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1. Introduction

Marshall and Olkin [3] proposed a multivariate extension of exponential distributions
which is much of interest in both theoretical development and applications. The k dimen-
sional distribution has 2* —1 parameters. Proschan and Sullo [4] considered a k+1 parameter
version for likelihood estimation.We consider the selection problem for the k + 1 parameter
version in this paper.

Let (X1r, X2r,--+, Xir), r=1,2,-+-,7, be random samples from the multivariate expo-

nential (MVE) distribution whose survival function is given by

P(Xlr > zl,XZr > $2,"'kar > xk)

= exp[—AiT1 — A&z — - -+ — AeTk — Ao max(z1, T2, - - -, Tk )]

where z; > 0, A; >0 (¢ =1,2,---,k) and Ao > 0. This MVE distribution is derived by
supposing that failure is caused by k + 1 types of Poisson shocks on a system containing k
components. The problem is to select the best component with respect to A; (:1=1,2,---,k)
which are viewed as the hazard of the components in lifetime analysis. We define that the
Jj-th component is the best if A\; = min(A1, A2,--+, k). The best component has the largest
mean because of E(X;r) = 1/(X: + Xo). Throughout this paper, we assume that the 1st
component is the best, that is,

(1.1) M<Xh (=23, k)

without loss of generality and

(1.2) M=da=--=X (6>1).
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Since X1, Xar, * - - ; X&r are mutually independent if and only if Ao = 0, the problem is reduced
to the problem of selecting the best of k univariate exponential populations under Ao = 0.

In Section 2, we propose two selection procedures, one of which is given by using multi-
nomial distribution and the other is based on the marginal distribution. By using the central
limit theorem, the probabilities of correct selection for proposed procedures are compared in
Section 3. For k = 2, these are discussed in Hyakutake [2].

2. Selection procedure

2.1 Procedure R;

Selecting the best component with respect to A; is equivalent to that with respect to
Pi = M/ Ypo M. From Arnold (1],

P(Xir<Xi’r) i,=ls"°1i_1$i+1:"'!k)=pi
fori=1,2,---,k and
P(X1r=X2r="'=Xkr)=p0-

Let n; and no denote the number of observations in the region {z; < z#} and {z1 = -+ =
zx}, respectively, then (ni,nz,---,nk,no) has a multinomial distribution with n and cell
probability (p1,p2, -+, Pk, po). Hence the simple procedure is based on n;, that is, we select

j-th component as the best when n; = min(n,,---,n). Since we may express as

(2.1) P(CS | R1) = P(n1 <ng,---,n1 < nk)

by the assumption (1.1), i.e. p; = min(p1,--- px), it is easily seen that

n! n
— E : 1,72 ny 7o
P(CS I Rl) it n],'nz'" -nk‘no‘pl P2 “'pk Po
np<ng, - ny <Ny
n! g — -
= 611 n;—ng,n—ng_ ng
> nitmgl- - nelng! P "Po

ny<nz, N <ng

by (1.2), where n = Z?:o n.. Arnold [1] gave estimates of A;, that is, A; = ni/ Y M,

r=1“""
where X = min(X1r, Xar, -+, Xkr). If these estimates are used for the selection (procedure

1), then



P(CS|R) =P <X, i=2,--+,k),

which is equal to (2.1). Namely, the procedure R is equivalent to the procedure R;.
2.2 Procedure R,

The next proposed procedure R, is based on the marginal distribution. The distribution
of X;, is the exponential with parameter A; + Xo. The selection problem with respect to \;
is equivalent to that of A; + Ao. Let X; = Y X, /n, then X; is an unbiased estimate of
1/(Xi + Xo).

This (X;) can be obtained as INT estimator by the functional relationship

(2.2) ma/Xi +m? /(i + 20) = ) X

r=1

derived by Proschan and Sullo (4], where m; is that the number of times i-th component
is observed to fail strictly before the last failure and m‘(c) is that the number of times i-th
component is observed to fail last, but not simultaneously with any other component. The
left-side of (2.2) can be written by

mi +mido/A: + m§°’
Ai + Ao )

Substituting mo(z)/m; in Ao/Xi, we obtain the equation

(2.3) n/(i+2) =) Xir
r=1
by m; +mo(2) +m§°) = n, where mo(%) is that the number of times i-th component is observed

to have failed simultaneously with one or more of the other components. These are discussed
in Proschan and Sullo [4]. It is easily seen that the INT estimator of A; + Ao is 1/X; by (2.3).
Hence we select j-th component as the best when X; = max(X,---,Xk). By the as-

sumption (1.1), we may express as

(2.4) P(CS | R2) = P(X1 > Xa,---, X1 > Xi).
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3. Asymptotic comparison

We compare P(CS | R1) and P(CS | Rz) by normal approximation, because the exact
comparison is quite difficult. By Marshall and Olkin (3],

V(Xir) = 1/(Ai + Xo)%, Cov(Xir, Xjr) = Mo/(Mi + Xo) (A + X0)(Ai + Aj + Xo).

Under (1.2), we have

pr = E[(n:i —m)/n]=61-p)
o2 = V|(ni—n1)/n]={(6+1)p—(6—1)’p}/n
po} = Covl(ni —m)/m, (nj —m)/n] = {p — (6 - 1)pi}/n
e o (6=
e = BlXi-Xil= - +/\o)(6)“‘+ )
o2 = V[X-ZXi]
_ { 1 + 1 _ 2A0 }/
= TR T B0 (at )0+ )+ 6h +h0)
pgd% = CO’U[X], —Xi,)-(l —Xj]
1 Ao 2Xo0

{()\1 + Xo)? + (621 + X0)2(26A1 + Xo) - (A1 4 X0)(8A1 + Xo) (A1 4+ 6A1 + Xo) Hn
for all i and j (i # jii # 1,§ # 1), where p1 = Ai/{\1 + 6(k — 1)A1 + do}. Let ¥ =
{(ni —n1)/n — pa}/o1 and Y® = (X1 — Xi — p2)/02 (i = 2,--, k), then (2.1) and (2.4) can
be written by

P(CS|R)=PY" > —a, i=2,---,k), 1=1,2

where

n(6 — 1)?

2 /
C"?:i = {(6+1)(k6—6+1+d)—(6—1)2}12
2T o2 206+ 1)+ (382 +26+3)d+ (62 +1)(6+1)

and d = Ag/A\1. By the central limit theorem, (Yz(l), e ,Yk(‘))' has the k — 1 variate normal

distribution with mean vector 0 and covariance matrix (1 — pt)Jx—1 + pilk—11%_,, where Jx_;
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is the (k — 1) x (k — 1) identity matrix and 1x—1 : (k—1) x 1 =(1,---,1)". The covariance
matrix of (Yz('),- .. ,Y,c(l)) is the correlation matrix. In order to compare P(CS | R;) and
P(CS | Rz), we use the Slepian’s inequality (see e.g. Tong [5]):

Let (Zfl), ceey Z,(:))' have the k variate normal distribution with mean 0 and correlation
matrix IO = (1) (1 =1,2). 4§ >+? holds for all 4, (i # j), then

(3.1) P(Z0 > a1,---,Z" > ) > P(Z? > a1,--+, 2P > ax)

holds for all (a1, - -, ax).

THEOREM.  Under the normal approzimation, ifd < V2 and § — 1 or if k > 3 and d — 0,
then

(3:2) P(CS | B1) < P(CS | Ra).

PROOF. We can obtain the follows:

1

1+1@+1) 2

. : 1
limpy =1/2, limp, = 5
by d > 0. Ifd < v/2, then

a 2(d +1)?

e =@ oa+m -

Next we have

1 1 . 1
P1

. _ 1
P S T aRs s /(R S+ 1= (=17 3’ SmP=Trie 3

by 6§ > 1. If k > 3, then

tim & = & +1 <1
d—woc: (§+1)(k6-6+1)-(6-1)2

Hence (3.2) holds by applying (3.1).

This result means that R; is better procedure than R; under the conditions of Theorem.
Hyakutake [2] proved the similar result for £k = 2. We recommend R, for selecting the best
component of the MVE distribution.



66 H.HYAKUTAKE

References

[1] Arnold, B.C., Parameter estimation for a multivariate exponential distribution, J. Amer.
Statist. Assoc. 63 (1968), 848-852.

[2] Hyakutake, H., Selecting the better component of a bivariate exponential distribution,
Statist. Decisions 10 (1992), 153-162.

[3] Marshall, A.W. and Olkin, 1., A multivariate exponential distribution, J. Amer. Statist.
Assoc. 62 (1967), 30-44.

[4] Proschan, F. and Sullo, P., Estimating the parameters of a multivariate exponential dis-
tribution, J. Amer. Statist. Assoc. 71 (1976), 465-472.

[5] Tong, Y.L., Probability Inequalities in Multivariate Distributions, Academic Press, New
York, 1980.

Department of Mathematics
Faculty of Engineering

Kumamoto University



