We denote the convex hull of

supp(f) U{0} in R" by T_(f).

Definition 2.1. For a € (R™)* we denote by A® a face of f,(f) determined by
the condition (a,y) < {(a,z) for every pair x € T_(f) and y € A®. For a face
v C A(f) of the Newton polyhedron of f (2.1), we define fy(x) =) . aaz®.

aecy

Definition 2.2. For a set A C (R>0)"™ we denote by C(A) = {tv;t € R>g, v € A}
the cone with the base A.

Definition 2.3. Let K be a unimodular simplicial subdivision of (T_(f))* where
(T_(f))* is the dual to T_(f).

(T-(f))" ={a € ®")" (a,z) 20, Yz € T_(f))}

={ae (R""; (a,z) >0, Ve e C(T_(f))}.
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Definition 2.4. ([13]) We call a face v C A(f) bad, if it satisfies the following
two properties.
(i) The affine subspace of dimension = dim 7y spanned by y contains the origin.
(ii) (£ condition for the bad face) There exists a hyperplane H C R™ such that
v = HNA(f) defined by an equation Z?=1 pjz; = 0 be provided with a pair of
indices 1 # j satisfying p;p; < 0.

Assume that v is a bad face and a k—dimensional cone 0 € K C (I_(f))* C
(R™)* satisfies

vyCo*={x eR"{a,z) >0,Va € o} (2.2)
with a basis a1,...,ar € Z" such that
vy={veA(f);{a;,v)=0,i=1,...,k}. (2.3)
Such a basis exists by virtue of Definition 2.4 (i).
If a;,---,ax is a unimodular basis of a k— dimensional cone ¢ € K, i.e.
o= Eletiai,ti > 0, we can choose mq,---,m, € Z" a basis of the dual cone

o* = {z € R";(z,a) > 0,Ya € o} such that (a;,m;) = d;5,1 € [1;k],j € [1;n]
where J;; denotes Kronecker Delta. From here on we shall use the notation

i € [ri;ma] © i € {ry,---,ra} for two integers 11 < 9. We can further extend
the basis a1, -+, ax to an n—dimensional basis a1, - - , a, with the aid of supple-
mentary vectors aj1,--- Gy in such a way that det(ay, -+ ,a,) = 1. We pose

o = {3  Mimi; A; > 0,7 € [1; K]}

Definition 2.5. Let o € K be a unimodular simplicial cone with dim(c) = k. An
algebraic torus of dimension n — k associated to the cone o can be defined as

o] = (C)"/{(t", ..., t');t € (C)F, (by,...,b,) € 0}

!
Plo] = CF x
L /
(C)"F 3 (ury . Uk, Ukt 1, - - Up) With T = U/ -,0 where o runs over all
subcones of o.

We also consider a disjoint union of tori given by Mz = U

Definition 2.6. For an integer vector a = (a1, - , o) € Z™ we denote by o/ =
(a1, -+ ,ax) € ZF and " = (apy1,-++ ,0n) € Z"F its respective components.
In a parallel way, we introduce two sets of variables v’ € C* (called affine) and
u” € (C*)"=F (called toric), u= (u',u") € C} where

=k x (CX)"F,

We introduce the following unimodular matrices M and W with integer entries

(i.e. complementary vectors a1, ,a, € o) associated to the cone o € K.
w1 my
Wo ma
W=(a",. ,a,")=| . | W'l=M=]| | (2.4)

W, My
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where (mq,...,my) is a basis of c* and o* = Ei?:leomi + X7 1Rmy. Further
we use the following notation also (see Lemma 3.1)

231
MT = M:Q ) (2.5)
o
Under the change of variables
(21, @) = (W) (2.6)

we consider
M= > au*" (2.7)
a€supp(f)

where W as in (2.4). For a € Z", we represent a.W € Z™ the integer vector with
the aid of its components

aW = A(a), -, A ().

Due to Definition 2.3, the choice of the basis (a1,--- ,ax) and (2.2), we have
the following.

Lemma 2.1. For general v € A(f) that is not necessarily located on the bad face
v, we have A1 (v),...,  \g(v) > 0. In particular, Vj € [1;k], Jv € A(f) such that
/\j(?]) > 0.

Lemma 2.2. The Laurent polynomial f" (0,u") = f}V(u) = > aey aqu®W is a
polynomial (with positive power terms) in v’ variables.

Thus only Agt+1(v),...,An(v) may be negative for v € A(f) in general. Be-
cause of (2.2), f}V(0,u”) is a polynomial in " variables. In other words, A;(v) =
(a1,v) =0,..., 2 (v) = {ag,v) = 0, A\g31(v) = {agt1,v) > 0,..., A (v) = (an,v) >
0, Yv € ~.

The expression f"(u) is a Laurent polynomial with possibly negative power
exponents in toric variables u”, but being restricted to affine variables v/, it gives
a polynomial in v’ = (u1,...,ur). We denote

qufw(u) = (19U1fw(u)7 " ,ﬁunfw(u)),

with 9, = uja%j, j € [1;n]. For a critical point u* = (0,u)) € C} such that
O fIV (u*) = 0, we introduce the notation

u' = (ur, k), U = Uk, Un) = (kg = Uy, s un — )

and consider a local expansion of the Laurent polynomial f"W(u) at u = u* =
(0,u) € C} as follows
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M= > aw-u)= Y aufU", (28)
Besupp,= (fV) Besuppyx (fV)
for supp,(fV) = {B € (Zz0)";ap # 0}. Here the expression corresponding to
the term a.W € (Zgo \ {0}) x Z"5* in (2.7) shall produce a series in (2.8) with
(8',8") € (ZE,\ {0}) x (Z>0)"~* according to the rule

1 1 U
— = (-2 (2.9)
U j uj >0 uj

for j € [k + 1;n].
We calculate logarithmic derivatives of f" (u) (2.8) as follows

G, )= 3 Bapu® U, je 1K), (2.10)
BEsuppy (fWV)
. , U 7 .
D fV (W)= > Buaju’” - Wetup), Celb+ial.  (211)

BEsuppx (fV)

In (2.10), (2.11) the condition |5”| > 2 for §’ = 0 follows from Lemma 2.2 and the
fact that ¥, f" (u*) =0 at u* = (0,u) € Cy.

Definition 2.7. We denote by A, (f") a polyhedron obtained as convex hull of
suppy+(f7 — W (u*)). Similarly we define Ay- (9o, V) as convez hull of

SUPPy (ﬁuj fW)
for j € [1;n]. With the aid of polyhedra Ay« (9., fV),j € [1;n], we define

A" = convex hull of U7_; Ay (P, V). (2.12)

From (2.10), (2.11) we see that A, (fV) c A*.
As the Laurent polynomial f% (u) effectively depends on the variable u € C}
and |"| > 2 for 5/ =0 for (2.10), (2.11), the statement below holds.

Lemma 2.3. For every face § C A* with dim 6 < n — 2 there exists a vector
qs = (g5, q)) € (Z*\ {0}) x Z"=* orthogonal to é.

For the cone ¢ mentioned in Definition 2.5 we consider the decomposition

Y () = % (u) + R(u) (2.13)
with

V(u) = Z aqu™".

a€supp(f)N(Zz0)" M
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The condition o € (Z>0)"M is equivalent to a.W € (Z>¢)"™. Here R(u) corre-
sponds to terms with exponent vectors a.W ¢ (Z>0)™ such that negative powers
appear, i.e. some of A 11(a),. .., A, (@) are strictly negative and A\ (), ..., Ag(a) >
0. We shall note that if some of A\y1;(a) is strictly negative for & € A(f), then
Ai(«) for some i € [1; k] must be strictly positive. See Lemmata 2.1, 2.2.

Lemma 2.4. We have the following relations for the intersection of A* with the
(n — k)—dimensional positive octant (R>o)" %,

dim (A*N{(0,0");a” € (Rx0)" *}) >n—k—1, (2.14)

A*N{(0,a");a" € (Rs0)"*} € {(0,a”); ]| > 1}. (2.15)

Consequently, there exists a face I' of A* containing the LHS of (2.15) as its
face. Thereby vector q orthogonal to T is of the form

¢ =(d',q") € (Z°\{0}) x (Z%5" \ {0}). (2.16)

Proof. Because of 9, f" (u”) = 0, we see that the exponent 3" from (2.10),
(2.11) satisfies || > 2.

As fW(u) effectively depends on (Upy1,--- ,Up) € (C*)"~* there exist subsets
(R=0)™ C (Rxo)" *,i € [1; L], satisfying Zle n; = n — k under the condition
that in (Rs)™ we find a point (0, 3" (7)) € (Rs)™ NT; for a face T'; of Ay (fV).
On each of (R-o)™ we find a set of generator unit vectors {ey)}sier(;) for an
index set L(i) such that (R>0)"" = > ,;)eri) R>o0€e(), #L (1) = ni.

It follows that (0, 3" (i) — ey) € A"\ Ay-(f),£(i) € L(i) thanks to (2.11).
Thus on (Rs)™ we find a set of points from A* with cardinality n; as follows

{0, 5(5) — exo); 6i) € L()}.
The inequality (2.14) follows from the equality
dim (convex hull of Uk, Ue(iyer() (0, B (i) — en)) =n—k—1.

The equalities (2.11) and 9, f}" (u*) = 0 for u* = (0,u]) € C} show (2.15).

Lemma 2.3 and (2.15) imply the existence of the vector ¢ and the face I as in
(2.16).

In summary, we establish the following.
Proposition 2.1. Assume that ﬁufy(u*) =0 for u* = (0,u}) € C¥. The face T

of the polyhedron A* found in Lemma 2.4 with its orthogonal vector ¢ = (¢, q") €
(ZF\ {0}) x (Z;ak \ {0}) (2.16) can be characterised as follows

I'={8eA" (8 q < </3’,q> for every § € A*}. (2.17)



24 S. Tanabé & A. Giindiiz

Thus for any B € A* the inequality (8,q) < <B~, q> holds with every

B € Ay ((ay 9uf™ (w))),
€ [1;n]. We shall further denote by p the following integer
p =mingea~ (&, q) (2.18)
that is equal to («,q) for a € T.

This proposition follows from Lemma 2.4 and the inclusion Ay« ({pi, 9o f* (1))
C A*, ¢ € [1;n]. In fact, by a proper choice of vectors ay,:-- ,a, that form
a part of a unimodular basis of R™ (2.4) (Lemma 3.2), we can assume that
Ay ({piy 90 fW (1)) = A*, Vi € [1;n]. See Corollary 3.1 below.

See Figure 5.1 where the face I' is illustrated for the Example 5.1.

3 Curve construction by means of Newton polyhe-
dron
In this section we construct a curve X (t) that goes to the infinity on which the

value of f tends to an asymptotic critical value lim;_of(X(t)) € Koo (f).
Let us introduce a curve with parametric representation

Q1) = (u/(t),u”" (1)) = (t7 + h.ot.u, +c"t7 +hot.) (3.1)
where g = (¢',¢") € (24, {0}) % (25" (0}) found in Proposition 2.1 and u/ #0,
as u, € (C*)"~*. Here c't9 = (cjt?, -, c,t%) etc.

Definition 3.1. ( [11, 12]) Consider a curve X (t) = (x1(t), -+ ,zn(t)) that sat-
isfies the following two conditions

lima_o|| X (2)]] = oo, (3.2)
limt_,oxi(t)w —0 (33)

for every pair (i,5) € [1;n]?. We call the value lim;_of(X(t)) an asymptotic

critical value of f. We denote by Koo (f) the set of asymptotic critical values of f.

After [4], the image value of f that is not asymptotic critical is called a
t—regular value of f. If the limit lim;—o0f(X(t)) = po exists for the curve (3.2),
the negation of the condition (3.3) is known as Malgrange condition for the fibre
f~Y(po), i.e. Je > 0 such that

limeol | X (1) llgrad FX®)]] > e

To construct a curve || X (t)|| — oo as above, it is enough to consider only one
torus chart ®[o] from Definition 2.5.
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Lemma 3.1. For ¢ = (¢',q") € (ZF\ {0}) x (Z2," \ {0}) found in Proposition
2.1, the following equivalence holds. (i) Jw; (2.4) such that {(¢',0),w;) < 0 &
(1) (', 0) & 2275 Rxop;. We call this condition ().

Proof. (i) = (ii). We show the contraposition. For the vector r = Z?Zl tit,
t; > 0 for every j € [1;n], (r,w;) =t; > 0 for every i.

(i1) = (i). Also by contraposition. Take r = Y7 s;u; € R™ such that
(ryw;) = s; > 0 for every i. As r = (¢/,0) # (0,0) not every s; equals to zero, thus
s; > 0 for some j. Compare with [7, 2.3] Claim 1, Claim 2, Exercise.

Lemma 3.2. The condition (i) of Lemma 8.1 is satisfied for properly chosen
vectors ak,- -, a, that form a part of a unimodular basis of R™ (2.4). Especially,
we can choose vectors mj, j € [1;n] from (Zso)".

Proof. The condition (ii) of Lemma 3.1 is satisfied if m; € (Z-0)™, Vi € [1;n].

From Definition 2.4 (ii) we can choose ai,---,a) in such a way that V/ €
[1;k],37 € [1;n] satisfying aj < O for ap = (aj,--- ,a}). In other words, {z €
R™;{ag,x) = 0} N (Rso)™ # 0,V€ € [1;k]. Let a1, - ,a, be a unimodular basis
of Z™ obtained as an extension of ai,---,ar chosen as above. We see that it is

possible to construct a unimodular basis a; € (R>0)"™, Vi € [1;n] as it is allowed to
replace a;,j € [k+1;n] by a;+C; ¢a, with large enough C; ¢ € Z,¢ € [1;k]. Thus
we can assume that aj,Vj € [1;n] has at least one strictly negative component.

For the n—dimensional cone 7 = ZZL:I R>oa; consider its dual cone 7V that
admits the expression 7¥ = > | Rs¢m; with generators m; € Z" satisfying
<7’7L2',aj> = Biém- for certain B; € Z>0,i € [1,71] See [7, §12, (8)]

In view of the unimodular property of (ai,---,a,) we see that the basis
(m1,- -+ ,my,) of the dual cone 7V must be also unimodular. This means that
(1, ,mmy,) can be taken as M = W~ in (2.4).

By the above construction, for the cone 7 = Y_I" | R>oa; the set 7\ {0} contains
(Rs0)™ as its strict subset. The dual cone 7V satisfies 7 \ {0} C (R%,)". This
implies that the generators 7V of m;,Vi € [1;n] are from (Zo)™.

From Lemma 3.2 it follows that the vectors u;,¢ € [1;n] from (2.5) lie in (Z~o)™.
This yields the following.

Corollary 3.1. Under the choice of the unimodular basis (a1, -+ ,ay) as in Lemma
3.2 we can assume that the Newton polyhedron Ay« ((p;, 0 f" (v))) coincides with
A*, Vi € [1;n].

We remark also the following.

Lemma 3.3. The integer p (2.18) is strictly positive for q determined for the face
T' constructed in Proposition 2.1.

Proof. By Definition 2.7, for every 8 € Ay-({uj, fV')) there exists & €
{{q,-) = p} such that 8 = ta for ¢t > 1. The number p was defined as the minimal
value of the linear function (g,-) on A* and (g, 8) = tp > p thus p must be strictly
positive.

Let us denote by X (¢) the image of the curve Q(t) defined in (3.1) by the map
(2.6).
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Lemma 3.4. The condition (1) of Lemma 3.1 is sufficient so that there exists
a curve | X (t)|| — oo with finite limit lim;_of(X(t)) = limiof™V(Q(t)). The
equality lim;_0 9, fV (Q(t)) = 0 holds and the limit lim;_of"V (Q(t)) corresponds
to a critical value of the polynomial f;’V(u)

Proof. By (3.1) and z; = u"*, we have
2i(t) = cit{@ 0w (1 4 hot.).

The existence of the value lim;_of(X(t)) = lims—of" (Q(t)) is clear from the
definition of the curve (3.1).

By means of the vectors introduced in Lemma 3.1 (1), we deduce the following

relation W
Ve, f () Vg f7 (u)
. =MT ) (3.4)
Uz, f() G (1)
Let £ = ({1,---,0,) € (R*)" be a vector in general position with non-zero
components and denote Z, u") = Z?:l Z;u™i. Then we have
aacl f(.’L') ulfull 19714 fW (U)
- Oz, f () - u”wz’a Dy ™ (u)
<€,x> . = <€, uW> . . (3.5)
Ou,, f () ey Du, [ (w)

From this equality we see that it is enough to look for a curve Q(t) given by
(3.1) such that

min {(q',0), wi — wy) + ord (. 0us™ ) Q1)) > 0 (3.6)

for every j € [1;n] so that to ensure the condition (3.3). In fact, a linear combina-
tion of LHS of (3.5) for various vectors ¢ will produce all n x n functions present
in (3.3).
We define also
Lo = maziz; ((¢',0),w; — wj) . (3.7)

Definition 3.2. We shall use the set of indices J C [1;n] defined by

I ={Jj € [Lin];miniz; (¢, 0), w; — w;) < 0}.

The cardinality of J is at most n — 1.
To formulate the main theorem of this section, we introduce a coordinate sys-
tem on the (arc) space of rationally parametrised curves of the form (3.1),

Qt) = (W' (t),u" () = (' (00t + ()t T 4heo.t.,u, +¢"(0)t9 +" (1)t T +h.o.t.)
(3.8)
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where ¢ = (¢/,¢") € Z™ with coprime elements characterised in Proposition 2.1
and Lemma 3.3.
Here we take into account finite number of coefficients

¢(j) = (c1(d), s en(d) € T, () = (ersa(5), -+ enls)) € C"7F,

J € Z>p. We denote the space of coefficients C in such a way that ¢ = (¢/, ") € C,
= (Cl(0)7 C/(1)7 CI(2)7 T )7 "= (CH(O)7 C//(1)7 C//(2)7 T )
The following theorem tells us that every critical value of the polynomial

f,fv(u) = Z aqu™?

aeyNsupp(f)

with v bad face is an asymptotic critical value. It is worthy noticing that the
singular points of f,(z) can be non-isolated and no restriction is assumed on the
dimension of the bad face v in question.

Theorem 3.1. Let f € Clz] be a polynomial whose Newton polyhedron A(f) has
full dimension n. Assume that v is one of its bad faces like in Definition 2.4.
(i) We can find a curve X(t) satisfying (3.2), (3.3) of Definition 8.1 such that
limy_0f(X(t)) equals to a critical value of the polynomial fV (u). (ii) This curve
is obtained as the image by the map (2.6) of a curve Q(t) whose coefficients ¢ € C
satisfy (Lo —p + 1) | J | —tuple of algebraic equations for p (2.18), Lo (3.7).
(iii) The curve Q(t) mentioned in (ii) has a parametric representation (3.8) of
parametric length Ly — p + 2, i.e. we can assume its parametrisation coefficients
()" () = 0 for j > Lo — p+-1.

Proof. By Lemma 3.2 and Lemma 3.4 we have already shown that the curve
under question satisfies (3.2) of Definition 3.1.

Now we need to show that there is a curve (3.8) satisfying (3.3). For this
purpose we look for a curve that makes the inequality (3.6) valid. Proposi-
tion 2.1 and Lemma 3.3 tell us that it is enough to verify (3.6) for j € J as
ord ({uj, 0 ") (Q(t))) = p > 0.

The expansion of (p;, 9, f") (Q(t)),j € I in ¢ has the following form

ghe)t” + g’ 1 ()t + hot.

For each j € J, the vector with polynomial entries gg(c) depends on all n variables
(¢'(0),¢"(0)) € C™ C € in view of the choice of ¢ € Z™ made in Proposition 2.1.

As | J |< n, the system of algebraic equations gg(c) = 0,Vj € J has non-trivial
solutions in C while g (c) effectively depends on (</(0),¢”(0)).

The vector with polynomial entries gf,_H(c) effectively depends on (¢/(0), ¢”(0),
(1), (1)) € C?" C C thus the system of equations gf;_H(c) = 0,Vj € J has also
non-trivial solutions in C.

In this way, we can find non-trivial solutions to (Lo + 1 — p) | J | —tuple of
algebraic equations

gie) =gl (c)=-=g] (c)=0Vj€]
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for L() (37) )
To prove this, it is enough to show that g;H(c) effectively depends on (¢/(¢),

c”(0)) that are absent in gz+g(c) for £ € [0;¢ — 1].

First we remark that gi 4¢(c) is a sum of monomials of the form

const. H H y(iy,)™ivr (3.9)

satisfying the following homogeneity condition

prl=2 > (a+i)mi,., (3.10)

v=11,€I,

with I, C [0;¢], m;, , >0, Vi, € I,,Yv € [1;n].

By a simple calculation, we see that non vanishing terms of the following form
appear in g7 ,(c),£ > 1,

k
const. H Hcl,(z',,)mi%” H (i)™ | e (f) (3.11)

v=1,v#k i, €I, i€ \{¢}

for k € [1; k] and

const. H H ey (iy, )™ H (i)™ | e () (3.12)

v=k+1l,v#k i, €1, i€l \{¢}

for k € [k+1;n]. Non vanishing of (3.11) with x € [1; k] is due to the presence of a

term proportional to w'® (£)U"?" (t) such that (g, (o/, ")) = p in {p;, 9uf" (u)).

That of (3.12) with x € [k + 1;n] is due to the presence of a term proportional

to U"*"(t) such that (g, (0,a")) = p in (pj, 9uf" (u)) and u # 0. This can

be seen from Proposition 2.1 and Corollary 3.1. These originating monomials

w' (U (t), U (t) are uniquely determined from power exponents {m;, , }i, e1,
that can be seen from (3.9), (3.10):

o, =1+ Z m;, . for k € [1;k]; (resp. k € [k + 1;n]),
in €l

a, = Y mi,, forve LR\ {x} (resp.ve[k+1;n]\ {x}).
ivel,

Thus no cancellation of terms (3.11), (3.12) happens. As (pj, 9, f" (u)) , j €1
contains monomials u_’a/ YU (), U"*" (t) of the above type, the factor c,(¢),
k € [1;n] appears in gzﬂ,(c) but it does not appear in gZJJ(c), ¢ € [0;£—1] because
of (3.10).
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Corollary 3.2. For f € Clz] with dim A(f) = n, the following inclusion holds

U £(Sing £, 0 (C)™7) € Koo(f) (3.13)

where v runs among bad faces of A(f).
Proof. Theorem 3.1 tells us
£ (Sing f37 0 (C)H™ ) € Koo (f)-
It is enough to show that
£ (Sing f37 0 (C*)*™ ) = f,(Sing f, N (C*)¥™7)

for f’Y(x) = Zaé’yﬂsupp(f) aaxa.

From Lemma 2.2, f,‘Y’V (u) is a polynomial depending effectively on toric vari-
ables v’ and independent of affine variables u’ (the condition (i) of the Defi-
nition 2.4 ). This means that 0, f1¥(u) = --- = ¥y, f} () = 0. Thus for
u! € Sing f¥ N (C*)% ™7, the vanishing of the logarithmic gradient vector holds:
D3V (0,u) = 0. By using the map u”(z) = (™, --- ,z™") induced by the in-
verse to (2.6), we see f(x) = f1V(0,u”(x)). Taking the relation (3.4) into account,
we see that this entails ¥, f,(z,) = 0 for z, € (C*)™ that satisfies u” (z,) = uf.

Conversely, if ¥, f(z.) = 0 for z, € (C*)", by (3.4), we see U, £}V (0,u)) = 0
for u} = u"(x.) the image of the map (2.6).

Remark 3.1. After [18, Theorem 5|, if a polynomial mapping f : R* — R
with rational coefficients admits a bounded infimum, it must belong to the set
Koo(f) U f(Singf). Our Corollary 3.2 exhibits the candidate for infimum of a
real polynomial map, if it is possible to construct a real curve satisfying (3.2),
(3.3) after the method in Lemma 3.4. See [20]. Thus our approach represents a
potential utility in the optimisation problem.

In [3] Theorem 1.1, for f Newton non-degenerate at infinity it is stated that

Koo(f) C {0} U] fa(Sing fa N (C*)#™ ), (3.14)
A

where the union runs over all “atypical faces” of f (faces that satisfy our Definition
2.4 (ii) ).
Here we remark the following:

Corollary 3.3. For f Newton non-degenerate at infinity in the sense of [3], the
following inclusion holds

Koo(f) € |J fy(Sing £, 0 (C)¥™7) U {0}, (3.15)

where v runs among bad faces of A(f).
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Proof. For A an atypical face satisfying (ii) of Definition 2.4, but not (i), we
see that

fa(Sing fa N (C*)¥m™ %) C {0}. (3.16)

In this case, the face A is contained in a (dim A) dimensional affine space that

does not pass through the origin. As fa is a weighted homogeneous polynomial

such that fa = Z?zl w;VY; fa for a non-zero rational vector (w;)?_;, we have (3.16).
The relations (3.14) and (3.16) yield (3.15).

In combining Corollaries 3.2, 3.3, we determine Koo (f) up to {0} under the
assumption of Theorem 3.1 for f Newton non-degenerate at infinity.

For f depending effectively on two variables, M.Ishikawa [10, Theorem 6.5]
established a precise description of B(f) where a set essentially larger than the
LHS of (3.13) appears. This situation suggests that the superset of K (f) can
be essentially larger than the RHS of (3.15), if f is not Newton non-degenerate at
infinity.

Parusiniski [15] established the equality

Koo(f) U f(Sing f) = B(f)

for the case where the projective closure in P" of the generic fibre of f has only
isolated singularities on the hyperplane at infinity Ho, C P™. In this setting, we
see

Corollary 3.4. Let f be a polynomial decomposed into homogeneous terms f(x) =
Z;l:o fi(z),deg f; = j, in such a way that the Newton polyhedron A(fq) is of full
dimension (= n— 1). Furthermore, the projective closure in P™ of the generic fibre
of f has only isolated singularities on the hyperplane at infinity Ho, C P™. Then
we have

Xy CB(f) cxyuU{0}. (3.17)

for
Ef = f(SIHg f) U U f,y(Slng f’y N ((CX)dim 'y).

Y

Thus to decide exactly B(f) in this case, it is enough to verify {0} € B(f) or
not.

Now we consider an affine lattice L, (i.e. a principal homogeneous space of a
free Abelian group) with rank dim ~ generated by

vz - W ={aW;aeyNZ"} (3.18)

for v a bad face and W (2.4). We denote by L, ® R the real affine space spanned
by L,. In L, ® R, we introduce the volume form Vol, by setting the volume
of an elementary simplex with vertices in L, equal to 1 ([8, §2 C]). After [8,
Theorem 3A.2] the principal A—determinant D 4( fXV + ag) of the polynomial

> acsupp(f,) aou®"W + ag is a homogeneous polynomial of degree Vol (v - W)
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in (@a)acsupps, and ag for 4z - W the convex hull of vz - W and {0} in L, ®R. Let
us define the volume Vol,(7z) in an analogous way to Vol (yz - W) in replacing
W by the identity matrix Idgim ~-

We remark that Vol (yz - W) equals to Vol (7z) due to the unimodularity of
W.

Thus we establish the following evaluation on the cardinality of K (f) and
B(f).

Corollary 3.5. For f like in Corollary 3.3 (resp. like in 3.4), the following
inequalities hold

#hoo(/) <1+ Y Vol,(72), (3.19)
y:bad face
[resp.
#B(f) <1+ Y Vol,(7z) + #/[(Sing f).] (3.20)
vy:bad face

We remark that the estimation above (3.19) gives a sharper approximation
than [11, Theorem 2.2, 2.3] under conditions imposed in Corollary 3.5.

4 Non relatively simple face

In [19], the notion of relatively simple face has been introduced.

Definition 4.1. (/19, Definition 1.4]) A face y C T_(f)NA(f) is called relatively
simple, if C(v)* C (T_(f))* is simplicial or dim C(y)* <3 .

The main result Theorem 1.6 of [19] relies heavily on the notion of relatively
simple faces. It shows that the set [, f,(Sing f, N (C*)4m7) where ~ runs
relatively simple bad faces is contained in the bifurcation value set of a poly-
nomial mapping f under the condition of Newton non-degeneracy and isolated
singularities at infinity. We say that f has isolated singularities at infinity over
b e U, fy(Sing f, N (C)#m7)if f71(b) N (C*)%™7 has only isolated singular
points for every bad face +.

In this section, we examine an example of a polynomial in 5 variables with
non-relatively simple bad face (see (4.2) ). Even in this situation, we can con-
struct a curve X (t) satisfying (3.2), (3.3) of Definition 3.1 approaching the value
f+(Sing £,N(C*)4m ) for non-relatively simple bad face 7. This gives an example
to Corollary 3.2 that is not covered by [19].

1) Let us begin with a simplicial cone in R* generated by four 1 dimensional
cones C(v1),C(v2),C(v3), C(v4) where 11 = (3,3,4,2), v2 = (1,3,5,2), 03 =
(3,1,4,2), vy = (1,1,1,1). Here we recall the Definition 2.2.

Each face of the simplicial cone

Fijr:=0C S s+ 8505 + silk (4.1)
Si+sj+sp=1
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where {7,7,k} = {1,2,3,4} \ {¢} for £ # i,j,k, is defined as a subset of a plane
{v € R*(A; ;x,v) = 0}. The orthogonal vector to each of the faces is given
by: A1)273 = (—2,0, —47 11), A1’3,4 = (—2,0, 1, 1), A172)4 = (1,—5,2,2), A273’4 =
(1,1,0,—2). We choose the direction of the orthogonal vector in such a way that
(Ai jk,0e) > 0 for every quadruple indices {i, 7, k, ¢} = {1,2,3,4}.

We shall construct a non-simplicial cone by means of an additional cone C(5)
that will be built with the aid of the vector A3 3 4. Namely we choose U5 = U2 +
U3 + Vg — A2)3,4 = (4, 4,10, 7)

We shall convince ourselves that the new non-simplicial cone geneated by
five 1 dimensional cones C(71),C(v2),C(v3), C(v4),C(U5) is a convex cone with
six faces. In fact, we calculate the orthogonal vector to each of faces Fj;x
defined in a manner similar to (4.1) for {i,7,k} = {1,2,3,4,5} \ {¢{,p} such
that {i,j, k, &p} = {1, 2, 3, 4, 5} A2)3’5 = (17, 297 —24, 8), A2)4’5 = (2, —1, 1, —2),
A3,475 = (—1, 3, 2, —4) in addition to A1,273,A1,374,A1,274 already known (F273,4 is
not a face of the newly constructed cone any more). We have again (4, ; x,v¢) > 0,
(Ai jk, Up) > 0 for every quintuple indices {¢, j, k, ¢, p} as above and see thus the
newly constructed cone is convex.

2) Now we consider a shift of the apex of the cone towards a vector vy €
(Rx0)%, say 0o = (1,2,3,1). We denote the face of the shifted cone B; j, = Uy +
Fiir (1,3,k) € Ir == {(1,2,3),(1,3,4),(1,2,4),(2,3,5),(2,4,5),(3,4,5)}. The
face B; j 1 is a subset of a plane {v € R*; (4; j x,v) = (A; .k, Do)} for (i,4,k) € Ip.
In "homogenising" the defining equation of a plane containing B; ; ;. we get a plane
in R®: H; = {(,y,2,w,r) € R% (A; 1, (x,y,z,w)) = (Ai j ., Vo) r} for (i, j, k)
€ Ir. In this way we get six (= #/r) planes in R® passing through the origin and
the intersection

é = m(i,j,k)elp{(xay7zawa T‘) € Rs; <Ai,j,ka (xayv va» - <Ai,j,kvl_}0> r> O}

produces a convex cone. By construction, every plane H; ;j contains a 1 dimen-
sional cone C(vy). Consequently, the cone C' contains C(vg) = N j kyerr Hij ke for
Vg = (170, 1).

If we use the choice done in 1) and vy = (1,2,3,1,1), the vectors L; j; or-
thogonal to the planes H, ;j are given by Lio3 = (—2,0,—4,11,3), L134 =
(=2,0,1,1,-2), Lias = (1,-5,2,2,1), Lass = (17,29, 24,8, —11), Los =
(2,-1,1,-2,-1), L3 45 = (—1,3,2,—4,—7). We define vectors v; = (7;,0),7 €
[1;5] in R®. The vector L; j € (R%)* is orthogonal to v;,v;, vy in addition to v.
We shall check that (L; ; x,ve) > 0 for every v, ¢ € [0;5]. Except 6 triples (i, 7, k)
€ I, this positivity property is not satisfied for other triples from {1,2,3,4,5}.
In particular, for Ly g4 = (1,1,0,—2,—1) we have (L3 3.4,v5) = —6.

The following polynomial

f = _3gv0 + xSvo + xv1+vo _|_x’02+'l]0 + $U3+v0 4 ],‘U4+UO T xv;,-&-vo (42)

has a 1— dimensional bad face contained in C(vp) that is not relatively simple in the
sense of Definition 4.1. In fact, the cone C(vp)* € (R®)* in the dual fan (I_(f))* is
anon-simplicial 4 dimensional cone with 6 generators L; j x, (¢, , k) € Ir calculated
above. In the sequel, we shall show the inclusion

{£2} € Koo(f) € {0,£2}. (4.3)
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3) Now we shall construct a unimodular cone o € K of the unimodular simpli-
cial subdivision (I'_(f))*. For example, if we choose

1 1
a; = 3(L1,3,4 +Lisa+2L123), ax= B(L1,2,4 +3L123+10L245),
a3 =1Li23, as=DLoss, as=(1,1,-1,1,0),

as column vectors of

w1 -1 1 -2 2 1
ws 1 -1 0 -1 1
W = (alT,agT,agT,a:‘f,ag) =| w3 |=] -1 0 -4 1 -1 |,
Wy 5 1 11 -2 1
ws 1 0 3 -1 0

they generate a unimodular cone o. One shall also verify that (as,a) > 0 for all
a € supp(f). As for the method to obtain unimodular simplicial subdivision of a
cone see [14].

In this situation, the polynomial (4.2) will have the following form

fW(u) _ U117U27U329u56 + U12U24U45U55 +U12UQU35U53+

2 2,3, 5 3
uLus” + us“ugsus” + us” — 3us.

Consider the expansion (2.8) around the singular point v* = (0,0,0,0,1)
where ¢, f" (u*) = 0. Then we see that supp,-((u;, fV')) C {v;{(g,v) > 5} for
J € [1;4] and vector ¢ = (5,—20,3,15,5). The face I' C suppu*(<,uj,fw>) treated
in Proposition 2.1, i.e. I' C {v; (g, v) = 5} can be found as a convex hull of points
(07 Oa Oa 07 1)7 (07 23 Oa 37 0)7 (]-a Oa 07 07 O)a (25 ]-7 57 07 0)’ (27 47 07 53 O)

The relation (¢’,0).W = (—1,0,—2,8,—1) for (¢’,0) = (5,—20, 3, 15,0) shows
that the condition (u) of Lemma 3.1 is satisfied. From this relation, we see that

= {1,2,4,5} and min;£; ((¢',0),w; —w;) = ((¢',0),ws —wy) = —10 = —Lo,

P = MiaeA,« (u, 7)) (& @) = 5
We consider a curve Q(t) with real coefficients of length 11 = Ly 4+ 1 namely

10 10
up = ch(j)tj+57u2 = ZCz(j)tj_QO,
=0 =0

10 10

10
uz = ZCg(j)tj+3,U4 = ZC4(j)tj+157u5 =1+ ch(j)tj+5~
=0

Jj=0 Jj=0

The system of equations (that corresponds to the coefficients of 5 terms)
gi(c) = gi(c) = gi(c) = gi(c) =0

where
(g})(c) = 4¢1(0)2¢2(0)*¢4(0)5 + 2¢1(0)%¢2(0)c3(0)® + 2¢1(0) + 4ca(0)%e4(0)3 +
6(35 0 5
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) = 3¢1(0)%e2(0)*c4(0)® + 3¢1(0)%c2(0)e3(0)° + 5¢1(0) + 5e2(0)2¢4(0)2 +

gi(c) = 3¢1(0)%c2(0)%cs(0)°+2¢1(0)%c2(0)e3(0)5+3¢1(0)+3c2(0)%e4(0)3+6¢5(0)

g3 (c) = ¢1(0)%c2(0)*c4(0)° + ¢1(0)?c2(0)e3(0)° + €1(0) + ¢2(0)¢a(0)? + 6¢5(0)
admits non-trivial solutions because each equation effectively depends on c; (O)j 15"
In a similar manner, the system of equations (that corresponds to the coefficients
of t*+1 terms)

gi(c) = gie) = gi(c) = gi(c) = 0
for k € [2,6] also admits non-trivial solutions by virtue of Theorem 3.1.

In this way, we can find non-trivial solutions for a system of 24 algebraic
equations gj(c¢) = 0,c € C,j = 1,2,4,5,k € [1,6]. This means that we can
construct a curve Q(¢) of parametric length 7 sastisfying the condition (3.6)
—10 + ord {p;, 9. fV(Q(t))) > 0 for j € J = {1,2,4,5}. The image X(t) of
the curve Q(¢t) by the map

gy = u(CLLm22D g (FLL0LY) g (210,- 40— 1)

— (5:1,11,-2,1) (1,0,3,~1,0)

T4

satisfies (3.2), (3.3) of Definition 3.1 and lim;—of(X (1)) = =2 € Koo (f). A similar
arguments shows 2 € Ko (f). We see that the polynomial (4.2) is Newton non-
degenerate at infinity in the sense of [3, Theorem 1.1]. There is no contribution in
the right hand side superset in (3.14) from "atypical faces" except that from the
"strongly atypical face" |3, Definition 3.2] corresponding to the bad face of A(f)
for (4.2). Thus we conclude the inclusion relation (4.3).

For the polynomial (4.2) the method of [5, Theorem 3.5.] proposes construction
of a curve of parametric length d*(d + 1) + 1 = 3360001 with d = 20 = |vg + v1|
satisfying the required properties.

, Ty = U

5 Examples

We shall give an example that illustrates our Theorem 3.1.

Example 5.1. (Non-isolated singularity on a two dimensional bad face)
Consider a polynomial f(z) = 2% + (22 — 2% +1)2 4 (2¥2 — 2% +1)3 + 2% — 2
with v1 = (2,1,1),v2 = (2,2,1),v3 = (1,2,1),v4 = (3,1,1). This case with non-
isolated singularities at infinity has not been treated in [19].
We remark that

1 2 1 1
M= v | =@ m"uw")={2 2 1
V3 1 2 1
is unimodular. Thus we can set
w1 0 1 -1
M t=w-= (alT,agT,agT) =1 wy = -1 1 0

w3 2 -3 2
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The only bad face v of A(f) is located on the plane spanned by vs,vs. For the
above W, we have
U1U

fW(u):—2+u1+(uQ—U3+1)2+(u2—u3+1)3+ —
3

After (3.19), #Ko(f) < 10 while Vol (yz - W) = 9 for 4z - W : the convex hull of
{(0,0), (3,0, (0,3)}- |

The polynomial f1V(0,uz,us) = (uz — us + 1)® 4+ (uz — ug + 1) has non-
isolated singularities along a line us — uz + 1 = 0. We can choose, for example
u* = (0,—1/3,2/3). In the neighbourhood of this point the rational function f" (u)
has the expansion

3 3U. 3U.

Y(u) = —2+u1+(U2—U3)2+(U2—U3)3+%(U2—1/3)(1—73+(73)2+' ),
for Uy = ug + 1/3,Us = ug — 2/3. The polyhedron A* = A(<,ui,19ufw(u)>), 1=
1,2, 3, gives rise to the face I' (2.17). A direct calculation shows

</~L37 ﬁufw(u)> =

U oy, 42Uy + hot.

T 16

Figure 5.1: The facet I

Thus we find the face I" located on the plane containing (1,0, 0), (0,0, 1), (0,1, 0)
and ¢ = (1,1,1), (¢/,0) = (1,0,0). Thereby the condition (u) of Lemma 3.1 is
satisfied as ((¢/,0),ws) = —1.

We calculate Ly = 3 and p = 1. A curve Q(¢) (3.8) with real coefficients of
parametric length 4, namely

3 3 3
u =Y e un = —1/34 Y o) us =2/3+ Y ea(HPH
=0

Jj=0 Jj=0

that satisfies
=3+ ord {pj, 9.V (Q(t))) > 0
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for j € J ={1,3} can be constructed.

We remark that after the method of [5, Theorem 3.5.], the real curve with
required property has parametric length 16 x 152 + 1 = 3601.

In fact, if we plug these expressions into <u3, ﬁufW(u)> , we get an expansion
with initial term proportional to t*, ((¢,a) =1 for a € T');

(a3, 9 f Y () (Q(1)) = {e1(0)/2 = 263(0) + 23(0)) -+
1/4{2¢1(1) +6¢1(0)c2(0) — 4e2(0)? — 8e2(1) + 3¢1(0)c3(0) + 8c2(0)es(0) — 4es(0) +
8c3(1)}t2+
1/8{461(2) + 1261(1)02(0) + 24(22(0) + 1261( )CQ( ) - 1682(0) ( ) — 1602(2) +
6c1(1)e3(0) — 18¢1(0)c2(0)e3(0) — 72¢2(0)%e3(0) + 16¢2(1)ez(0) — 9e1(0)e3(0)? +
72¢2(0)c3(0)2—24¢3(0)3+6¢1(0)c3(1)+16¢2(0)c3(1)—16¢3(0)cz(1)+16¢5(2) J3+- - -

The case (u1,9.f" (Q(t))) also admits a similar expression. In both cases
j € J={1,3}, coefficient of ¢ depends on (c1(0), c2(0), c3(0)), that of t> depends on
(c1(0), ¢2(0), c3(0), c1(1), c2(1), c3(1)), that of 3 depends on (¢;(§))iz1.2.3,j=0,1,2-
Thus the system of algebraic equations imposed on (¢;(j))i=1,2,3,j=0,1,2 € C° to
make the coefficients of ¢, #2, ¢ vanish has non-trivial solutions. In fact, this system
can be solved in RY. As for the construction of a real curve Q(t), i.e. a real curve
X (t), see [20].

We can choose as (c1(3), c2(3), c3(3)) € C? arbitrary non-zero vector.

The image of the curve Q(¢) by the map

T = uzugl, To = ul_luQ,xg = u?uQ_Su%

satisfies (3.2) , (3.3) of Definition 3.1 and lim—of(X(t)) = =2 € Kao(f).

As it can be seen in this example, the curve X(t) approaches the surface
{z; f(x) = -2} ast — 0.

We obtain a curve X (t) = (x1(t), z2(t), x3(t)) asymptotically approaching the
surface {z; f(z) = —2} as follows:

T A A

z1(t) = G E a3
th+ 36 4T 113
T e A A

xg(t)z 3,

th 13 412+t

<t4+1§’;é 7ﬁ+3t+ ) (t4+t3+t2+t)2
x3(t) = )

(83 + 1241 — 1)’
On the Figure 5.2, we see two branches of the curve that correspond to the
asymptotes ¢ — 0 from ¢t > 0 and ¢ < 0 respectively. In Example 5.1, the figure

illustrating algebraic surface and rational parametric curves are prepared with the
aid of the computer programme MATLAB.

Example 5.2. (Isolated singularities at infinity)
Consider a polynomial f(z) = —3z% + 2% +2%2 + 3% with vg = (2,2,1),v1 =
(1,0,1),v9 = (0,1,1).

W = (alT,a2T7a3T) = | wy = -2 -1 -1
w3 2 2 1
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Figure 5.2: Branches of the curve X(t)

mi -1 -2 -1
M= my | =(m" )= 0 1 1
ms 2 2 1

The only bad face v of A(f) is located on the cone {t.vg;t > 0}. We have
Y = uPuaus® + ug + uz® — 3us,

and f)V(u) = us® — 3us has singular points uj = £1 and critical values T2
respectively. After [19] we see that in this case the bifurcation set B(f) C Ko (f)
contains {£2}.

We shall construct a curve X (¢) that satisfies (3.2) , (3.3) of Definition 3.1 and
also the limit condition lim;—f(X(t)) = —2. A curve satisfying lim;_o f(X (t)) =
2 can be also constructed in a parallel way.

First of all we find the face I' as in Proposition 2.1. The face I' is on the plane
containing (3,2,0),(0,1,0),(0,0,1) and ¢ = (-1, 3,3), i.e. (¢’,0) =(—1,3,0). The
condition (u) of Lemma 3.1 is thus satisfied.

As we see

((q’,O),w1> =-1, <(q/30)7w2> =-1, <(q/30)7w3> =4,

J = {3} and Ly = maxix; ((¢,0), w; — w;) = 5.

We remark also that the equality Au*(<u3, fW>) = A* holds without the
assumption M € (Z0)**® imposed in Corollary 3.1.

The curve (3.8) has the expansion

up = c1(0)t7 + (1) + hot., uy = c2(0)t3 + co (1)t + h.o.t,

uz = 14 c3(0)t* + c3(1)t* + h.o.t.

If we plug these expressions into (uz, 7., f" (u)), we get an expansion with initial
term * ({g,a) = 3 for a € I');

{e2(0) + ¢1(0)3¢2(0)% 4 6¢3(0) 2 + {3¢1(0)%c1(1)e2(0)2 + e2(1) + 2¢1(0)3¢2(0) e (1)

+6¢3(1)1t* 4+ {3¢1(0)cr(1)2e2(0)% 4 3¢1(0)%e1(2)ca(0)? + 6¢1(0)2cq (1) e2(0)ca(1)+
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+¢1(0)3ca(1)? + 2(2) + 2¢1(0)%ca(0)c2(2) + 6¢3(2) 15 + h.o.t.
The coefficient of 3 depends on (c;1(0),c2(0), c3(0)) that of t* depends on

(c1(0),¢2(0),¢3(0), c1(1), c2(1), e3(1))

that of t5 depends on (c1(0),c2(0),¢1(1),c2(1),¢1(2),c2(2),c2(3)). Thus we can
construct a curve such that —5 + ord {us, 9, f"') (Q(t)) > 0. The minimum para-
metric length of such a curve Q(t) (3.8) is 4. Here coefficients can be chosen to
be real. As for the construction of a real curve Q(t), i.e. a real curve X (t), see
[20]. We remark that after the method of [5, Theorem 3.5.], the rational curve
with required properties has length 3601.

We get the desired curve X (t) as the image of the curve Q(¢) by the map

2 1 2 2
1 = urug, Ta = (ujuguz) ™, T3 = UTUSU3.

We obtain a curve X(t) = (x1(t),x2(t), x3(t)) asymptotically approaching the
surface {z; f(z) = —2} as follows:

1 8t5 t3
xl(t):(t2+t+t+1) <t6—3—t4—3+1),

1
(B2 4+t 42 41)7 (16 — 82 — 44 — £ L 1) (6 445 + ¢4 4 3)

lig(t) =

2 1 ’ ¢ 8t° 4 6 1 45 4 44 432
za(t) = (" +t+ o +1) (-~ -5 +1 (t*+t+tt+17)".

¥

Figure 5.3: Branches of the curve X (t)

On the Figure 5.3, we see two branches of the curve that correspond to the
asymptotes t — 0 from ¢ > 0 and t < 0 respectively.
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