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ABSTRACT

In the present paper we prove a representation theorem for a norm preserving multiplier
on a weighted Segal algebra defined on a locally compact abelian group G. In case G is

compact and r = 0, then our theorem reduces to an earlier result of Tewari 3]

1. Introduction
Let G be a locally compact abelian group with Haar measure dz and let T be its dual.

We suppose that Q is the set of all continuous real valued even funtions w on I" such that

i) wn+7) < wn)w(v)
for all n,y €T

ii) For0<r <pand 1< p< oo, the functions w” and w™" are locally integrable.

Let Mpy(G) be the Banach space of all bounded regular complex-valued mesures on G

with respect to the norm
el = ul(G)

= total variation of u.

We now define A?.(G) in the following way:
(1.1) A (G ={fel'G): fe L (M)},

where f(v) be the Fourier transform of f € LY(G) and L2.(T) is the space of all complex-
valued measurable functions f(v) such that

A -~ llp
(12) 171z, = ( [ 17eroren #) " <o
r
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It can be easily verified that AZ.(G) is a Segal algebra with respect to the norm

(1.3) ' I fllaz, =U0Fl+ I flee,
(f € AL (&)
and convolution as multiplication.
We denote by M (AP, the set of all multilpiers on Af-.

2. Tewari[3] has discussed the norm preserving multipliers of A” (G), when G is compact
abelian group. He has shown that if G is a compact abelian group and T is norm preserving
multiplier of A”(G), then there exist o € G and a complex number ) of absolute value 1 such
that T = AT«, where 7, denotes the operator of translation by amouny a.

In the present paper we generalize the above mentioned result of Tewari. Precisely, we

shall prove the following:

Theorem: If G is a locally compact abelian group and T is a norm preserving
multiplier of A?.(G), 0<r <p, 1<p=L o0, then there exists © € G and a complex
number A of absolute value one such that T = ATz,

3. The following lemma is essentioal for the proof of the theorem when G is either

compact abelian group or locally compact abelian group.

Lemma 1. If T is a norm preserving multiplier of AP .(G), then there exists ¢ € G and a
complex number X of absolute value one such that T = Arz.
For the proof see Wendel [4, theorem 3].

4. Proof of the Theorem. For Compact G.
Let v be any element of I'.  Then we have

Y*Y=7-
Hence we obtain
T(y*7) =T() *7
=T(v),
which implies that
T(v) = (M),

where ¢(7) is a complex number.

Since T is norm preserving, it follows that

ld’('Y)‘:la vel.
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We denote by B(G) the set of all functions f in L! (G) whose Fourier transform has
compact support.

Let f = 2;1 aiy; be a trigonometric polynomial in B(G). Then we have

n n n
T { > ai')’i} =X aTw| + > aid(m) win)
i=1 “pr i=1 Lt I=1 Lpr
(4.1) v v
n n
=(T {Z am} + Zaiw('ri)
i=1 Lt i=1 LP,.
Also, since T is norm preserving, we have
i n n
T{Zam} = Zai w(7i)
i=1 AZ"' =1 AZ"‘
(4.2) . n
= Z ai(vi) + Z ai(vi)

i=1 L1 t=1 LP

Combining (4.1) and (4.2), we get

.

i=1

Z aiYi

=1

?

L1 L1

which implies that
ITFll,=Nfll, foreach f € B(G).

Since B(G) is dense in L'(G), there exists a unique norm preserving multiplier 7° of
L'(G) onto itself such that

T'f=Tf foreach fe AP _(G).

Hence, using lemma 1, we infer that there exists z € G and a complex number X\ with

absolute value one such that
Tf=MAr.f foreach fe AP.(G).

5. When G is a noncompact locally compact abelian group, the proof of
the Theorem depends on the following lemmas:

Lemma 2. If G is a noncompact locally compact abelian group and f € LP(G), then
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Jim || £ +7f b = 270 £ -
For the proof see 2, p. 78-79)].

Lemma 3. If G is a nondiscrete noncompact locally compact abelian group, then for every
T e M(AY, (G)) there exists a unique measure yu € Mpa(G) such that

Tf=pxf

for all f € AP.(G). Also M (AZ.(G)) is isometrically isomorphic to Mpa(G)-

Proof: On the lines of Keshava Murthy [1], we suppose that f € B(G). Hence there exists
a compact set K C T such that

fm=0 for each v ¢ K.

Let T € M (A2.).

Since G is nondiscrete and AP (G) is a Segal algebra on G, we have

. ITFI<ITS az,
5.1 f
<ITI (ll All+|F "Lf,r) '

We shall prove the lemma for two cases
i) 2<p<co
i) 1<p<2

separately.
Casei) 2<p<oo.
We suppose that there exists a number g such that
1/p+1/g=1,

which implies that 1 <p < 2.
It is well known that L'(G) N L9(G) is Segal algebra with respect to the norm

lglla=lgl+lgll for every g € L'(G) N LY(G)-
Since B(G) is contained in every Segal algebra S(G) onG , we have

B(G) C L}(G) N L(G).
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Now, using Housdorff-Young inequality, we obtain

(5.2) 11l < 11 £ llo-

Also, for f € B(G), we see that

/ FP " (7) dy = / P dy
T R
<Ok, o) / \FP dy
K

= C’(f{, wr)/|f|pd’y,
r

where C (R’ , w") is a positive constant depending on the compact set K, the weight function
w and the parameter 7.

Hence we obtain

1 llez, < C&, WIFln

(5.3) X .
S C(K, &")lIflle

by (5.2).
Combining (5.1) and (5.3), we get

(5.4) ITA N <UTH( S I+ CE&, £ lg) -
Since G is a noncompact locally compact abelian group, applying Lemma 2, we have
AT = lim |Tf+7Tf )
= lim || T(f +7,) I
< lim NTH(ILf+7f I+ COK, 0O £ +7f llg)

=2TH(IFllh+C&K, )22 £l,) -

Thus we get
ITA < NTH (Il + CK, @) 2972 £ ]L,) -

Continuing this process = times, we obtain
ITA U <HTN(S I+ C&, Wy 29D7) 1) .

Taking limits on both the sides as n — oo, we get

(5.5) ITFlI<NTHIfI ¥ feB(G)
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for 2(1/9-V" _, 0 as n — o0.

This implies that 7 is a linear transformation from B(G) to L*(G), which is bounded
in L' norm and commutes with translation. Hence T is a multiplier from B(G) to LY(G),
Further, since B(G) is dense in L(G), hence T can be extended uniquely as a multiplier 7*
from L*(G) to L*(G).

Thus, from the definition of a multiplier on L'(G), we infer that there exists p € M (G)

satisfying the condition

Tif=pxf for each f € L'(G)
= Tif=p*f for each f € B(G)
= Tf =pxf for each f € B(G).

Following Laarsen (2, p. 6}, we have

ITH= el

Since B(G) is dense in A% (G), we infer that

Tf=px*f YV fe AL (G).
With the property
(5.8) NTH = el
the equation
Tf=pxf

defines a bijective isomorphism between the multipliers for A?.(G) and Mpa(G). Since T

corresponds ¢ € Mpq(G) under this bijection, we have
(5.7) BTN <lel

Combining (5.6) and (5.7), we obtain

1T =1rl

Hence the theorem holds for 2 < p < co.
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case ii)) 1<p< 2.
We now suppose that s = 2/p such that
1/s+2/s' =1.

Since 1 £ p < 2, we have s > 1. Thus we have

R R 1/p
ez, = ([ 1770 ér)
. 1/p
()
K

R 1/p
<C(K,w™?) ( fk Iflpd'y)

Applying Holder’s inequality, we obtain

o N . 1/s 1/s
1 Fllzz, <C(&, w7?) [( / Iflp’d'y) ( / m) ]
K K

1/p

1/s
— C(R, w?) [(/ Iflp’dv) J ,
K

where C(K’ , w™/P) is a positive constant depending on the copmact set K, the weight function

for w is locally bounded on T'.

1/p

(5.8)

w and the parameters r and p. But C(K, w™/?) is not same at each occurrence.

From (5.8) it follows that

I Fllee, < CK, w™/?)|| £ Iz
< CK, )| £ 2

by Plancherels’ theorem.

Thus, from (5.1), we have

IS U (1 I+ 0 F e, )
SITH(IS I +CR, 0] £ I2)



58 8. 8. PANDEY

Using Lemma 2 again, we obtain

2(Tf I

Jim || Tf +7,f [l
Jim | T(F +7f) s
Jim [T (1 f +7uf s + C&, /7)) £ + 7 I2)

ITH (15 I+ C&K, ") 272 £ 12) -

iN Il

Continuing this process n times, we get
NI TSI+ CE, W) 27 £ l2).

Hence, taking limit as n — oo, we get

NTFN AT S M-

Now, using the arguments as in case i) the proof of the lemma follows for the case
1 < p < 2. Hence the lemma holds.

6. Proof of the Theorem for noncompact G.
By lemma 3 there exists a measure & € Mua(G) such that

Tf=pxf (f€Al(G))
with
lell=1.

Hence we see that .
Neex fllaz, = lpxflla+ A5,

=1£llar,
=1 +0F ez,

which imlies that

lexfli=1fl VfeAL(G)

Finally, since A?.(G) is dense in L'(G), by lemma 1 the proof of the theorem is complete.
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