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Introduction.

The study of the rational points of an algebraic variety over an algebraic number field is
one of the most fundamental problems in number theory. In this paper we consider one of such
problems, so-called the Hasse principle for certain class of rational varieties.

We say that an algebraic variety V defined over an algebraic number field k satisfies the
HASSE PRINCIPLE, when the following statement is valid :

If V has a rational point over the completion k, for every place v of k, then V has a k-
rational point,

It is known that the Hasse principle holds for quadratic forms (due to Hasse and Minkows-
ki) and k-forms of P" (due to Chatelet, see §1). A k-form of P" is by definition an algebraic
variety over k which is isomorphic to P over an algebraic closure of k.

Particularly the last result is a combination of the fundamental theorem of Brauer group
over an algebraic number field i.e. class field theory and the result due to Chéatelet : if a k-form
V of P" has a k-rational point, then V is isomorphic to P" over k.

Let us notice that in these two examples the varieties have a structure of homogeneous
spaces over an algebraic closure. We treat the following problems for certain class of homoge-
neous spaces which contains the flag varieties and the Grassmann varieties.

PROBLEM 1. Let k be a field of characteristic zero. Does an analogue of Chdtelet’s theorem
hold for a k-form of a homogeneous space ? Namely, does a k-form V of a homogeneous space
H have a rational point if and only if V is isomrophic to H over k ?

When this statement is true for H, we will say that H has the CHATELET PROPERTY.

PROBLEM 2. Let k be an algebraic number field. Does the Hasse principle hold for a k-
Jorm of a homogeneous space ?

In this paper we use a general cohomological method and translate the Problems for



48 S.FUKUTANI

homogeneous space of PGL (n) into questions on algebras. To explain our result we need a
notation.

NOTATION 1. Let i, iz, -*-, i, and n be positive integers such that i, +i,+---+i,=n. We
set

il iz e i;
ox) s
Puy iy =1 06EGL (n) | o= Ol*k[* )i
O|O0|~ %] :
O|0[0]|* | )i,

modulo the center of GL (n)

Hu, 1, = w=PGL () / Puy, 1y, 1 0
where PGL (n) =GL (n) modulo the center of GL (n).

Pu, 12y -+, « is @ parabolic subgroup so that.Hy, 1, ***, i, is a projective variety.
We obtained the following results.

Our answer to Problem 1 is as follows.

Let k be either an algebraic number fields or its completion with respect to an arbitrary finite
place.

Under the assumption (4, %, -, 0)*F(i, G-y, =, §1), Hu, &, >, 4 has the Chitelet property
if and only if the greatest common measure of (4, &, *+, 4) is 1 (§3, Theorem 2).

Our answer to Problem 2 is the following result.

Let %k be an algebraic number field. Let V be a k-form of Hi, o,
principle holds for V if one of the following conditions satisfied

(1) (il: iz, T it)*(ib il—l’ e, )

2) (&, &, -, B)=(4, 4y, -, &) and the greatest common measure of (4, &, ***, &) equals
o 1 (83, Theorem 3).

, «. The Hasse

We wish to express our hearty thanks to H.Umemura for his constant interest in our work.
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§1. Basic idea
In this section, we assume that k is a field of characteristic zero.

The objective of this paper is to discuss some arithmetic aspects of the k-form homogene-
ous space Hi, i, *, 1.

Let us first review the case where H,, is the m-dimensional projective space P®. Then a
k-form is a classical Brauer variety. For this variety we know the fundamental result due to
Chatelet (see the Ch.10 of Serre [6]).

Chatelet’s theorem : Let k be a perfect field and V be a k-form of P*. For V to have a
k-rational point, it is necessary and sufficient that V is isomorphic to P" over k.

Furthermore, when k is an algebraic number field, this theorem and the Hasse principle for
the Brauer group imply the Hasse principle for Brauer varietes (see the Ch. 10 of Serre [6]).

Our study started when we discovered that we could easily prove it by only using some
elementary property of Galois cohomology and Hilbert's theorem 90 once we notice that a
Brauer variety is a k~form of some homogeneous space.

PROPOSITION 1. Let V be a k-form of Hi, 1, =, v. For V to have a k-rational point, it
is necessary and sufficient that V is isomorphic to a homogeneous space G/ T over k, where G
and T satisfy the following condition (%).

(%) G is an algebraic group over k and T is an algebraic subgroup over k of G such that
is an isomorphism G®,k=PGL (n) over k which isomorphism induces an isomorphism T Q k=
Pty ) e

PROOF . If V=G/T, then V has a k-rational point p, the image of identity of G. Conversely,
we suppose that if V has a k-rational point. For brevity we write H, P instead of Hy,, 1,, **, 1,
Py, 4, -, 1. It is well known that Aut®H=PGL (n). Aut°V is a k-form of Aut’H. Set G be
Aut®V. Let T be the stabilizer group at p, namely T={AEG | Ap=p} which is an algebraic
subgroup of G over k. The variety V is isomorphic to G/T over k.

It is evident that G and T satisfy the condition (*). Since V is a k-form of H, there is a
k-isomorphism ¢ : V®,k=H®,k. Let e be the point of H induced from the identity of PGL (n).
We may assume that ¢ (P)=e, since H is a homogeneous. If we put f (6)= gog~" in Aut°V for
an element ¢€Aut® (V), then f: G — PGL (n) is an isomorhism over k. It follows from the
definition of stabilizer group that maps T®.k onto P®,k.

q.ed.

Let us fix some notation. Let G be an algebraic group over k and T be a subgroup of G.
Aut (G,T)={c€EAutG | ¢T=T}



50 S. FUKUTANI

® (PGL (n)y Pll’ 12, **% ll) k
={ (G, T) pair of G and T satisfiying the condition (%)}/~, where (G, T)~(G’, T') if and
only if there is an isomorphism f: G — G’ with f (T)=T" over k.

PROPOSITION 2. With notations as above, ® (PGL (%), Pu, &, ***, &) « S bijective to H* (k, Aut
(PGL (), Pu, &, ***, o).

PROOF. For an class (G, T) of ® (PGL (n), Py,, 1, **-, 1) « there is a mapping f satisfying the
condition (% ). Then we put ps=(f—")+* f for each s€Gal (k/k). That is the required 1-cocycle.
Conversely, for any 1-cocycle p, satisfying the condition (%), we define the action of an
element s of the Galois group Gal (k/k) on (PGL (n), P) with p; and 1®s. Then the quotient
object is the required pair.
q.ed.

For detail on this subject, see Ch.3 of Serre [5].

LEMMA 1. When n23, Aut (PGL (»)) is a semi-direct product PGL ()+<{J> where PGL (n)
is the group of inner automorphisms and J : PGL (n) = PGL (n) is the transposition, i.e. J (¢)=
to~! for c=PGL (n).

This is a classical result (see Theorem 2, Ch.3 of Dieudonné [4]).
LEMMA 2. The normalizer of P, u, *, » tn PGL (n) coincides with P, w, -+, 4 itself.

PROOF. Let us denote simply by P the algebraic subgroup Py, 1,, ***, . Let B be the set of
all the upper triangular matrices. It is a Borel subgroup of PGL (n). If P is B, the this lemma
is well known for Borel subgroup (Normalizer theorem). Let XEPGL (n) such that XPX-'CP.
B is a Borel subgroup of P. Then XBX~'CP and XBX™! is a Borel subgroup of P. There exists
an element YEP such that YXBX-'Y~'=B. Then YXEBCP. We conclude that XEP.

g.ed.

LEMMA 3' (1) When (il) 1‘11 ) il)*(ib il—ly ) il)) Aut (PGL (n): Pily izy "7y fl)

=Pa':, i, "7, ke

(2) When (i, &, -, )=(8, i, =, %), Aut (PGL(n), Pu, w0, =", =Pa, , *= w0 <I>

where I = . J in Aut (PGL (n)).
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PROOF. Let ¢ be a member of PGL (n). If o Py, 15, ***, 1 07'=Pyy, 15, ==, 1, then ¢ is Py, 1,
-, y by Lemma 2. Recall that Aut (PGL (n))=PGL (n)+<J>. Assume that ¢ is an element
satisfying the following condition: ¢J (P, 1, **, ) =P, 1, >, . Then we get 6'Py, 1, ==, no™' =
Pi, 1, ==, v Let B, be the group of all the upper-triangular matrices and and B, be the group
of all the lower-triangular matrices. ¢B,c '€EPy,, 1, ***, . ¢B:0'is the Borel subgroup of Py,
w 1. Thereis a 7E€Py, 1, -+,  such that 7¢B,o™'77'=B,.

1 1 1
1 1 1
On the other hand, B, = B, . So 7o :
1 1
1 1 1
1 1
1 1
B, ) o~ '7v7'=B,. The Normalizer theorem leads that 7o )
1 1
1
1
EB;CPH, 125 "%y 1oy then o 1 K EP;,, f2y "y I
1
1 1
1 1
Conversely, let o=v . € P,y .
1
1 1
1 1
1 1
Then we get that (v . D Py, oy )=v ’
1 1
1 1
1 1
!Pln 12, °% u 1 - v If (y 1 - J) (Plu 1z, *** Iz)=Pln 12y "y Iy then Plu -y 77y
1 1

1=Py, 1, =+, . We get that (i, iz, =+, iD=, i1, **, 1)
q.ed.

We can summarize these results as follows.

PROPOSITION 3. Under the same situation of proposition 2,
(1) when (4, &, -, W)*F(4, iy, -, 4), @ (PGL(n), Pu, &+, )s=H' (b, PGL (n), Pa, &, -+, 4.
(2} when (3, &, -, )=, 41, =, 41}, ® (PGL (#), P, w, =, h=H" (k, Aut (PGL (), Py, ,
o w <ID)
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1
where I = ) J in Aut (PGL (n)).
1
THEOREM 1. Let k be a field of characteristic zero. If (i, &, -, i) =(y, 4oy, ***, 1) and

1€{4, %, , @}, for a k-form V to have rational points it is necessary and sufficient that V is
isomorphic to Hi, 1, ==, 3 over k.
REMARK. For H,;, (i=2) this is Chatelet’s theorem itself.

LEMMA 4. If 1€{4, 4, **, B}, then H' (K, Py, i, **, o)=1.

PROOF. We consider the case i,=1.
Pu, w, =+, « has the following exact sequence.

s o
fors
~

2
* | % )1

iz t =Py, 1, 4= GL (i) x =+ xGL (i) = 1

1

1
f
1-K={| O}~ |*
0
o

o
* | % | %)

olo|~ )i

Then we get the exact sequnce as pointed sets.
H! (k, K) - H* (k, Py, 1, -, 1) = H' (k, GL (i2) x -+~ xGL (i,))
The well known result H' (k, G.)=0 implies H' (k, K)=1. And the Hilbert’s theorem 90 says
that H! (k, GL (iz) x --- xGL (i))=1. Then we conclude H* (k, Py, 1,**, 1)=1.
q.ed.

PROOF of THEOREM 1. The condition is clearly sufficient.

Conversely, if V has a rational point, by proposition 1, there is a pair (G, T) satisfying the
condition (#*). Proposition 2 ascertains that under the situation of theorem 1, H! (k, Py, 1, --*,
1) completely classify the pairs. Then Lemma 4 said H! (k, Py, 15, -, )=0. There is only one
pair (PGL (n), Py, 1, ***, &) over k up to k-isomorphism. V=G/T is isomorphic to PGL (n)/P,, 1,
-+, 1, over k.

q.ed.

By the fundamental theorem of central simple algebra over an algebraic number field, we
get the exact sequence
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1-H'(k, PGL(n)» 10 H! (ky, PGL (n)).
v: place

By the language of k-form V of Hj, 1, -, 1, this exact sequence means that if, for every
place v, VQ,k, is isomorphic to Hy, 1, ***, . over ky, then V is isomorphic to H,, 1, ***, . over k.

Therefore by Theorem 1, if, for any place v, V®,k, has a k,-rational point then V®k, is
isomorphic to Hy, 1, -*-, . over k,. We conclude that V has a k-rational point. We can get the
following statement.

THEOREM 1. Let k be an algebraic number field, v be a place of £ and k, be the
completion of k relative to v.

When (3, &, ==, @)¥(iy, 4, -, 4), 1€4{4, &, =, 4} and Aut (Hy, &, -, J=PGL (#), then
any k-form V of Hi, w, ', & holds the Hasse principle : If for all places v, VQyk, has a %,
-rational point, we conclude that V has a k-rational point.

REMARK. The underlined part can be omitted (See Prop. 4). This was tha starting point.
At first we wondered if in general for every k-form of H,, 1, -+, . the Chéatelet property holded.
But we could find an counter example.

EXAMPLE. Let k=R (real number field) and H,,=Gr (4, 2) (Grassmann variety). The C/R
~form does not have the Chdtelet property.

PROOF. Gr (4, 2) is tha set of all zero points of T, T,—T,T;—T,Ts by using Plucker
coordinate. Gr (4, 2) is isomorphic to some quadratic hyper surface V: To+T,+T,—T;—T.—
Ts=0 over R. V, has a R-form V,: To+T,+T,+T;+T,—T;=0 over R. But these two
varieties are not isomorphic over R. Indeed, a biregular morphism must be projective since Pic
Vy=Z O (1). Aut V, is the set of all the projective transformations which stabilize V,, the
dimension of a maximal kernel space of a projective-linear invariant. The variety V, has the
dimension 3 and V, has 1. Clearly, each of the two has R-rational points.

q.ed.

REMARK. In this paper, we could not cover the k-forms of the type as H,,=Gr (4, 2). But,
this is a good counter example.

Let us review the relation between forms and Galois cohomology.

(2.1) Let V be a projective varieties (algebraic groups) over a field of characteristic zero.
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There is a natural bijection between the set of k-forms of V up to k-isomorphism and H' (k,
Aut V) (see Prop. 4, Ch. 3 of Serre [5]).

We use the word k-form both as an algebraic variety and as an algebraic group. In context
we can easily understand which k-form is used.

The previous consideration leads us to the next proposition.

PROPOSITION 4. Let o be the natural mapping from Aut (PGL (n), Py, i, **+, ) into Aut
(Hu, iy v+, o) and ’ be the mapping induced from  such that ' : H' (k, Aut (PGL (n), P,
a0y w) = H (R, Aut (Huy i, -, 4)).

For a k-form V of Hu, &, -, o to have rational points, it is necessary and sufficient the
corresponding 1-cohomology class cEH' (k, Aut (Hy, &, ", ) is in the image of the .

It is compatible with the mapping which maps the class of (G, T)E® (PGL (), Pu, &, -,
o)« o G/T.

PROOF. Let a k-form V of H has rational points. By (2.1) and Proposition 1 and 2, V is
isomorphic to G/T over k. There is a k-isomorphism f: G®,k = PGL (n) ®.k such that f |
T®.k is also an isomorphism onto Hy, 1, **+, 1®uk.

For s€Gal (k/k), we define p,=f+*f. Then (p,) is a 1-cocycle. And also f induces f': (G/T)
Rk = Hi, 1, -+, 1Q:k and similarly we define 1-cocycle (ps’) such that £((ps))=(p’s).

Conversely, let 1-cocycle (p’s) of H* (k, Aut (Hy, 1, ***, ). Let an pair (G, T) correspond to
1-cocycle (ps). Then G/T corresponds to (p’s).

q.e.d.

This proposition can be generalized for other kinds of homogeneous space instead of H,,,
1 1w We will use this generalization to attack the similar problem of homogeneous space of
other types.

We assume that H=G/T and Aut® (H)=G, for k-form of H. Let v be the natural mapping
Aut (G, T) — Aut (H) and ¢’ be the mapping induced from ¢ such that H' (k, Aut (G, T)) —» H!
(k, Aut (H)). For a k-form V of H to have rational points it is necessary and sufficient that the
corresponding 1 -cohomology class cEH! (k, Aut (H)) is in the image of the ¢.

PPROPOSITION 5. Let k be a field of characteristics zero.
(1) When (i, &, -, )%, iy, -, @), Aut (Hu, &, >+, «)=PGL ().
(2) When (4, &, -+, =4, @1, =, &), Aut (Ha, i, =+, 2)EPGL (1)< 1),
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where I is the automorphism of Hj, &, ***, « induced from the element J of
1

Aut (PGL (n), Pin iz, "7, @t )

PROOF. Aut® (Hy, 1, **, ) is a normal subgroup. It is well known that Aut® (H,, 1, =+, )=
PGL (n). We define the homomorphism from Aut (Hy,, i, -, 1) to Aut (Aut® (Hy,, 1, -+, 1)) such
that for each s€Aut (Hi,, 1, -, 1), ¥ (0) (z)=07c"! (zEAut® (H,, 1, =, u).

Let us prove its injectivity first.

Assume that ¢ (o) is the unit, for any z€Aut® (Hy, 1, ***, 1), 076~ =17, or=170 as elements of
Aut (Hy,, 1, -+, ). We represent the points of the homogeneous space Hy,, 1., ***, . by using the
language of cosets of PGL (n)/Py,, 1, **, 1, for example yPy,, 1, ***, 1. Let us remember that Aut®
(Hy, 1, -, =PGL (n). We get ¢ (zyPu, 12, ***, =76 (¥Pu,, 1, ==, 1). Put y be the unite. o (7
Py, 1, *, =70 (Pu, 1o, *=, ). o is determined uniquely by & (P, i, =, ). Let ¢ (Pu, 15 = 1)
be 6Py, 1, -, . for some §EPGL (n). Since ¢ is well defined, for each (¢EPy,, 1, -, 1, & (P,
1 =0 (Piy i 0y 1)y E (6P, 1, )=0 Py 12, =, 1)y E6Pu, 13y =, 1= 0Py, 1y oo, 1

Pu, 1, -, w6Py, 1, 7, 1=6Py, 1o, =+, . Wereach that Py, 1,, -+, 6=6Py,, 1,, **, . By Lemma
2, 0€Py, 1, ', »» We find that & is the identity mapping. We conclude that ¢ is injective.

1

1
Next, we will show that if  is surjective, Py, 1, =+, .= .

| S, ) . Lemma 1 says that Aut (Aut® (Hy,, 1, ***, ))=Aut (PGL (n))=PGL (n)*
1

<J>. Then + be surjective.
q.e.d.

§2. Translasion into the language of central simple algebras

We will review the result of central simple algebras and attack the problem by using the
language of them as possible.

NOTATION. We set
A (n,k)=the set of all the isomorphic classes of the central simple
algebras over k which are isomorphic to M, (k) over k
=the set of the k-forms of M,, (k) as algebra.
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Let us recall the following facts.

(2.2) Autageora (M, (k))=PGL (n)
where PGL (n) acts on M, (k) as an inner automorphism (the theorem of Skolem-Noether, see
Prop. 4, Ch. 9 of Weil [7]).

(2.3) A (n, k)=H" (k, Autaigesra (Ma (k))=H' (k, PGL (n))
where for each class of a central simle algebra A of A (n, k) there is an isomorphism f: A,
k — M, (k) ®.k (see Prop. 8, Ch. 10 of Serre [5]).

We define 1-cocycle (ps) such that ps=f"'+5f.

NOTATION. For the natural injection ¥ : Py, 1, ***, . = PGL (n) it induces the mapping ¢ :
H' (k, Py, 1, *>+, ) = H! (k, PGL (n))=A (n, k). Then we denote the image of ¢ in A (n, k),
IMy, 13, ** e '

For the general result of central simple algebras, see Ch. 9. of Weil [7]. For k-forms and
Galois cohomology, see Ch. 10. of Serre [6].

LEMMAS. If 1€{4, %, **, 4}, then IMy,, 1, -, v=0.

PROOF. It is only a translation of Lemma 4. Under this condition H! (k, Py, 1, ***, )=0.
IMy, 15, =, i is the image of it. Therefore we get IMy,, 15, ***, ,=0.
qed.

We will review the result of central simple algebra especially over 3 -adic number field (the
completion relative to a finite place) and attack the problem mainly over these fields. Let k be
a 38 -adic field in the followimg (2.4) - (2.6). Let Br (k) be the Brauer group of k.

(2.4) The Brauer group Br (k) is isomorphic to Q/Z (see Prop. 6, Ch. 13 of Serre [6]).
(2.5) The natural injection A (n, k) = Br (k) is a natural injection (by the definition).
(2.6) The image of the composite morphism another A (n, k) — Br (k) = Q/Z coincides

with % Z/Z (see Cor. 3, Prop. 7, Ch. 13 of Serre [6]).

(2.7) For any central simple algebra A to be isomorphic to M, (k) over an extension field
of degree r, it is necessary and sufficient that order of the class of A divides r. Then there is
CEA (r, k) such that A=Mz (C) (see Cor. 3, Prop. 7, Ch. 13 of Serre [6]).

Let K be a finite extension of k. If the 1-cocycle (ps)€H' (k, PGL (n)) corresponds to a
central simple algebra A, then 1-cocycle (ps)€H! (K, PGL (n)) corresponds to AQ,K.
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PROPOSITION 6. Let k be a 8 -adic field. for ASA (n, k) to be in IMy, «, =, o it 35
necessary and sufficient that there exists an CE A (d, k), where d=the greatest common measure
of (i, &, *, i), such that A=Mz(C).

PROOF. We will show that it is the sufficient condition. At first we will prove it for the
case 1=2. Let A be in IMy,, .. We can choose a 1-cocycle (ps) such that p;EPy, 1.

.
Ps= [p(; ] where (p;s) is a 1-cocycle of H! (K, PGL (i,)).
P2s

There exists an extension field K of degree i, such that (p,s) is trivial over K. There is fEPGL

(i) that p,s=f~'-f. Then fp,sf~'=1 in PGL (i,). Further put p'= [; (1)] ps ® [é (1)] -, then

(ps) is cohomologous to (ps’). On the other hand, p,’€P;, 3, =+, 1. Therefore AQ.K is in IMj, 1,
1 is trivial. A®yK is trivial. Then we say that the order of A divides i,, and also divides
n. By (2.7) there is CEA (d,, k), where d, =the greatest common measure of (n, i,), such that A=
Mz (C).

For 123, we remark that P, 1, ***, «CPhsectiy 1je14+1, Where 1<j<I—1. For each j, we get
that the order of A€IM,,, v, *-, v divides the greatest common measure of (n, i,+ -+ +i;). By
varying j from i to 1, we conclude that the order of A divides (n, iy, i,, ***, i;). There exists CE
A (d, k), where d is the greatest common measure of (n, i,, iz, **-, i,). There exists CEA (d, k)
that A is isomorphic to Mg (C).

Conversely, let us show the necessity. Assume that AEA (n, k) such that A=M, (C) where
CE€A (i, k) and ri=n. Let (pis) be the corresponding 1-cocycle to A. We will show that (p,s) can
be chose under the condition that p,s€P,, ,, -+, .. We put f, : M (k) » C ®,k and £’ naturally
induces the isomorphism f: M, (k)=M, (M, (k)) = M; (C ®.k)=M; (C) ®.k. The f'-*f is
uniquely determinde by f'~!-*f". Indeed if f (X)EC®\k for every X&M, (k) then f ([Xy,])=[f
(Xia)]wa for each [Xi,]JEM: (M, (k). We have f-!+5f ([X,,])=([f~'*5f]). On the other hand
f'-1+5f’ is an automorphism of M, (k). Then it is an inner automorphism. Therefore there exists
an g;E€GL (i) such that f~'«*f (X)=q:Xqs. '+*f ([Xin))=([£+*FXs1]) = [qsX11qs '] =

[QS . ] [Xk‘,] Qs .
Qs Qs

H! (k, PGL (n)) corresponding to A. Then ACIM,, , -, {CIMy, 1, ***, 1

as
] ~!. We define ps= [ J . The (ps) is a 1-cocycle of
Qs ,

qg.ed.

The necessity does not require the condition of the basic field. So we conclude the following
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proposition.

PROPOSITION 7. Let k be a perfect field. If there exists an CEA (d, k), wheve d is the
greatest common measure of (4, &, *, 1), such that A=Ms (C), then ACSA (n, k) is in IMy, &,

.

(2.8)If k=R, then Br (R)=Z/2Z.
If k=C, then Br (C)=0.

PROPOSITION 8.  If k=C, then IM:, 4, ***, «=0.

0 (2rd)

¥/ k=R. th IM:’:: i, S e
f en [Z/ZZ @1d)

PROOF. When k=C, IM,,, 1, ', 1CA (n, C)CBr (C)=0. When k=R and 2 | d, IM;,, 1, ---,
+CA (n, R)YCBr (R). By proposition 7 the order of IMy, 1, ***, v, is two. Then IM,,, i, -, v =A
(n, R). When k=R and 2/}d, there is an j such that u=i, + --- +i; is odd. We will say that IM,,,

%
is trivial for odd u. Let [ Ps ] be the corresponding 1-cocycle to A€IM,,. Then we can
Pis

choose (p,smod Gp,) trivial since u is odd. Then IM,,CIM,_,v=0.

ory.

g.ed.
We can rewrite these two propositions as follows.

PROPOSITION 9. Let k be a completion of an algebraic number field relative to a place. For
AEA (n, k) to be in IMy, 1w, *+*, o it is necessary and sufficient that the order of A divides the
greatest common measure of (4, & ,*, #).

Let us review the fundamental theorem of central simple algebras over an algebraic number
field.

(2.9) Let k be an algebraic number field, v be a place, k, be the completion relative to v.

() 1- Br (k)= I,Br (k,) > Q/Z — 1 (exact)

(2) For AEBr (k) (exactly speaking, the the class of A) to have the order of divisor of r,
it is necessary and sufficient that there is an CEA (r, k) such that A=Ma (C) where r [ n.
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Now we will have two main propositions.

PROPOSITION 10. Let % be an algebraic number field. The statement that IMn, a, ***, o S
trivial is equivalent to that d=1 wherc d is the greatest common measure of (4, b, =+, #).

PROOF. Assume that d=1. If A€IM,, i, ***, 1, then A®yk, is in IMy,, 15, ***, .. For each
local field IMy,, 1, ***, 1 is trivial by Proposition9. The statement (1) of the previous Review,
especially its injectivity, say that A is trivial.

Conversely, if d=1, let us choose two different finite places, v, and v,. Let Av, and Ay, be

in IMy,, 1, **+, 1, for kv, and kv, such that invv,Av, =% and invv,Av,= ——(ll— respectively. For every

place v except for v, and v, we define A, trivial algebra. The statement (1) of the previous (2.
9), especially its surjectivity, says that there is an nontrivial algebra CEA (d, K). Therefore
IMy, 1, **, & iS not trivial.

g.ed.

PROPOSITION 11. Let k& be an algebraic number field and A€ A (n, k). If AQ\k, in in
IMy, &, -, o for all places, then A is in IMy, &, -, o velative to the field k.

PROOF. By Proposition 9, the assumption suggests that the order of A®,k, in Br (k)
divides d. By the exact sequence of the (2.9), so does the order of A in Br (k). Then there is an
CE€A (4, k) such that A=Maz (C). Furthermore, by Proposition 7, A is in IMs, a, =, « relative
to the filed k.

qg.ed.

§3. Conclusion

We translate proposition 10. and 11. back into the original language in section 1. We can
get the following two theorems.

THEOREM 2. We assume that (4, &, ==, )*(i, 4y, ==, i).

Let k be an aigebraic number field or a 3 -adic field. A k-form of Hi, 4, -, i have the
Chatelet property if and only if the greatest common measure of (3, %, ***, ) is equal to 1.

Let & be R. A k-form of Hy, &, -**, « have the Chéatelet property if and only if the greatest
common measure of (2, 4, %, -, ;) #s equal to 1.

THEOREM 3. Let k be an algebraic number field.
If (4, %, =, ¥4 G-1, ===, &), then the each k-form V of Hy, i, ***, & holds the Hasse principle ;
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If VQyk, has a k,-rational point for every place v, then the variety V has a k-rational point.

Now, we have answered our two problems for certain homogeneous space of type PGL (n)/
Py, 1, =, v. That is, whenever we could translate the problems into those of central simple
algebras, we could solve them.

However we can extend Theorem 3 even in the case where (i,, iz, ***, i) =(,, i1, ***, 1,) and
the greatest common measure of (i, iz, ***, i;) is 1. Furthermore, in Theorem 2 we can omit the
assumption : (i, iz, ***, )% (i, i-1, =, 11). But we have to use the language of algebras with
involution and Hermitian forms over algebraic number fields. We shall treat these subjects in
the next paper.
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