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Abstract

Professor K. Okubo verified a very interesting theorem that if a hypergeometric system,
the form of which denotes a general Fuchsian differential equation, has no accessory pa-
rameters, then the monodromy group of the system can be evaluated entirely by algebraic
procedures.

Following his method, several authors tried to calculate explicitly monodromy groups
of certain hypergeometric systems. In those cases, they had to solve nonlinear indetermi-
nate equations. So, K.Okubo has also attempted to solve such complicated indeterminate
equations by means of algebraic manipulations based on Grébner basis.

In this paper, we shall deal with exact calculations of monodromy groups of hypergeomet-
ric systems, which may have logarithmic solutions. In stead of treating nonlinear equations,
we solve merely systems of linear equations.

1. Generators of monodromy group
We shall consider the monodromy group of the hypergeometric system
ax
(t — B) —- = AX,

where B = diag (A1, A1, A2, A2), which are positions of finite regular singular points, and A is a

constant matrix. In this case, the linear transformation X = DY, where D is a block-diagonal

D= Di| O ’
0 | D

the D; being 2 by 2 matrices, does not change the form of the hypergeometrjc system. And

constant matrix

hence the constant matrix A may be considered to be of the form

a; 0 |[a13 a4
€1 a2 | a3 ax
A= y
az az2 |az O
Q41 Q42 | €2 Q4
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. a 0 . . .
where matrices of the form , are Jordan canonical matrices, i.e., e =1 or 0.
£ «

Here A is assumed to be similar to a diagonal matrix, i.e.,
A ~ diag (11, v2, vs, va), (h =v2 (mod Z)),
and
(841 # 0, 03] # Q2, Q3 ;é Q4 (mod Z) (k = 1, 2, 3, 4),

Qpe # Vi, V; 75 0 (mod Z) (k:,’l. = 1,2, 3, 4),

vi #vj, vs#vs (mod Z) (i=1,2; j=3,4).

It is remarked that from the trace relation, there holds
artaztaztog=vi+rve+vs+uy,

which is called the Fuchs relation.
Under the above assumptions, near each finite regular singular point t = A; (¢ = 1, 2),
one can find non-holomorphic solutions corresponding to non-zero characteristic exponent as

follows : for example, in case £, = 0,

X1(t) = (21(t), z2(t)),

zt) = (- )™)Y gm)E-M)"  (=1,2),

m=0

and in case 1 =1,

Xa(t) = Xa(t) (¢ — M),

Xi(t) = (=)™ ) Gifm) (- A)™,

m=0

-(22)

Then it is verified that X(t) = (X1(¢), X2(t)) forms a fundamental matrix solution of the

hypergeometric system and plays an important role in the calculation of its monodromy group.

J being the 2 by 2 shifting matrix

Now, we shall explain how to calculate the monodromy group. First, we have to seek

holomorphic solutions corresponding to zero characteristic exponent near regular singular
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points. By the connection formulas :
Xi(t) = Xe(t)Cri + Yii(t) (i#k:i,k=1,2),

where the Ci; are 2 by 2 constant matrices, one can derive holomorphic solutions near regular

singular points, that is,
X(t:A) = (X)), Yiz(2)),

(Ya1(t), Xa(t))

X(t: A2)

form fundamental sets of solutions near ¢t = A; and t = A, respectively. This fact is easily

seen from the relations

X(t) = X(t : Al)Ll = (Xl(t), le(t)) ( g CI12 ) ’
X(t) = X(t:A2) L2 = (Ya(t), Xa(t)) ( C; g ) _

We can then calculate the circuit matrices of Xx(t) and X(t : Ax) (k = 1,2) as follows :

Xi(t) Xi(t) Tk
Ak

where

0 0
T=| , T=| (ex = exp(2miak))
0 e 0 eq

for non-logarithmic solutions and

o= _e)_cp{21rz'(a1 + J)} = exp(2nic ) exp(2miJ)

: 1,_ . 1 .
ey {I+ ﬁsz-'- a(ZmJ)2 + - }

1 27
el N
0 1



104 M. KOHNO, K. TSURUMARU and H. HARUKI

1 2m
,Tz = ée3

for logarithmic solutions, and hence

X(t: ) X(t: ) Eg
Ak

T, 0 I 0
E=| " , E= )
0 I 0 T

We therefore obtain generators of the monodromy group with respect to the fundamental

with

matrix solution X (t)

-1
I ¢C Ti 0 I ¢
M = Ll_l E L = 12 1 12 ,
0 I 0 I 0 I
1 o\ [1I o I 0
L7'E Ly, = .
Ca I 0 T Cn I
I ¢C I -C . I 0 I 0 1
0 I 0 I c I —-C I

we consequently obtain

v = [T G 7. 0 I G\ [T (Th-I)Cn
YT oNe o 0 I o 1 ) \o I ’
1 o\ (1 o I o) _ I 0
—-Cn 1 0 Iz Ca I ) (T,-0)Cax T2 )

On the other hand, one can find a fundamental set of solutions near ¢ = oo

M,

Since

M,

X(t:o0) = (2 (), =*(t), 2*(t), (1)),
where

z*(t) = t** i hi(s)t™* (k=1,2,3,4).

s=0
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Let Eoo be a circuit matrix with respect to X(t : co) in the negative direction around the

infinity :

Xoo(t & 00) Xoo(t : 00) Eco,

E, = diag (fl,fz,fs,f4), fe = exp(27riv;¢) (k= 1,2,3,4).

Denoting the connection coefficient between X (t) and X(t : 00) by Loo, we then have

X(t) X(t) Moo,

Moo = LI Eco Loo -
Moreover, it is not difficult to see that there holds
Mi M2 = M,

and hence that eigenvalues of My M> are equal to fi (k =1,2,3,4).

Taking account of the above fact, we shall calculate the generators My (k = 1, 2). To

this end, from the relation
My Mp — f = (My — f My ") Ms,
where

- I 0
M2 ! = —1 -1 »
T, (T —I)Ca T;

we have only to consider the matrix My — f M;!.
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Non-logarithmic case

We put
€1 0 [43} C2 1 0 0 0
0 e 0 1 0
M1 = 2 e e ) M2 = y
1 0 di d2 e3 0
0 0 0 1 d3 di 0 ey
obtaining
1 0 0 0
_ 0 1 0 0
Myt = -1 -1 -1 )
—e3 di —e; dy e 0
—ejlds —e;lds 0 ]!
e1—f 0 a c2
_ 0 ez — c c.
(1) My — f M, 1= 2= f 3 4 = (A1,A2,A3,A4),

gda gl 1-g 0
hds hds 0 1-h

where g = f/e3, h = f/es and the A denote column vectors.

From the form of E, and the assumption that fi = fo, we can see that the rank of
the matrix (1) is equal to 3 for f = f3, f1 and 2 for f = f;. Only taking these facts into
consideration, we shall determine all the constants cx and dy.

Since it is easy to see that the column vectors A; and A, are linearly independent, for
f = fi we can take

(2) A3z =0A; +v A, Ay =61 Ay 4+ 71 A,
that is,
([ o =ée-f), ( 2 =ber~f),
s =v(e2— f1), ca  =mle2— f),
< q
l—g1 =éqdi+vqdz, 0 = 61g1d1 + 1101d2,
L 0 = 6h1d3 + 'yh1d4 L 1- hl = 61h1d3 + ’Ylhld4

obtaining, by solving linear equations of the above last two lines,

a = & —f) c2 = b&i(er ~ f1),
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C3

d;

d2

ds

ds

where

7(62 -f1)1

Nnfl=-g\_mfea—fi

A a1 - A f1 ’

b fl1-q __ & 63—f1>
A 0N A f1 !

ca = m(ez — fr),

A=ém — véi.

107

Since the rank is 3 for f = f3 and A, A2, A3 are considered to be linearly independent,

we have

3)

that is,

\

A4 = p1 A1 + B2 Az + B3 As,

Bi(er — f3) + Pasc1 = c2,

Ba2(e2 — f3) + Bacs = cq,

B1g3ds + Bagadz + B3(1 — g3) =0,

Pirhsds + Bohady =1 — hs.

From the last two formulas, we solve 81, B2 in terms of 85 as follows :

(4) B =6H — 336G,

where

B2 =mH - 374G,

l_ha) (1ﬁlhl) - (84);f3) (e4{1f1)’
) (22) - (472) (=2%)
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The substitution of these into the first two above formulas leads to

Ba{(er — f1) — G(e1 — f3)}6 = {(ex — f1) — H(e1 — f3)}61,

Ba{(e2 — f1) — G(e2 — fa)}v = {(e2 — f1) — H(ez — f3)}m,

whence we cosequently obtain

f fifs —eies — ﬁ_ fifs —ereq

v \ fifs —eze3 m\fifs—ees )’
which yields

- (es —e3)(e2 —e1) _ (ea — e3)(e2 —e1)
a=m (.flfS + fifa —erea — ezes) = o (flfa + fifa — ezea — 6163) ’

In this calculation we have used the Fuchs relation ejezeses = fZfafs. Moreover, the above
determination justifies that the rank of the matrix (1) is also 3 for f = fa.

We have thus proved that 8 constants c;, d; (¢ = 1,2,3,4) are expressed in terms of 4
parameters 8, 81, v, v1 among which there holds one relation. So it is easy to see that if
three parameters are given, then all the constants included in generators of the monodromy
group are completely determined. This is accomplished by the change of fundamental matrix

solutions :
Y(t) = X(t) diag(by, b, b3, bs) = (b1z1(t), b2z2(t), baza(t), baza(t))

for which, denoting the diagonal matrix by D, we have generators D™'MD (k = 1,2).

Hence, one can always assign any non-zero values to three parameters.

Logarithmic case

First we shall consider a case in which one of Xx(t) (k = 1,2), for example, Xi(t) is a

logarithmic matrix solution. In this case, of course, on = a2, &1 =1. And we have

€y 21("581 C1 C2

M1 — ey Cc3 C4
0 1 0
0 0 1

When we follow the calculation stated above, putting ez = e1, we have only to replace two

formulas in (2) by
a =6(e1 — f1) +7z, co=é1(e1 — f1) + Mz
and one formula in (3) by

Bi(er — fa) + Bz + Bac1 = c2 (z = 2wiey ).
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Substituting c1, c2, together with formulas derived for £1, 82 and

Bs{(e1 — f1) — G(er — fa)}v = {(e1 — fr) — H(ex — f3)}m,

into the last formula, we obtain

5 & _ es — e .
T M fHifs+ fifs—erea—erez )’

whence in this case we have

A=y == z
! fifsa+ fifs—eres—erez )
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Therefore, by assigning arbitrarily any values to three parameters, we can determine the

monodromy group.

Lastly, we shall consider a case in which both Xi(¢) (k = 1,2) are logarithmic matrix

solutions. In this case, a1 = a2, €1 =1 and a3 = a4, €2 = 1.

In order to simplify the calculation, we put

T I 0
Ml = ! Dl y M2 = )
0o I D, T;

1 2ni 1 2w
e i , T = e i ,
0 1 0 1
omi
Dy = e ¢ c2 , Dy = 1 27 di
c3 C4 0 1 ds

e1—f 2mies ec1 eico

where

Ty

and we have

0 -
M- fM; = er—f eics 610’4
gd1 gda 1—-g 2=ig

gds gds 0 1-g

where again g = f/es.

dz
ds

)

= (Ar, A2, A3, Ay),

From the above form, we may assume that A2 and A4 are linearly dependent for f = f3

because the rank of the matrix is 3. Putting A4 = 3 A2, we immediately obtain

C2

2ni 3, ca=p (u) ’

€1

4 o= T l(__e3‘f3).

Il
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Since the rank is 2 for f = f1, from the relations (2), we again obtain

¢ = 6(61;&)4-27&7,
€1

o = 2(22D),

€1

_ lles—fH _
dl = 6{ fl 7d2}3

ds = —%d4
and

2 = 6 (-el_—fl)+27ri'yl,
€1

¢4 = ’71(1:£),

€1
1 X
d = 3‘{27”—71612}»
1
1 83—_f1
d3 = —{————mds}.
3 61{ 7 M 4}

Combining these relations, we can express all the constants cx and dg only in terms of one

parameter 3. In fact, from the relations for ¢, and ¢

B (e—l-_—f?') =m (ﬂ) ,

el €1
2mif =61 (e‘e'—f‘) +2mim,
1

respectively, we have

7l=ﬂ(el—f3>’ 61=21riﬁ(f3_fl)el

el—fl (el—fl)2 ’
which then determine the values of d; and d3 as follows :

o = 3(8)

1 (61 - f1)(6163 — fifs)
27 3 e1fifs )

ds
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Combining these values with the relations for d; and ds, we can determine § and v, and then

we finally obtain ¢; and c3 as follows :

—ei1(es — f1)(es — fa)

es(er — fL)? ’

6 = f

B (es— fi)eies — f1]3)

v - 2mi €3f1 (61 - f1) ’
G = ﬂ (63 }; fl) 3

_ B (ea—fi)(eres — f1fs)
c3 = - .

27 eresf1
‘We have thus determined all elements of generators in terms of one parameter 8. It is not
difficult to verify that the rank of the matrix considered is also equal to 3 for f = f4 by means
of the Fuchs relation e? 2 = fZ fa fa.

Any value can be assigned to the parameter 8 by the transformation

i 0

0 bl ) = (b1X1(t), b2X2(t)),

() = X(3) (

which does not change the form of the matrix A.

We have thus derived the elements of generators of the monodromy group :

8 ex(ej_l—fl) 2mi Ber
Dl = 3
%(es—h):lfia—flfa) ,3(61 _ fa)

1-h 27w

5 1 2m 5 (255) 5
2 =

0 1 1_(e1—fi)(erez—f1f3) 1 (ga;&)

27i B ey f1f3 B fa

Symbolic manipulation

In order to calculate the monodromy group, we have used conditions concerning ranks of
eigenvalues. Such conditions of rank of a matrix can be analyzed by its minors, though it was
done by linear dependence of vectors in this paper. Whichever methods are taken, one can
determine all elements of generators merely by several conditions among many conditions, the
rest of which become identical formulas. For example, the constants ¢; and dj, are determined
only by fi and fs. Then the conditions for f; must be identities under the Fuchs relation.
On the other hand, generators of the monodromy group depends on the choice of fundamental

matrix solutions. We have many expressions of generators. We then want to know whether
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one is similar to the other. Such an evaluation is not difficult, but tedious. To this end, the

symbolic manipulation is very effective. Here we shall show one example.

procedure minor(i,j);

begin

n:=first length m$

for k:=1:n do for 1l:=1:n do mm(k,l):=m(k,1)$
for k:=1:n do mm(i,k):=0$

mm(i,j):=1%

s:=det (mm) ;

return s$

end;

matrix m(4,4Y,mm(4,4)$

m(1,1) :=el-£$m(1,2) :=z$m(1,3) :=c1$m(1,4) :=c23$
m(2,1) :=0$m(2,2) :=el-£$m(2,3) :=c3$m(2,4) :=c4$
m(3,1) :=g*d1$m(3,2) :=g*d2$m (3, 3) :=1-g$m(3,4) : =0$
m(4,1) :=h*d3%$m(4,2) :=h*d4$m(4,3) :=0$m(4,4) :=1-h$

cl:=ax(el-f1)+c*z$
c2:=bx(el1-f1)+d*z$
c3:=cx(el-£f1)$
c4:=d*(e1-£f1)$

di:=(d*(e3-£1))/(delta*f1)$
d2:=-(b*(e3-f1))/(delta*f1)$
d3:=—(c*(ed4-£f1))/(deltaxf1)$
d4:=(a*(e4-f1))/(deltaxf1)$

a:=(deltatc*b)/d$
delta:=(c*d*(e3-ed)*z) / (f1*£3+f1+f4-ed*el-e3*el)$
f4:=(el1*x*2*%e3*ed) / (£1**2%£3) ;

g:=f/e3%

h:=f/ed$

£:=£3;
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w:=det (m) ; <-———---- This shows that the rank is 3 for £3.
f:=f1;<-—————mmmm- This part shows that the rank is 2 for f1.
y:=det(m);

for i:=1:4 do

for j:=1:4 do <<r:=minor(i,j);write "Mimor", "(",i,",",j,")=",r>>;

f:=f4;<—-mmmmmmm—m This certainly shows the rank is 3 for f£4 !!
z:=det(m) ;

end;

2. 5-th order hypergeometric system
For the hypergeometric system
dX
(t - B) - = AX,

let us assume that B has multiple eigenvalues :

ny n2 np

—— ——
B =diag (A1,---, A1, A2yee iy A2, oo 5 Ap, e Ap),
where
Ai #E A (27&.7) ni 21 (i, = 1,25"-;1’)
and

n +ne+---+n, =n.

As explained before, applying the transformation ¥ = DX, where D is a block-diagonal
matrix, we may assume from the outset that A = ((A;; ) is blockwise decomposed according
to the multiplicities of B and the diagonal block A;; are Jordan canonical matrices. Hereafter
it will be assumed that the eigenvalues of A;; are not congruent to zero and to eigenvalues of
A modulo integers.

Moreover, assume that A is similar to a diagonal matrix of the form

81 62 6q

A A A

.o N ~ y ~
A~ diag (V1,1,- -0, 71,000 ¥2,1,- -1 V2,025 -+« 1 Va,15--+1V,0q )s

where

Vil V2 = = Vi6; (mod Z) ('l = 1,2, ...,q)
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and

0L +624 -+ 0, =n.

Labels L(B) = n1-n2---n, and L(A) =6, - 0 - - - 8, are given to such a hypergeometric

N=n2—n+2—zp:nf—i0§
i=1 k=1

accessary parameters are included. It is well-known (see (3] and also [2],[1]) that if N <

system in which

0, that is, a hypergeometric system is free of accessary parameters, then its monodromy
group is computable. The typical examples are Jordan-Pochhammer equation with labels
L(B)=1-1---1, L(A) = (n — 1) - 1 and Generalized Hypergeometric Equation with labels
L(B)=(n—1)-1, L(A) = 1-1---1. As a matter of course, the hypergeometric system
treated in the preceding section has the labels L(B) = 2-2, L(A) = 2-1-1 and is also free of
accessary parameters. *

In this section we shall deal with the evaluation of monodromy groups for hypergeometric
systems with labels L(B) =3-2, L(A)=2-2-1and L(B)=2-2-1, L(A) =3-2.

21 L(B)=3-2, L(A)=2-2-1

According to Jordan canonical forms of A, :

a1 0 0 ay 0 0 a) 0
0 a2 0 |, 1 a 0 |, 1 & 0 |,
0 0 as 0 0 as 0 1 ay

the respective circuit matrices of non-holomorphic or logarithmic solutions near t = \; become

e1s 0 0 e1 2miey O e1 2mier (2mi)le /2!
0 e O , 0 ex 0 s 0 e1 27ie; ,
0 0 €3 0 0 €3 0 0 €1

where ex = exp(27iax). Just like this, the circuit matrix around ¢ = A, behaves according
to the form of Ags.

So we shall now attempt to calculate generators of the monodromy group by putting

em p1 P2 € €2 1 0 0 0 ©
0 e p3 ¢33 ¢ 0 1 0 0 0
M = 0 es ¢ ¢ |, M; = 0O 0 1 0 O )
0 10 dy do dis es q
0 0 1 di ds ds¢ 0 eq
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where p; (¢ =1,2,3) and q: are vanishing in a generic case, and p1, p3 are equal to 2wie1 or
zero, pz is equal to (2mi)2e; /2! or zero and q; is equal to 27ie, or zero in logarithmic cases.

Now, in order to evaluate all constants ¢, d; (i = 1,2,3,4,5,6), we again consider the
matrix M; — f M; ', the rank of which is equal to 3 for f = fi, f> and 4 for f = fs, the
f; being exp(2miv;«). The rank condition can be analyzed by the vanishing of minors. But
this method is very complicated. So, as explained in the preceding section, we introduce the
same number of parameters, which are coefficients of linear combinations of vectors, and then
we express the ¢;, d; explicitly in terms of such parameters.

First, we shall consider a case in which p2 = p3 = 0, since a more simple method can be
applied to a case in which p; and ps are not vanishing. In stead of the matrix M; — f M; !,

we may treat its equivalent matrix as follows :

ey — f P 0 c c2
0 e2—f 0 c3 cs
0 0 e3— f Cs co = (A1, A2, As, A4, As).
dy da ds (ea—f)/f q
dy ds ds 0 {es— N/f

Here it should be remarked that if ¢ # 0, i.e., ¢ = 2wi, then the d; are different from those of
M,, which are, in fact, derived by

1 2w di do ds
0 1 dy ds ds |’
Now, since the rank of the matrix is 3 for f = f;, we take

Ay =71 A1 + 2 A2 + 3 Az, As =81 A + 62 Az + 63 As,

whence
( a = m(e1 = f1) + 72p, ( c2 = é1(e1 — f1) + b2p,
c3 = v2(e2 — f1), ca = 82(e2 — f1),
< cs = v3(es — f1), < Ce = b3(es — f1),
=Nt _ oy di + yeds + vad = 61dy + b2da + 6ad
T = 7d1 + Y2d2 + ysds, q = 01d1 + 0242 + 03d3,
L 0 = v1d4 + T2ds + Y3ds, L € J1 = §dy + b2ds + bads.

1
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Putting here and hereafter
(Pi=ei—f1, ¢i=ei_f2 (i=112a3’4:5)’

we solve linear equations of the above last two lines to express dz, d3 and ds, ds in terms of

dy and d4, respectively. We then have

= —ta s frams (5)
o= Byt s o (),

(5)

(6)

where we have put
(M Ay =827 — 1283, A1=bi13—mb, A=br—mb.
On the other hand, since the rank is also 3 for f = f2, we can take
As=vA1+712A2+734s,  As =61 A1+ 62 A2 + 73 As,

whence we have the same formulas as (5) and (6), where the ~;, 6; and ¢4, s are replaced

by v/, 6; and 14, 1s. From formulas for the c;, it is immediate to see that there hold

Nner+rRp=nvr+7%p, Yv2=72%2, YV3ps="s¥s,

8114 62p= 6191 + 62p, b2 p2 = 8212, 633 = 6313,

which yield

P23 Az,

A,=6I 4 - 16I=
2 273 Y203 Das

Al =68 AL — r61=¢1‘P3A (¢2—‘P2)‘P3 Aq,
1 173 — MN03 D1 1 —¢1¢2¢3 pa2

P12
A.
Y132

Taking account of these relations, we consequently obtain

A'l 1 ’ ;P4
do = —-—14d — & =
2 ,2 1+ :,2 {’qu 3 f2

A'=68m —nb=
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(Y21 A1 | (Y2 —2) 1 9 o (¥
(‘Pﬂlil At o2 p) bt Az p2 {73q 5 (fz)}’
dz = ﬁ—édl—é{’ﬁq—ﬁ(%)}

_ (A, L[ (s

= (tpa’llh)Azdl 23 03 {’Yzq 62()“2)}’

Ay Ay \ fo

_ (Y201 A1 | (2 — 2) 3 Y295
B (tpzll)l JAV) * P12 p) dat Az 2 fo’

AI !
- g ()

117

Combining these relations with (5) and (6), we now seek d; and ds. For simplicity of nota-

tions, we first put

|8
|
S5

&l
SI§

BS
|
SIs
S N

Sl
SIS

=IE
|
TN TN TN N
NIN
N—
SI&

G =

Q =

&
[ V)
Il
AN TN TN TN TN TN N
=[8
|
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Then we have

Q1‘73+‘I>153 _ ey + 826,
A+ PA; A !

(8)
— 1-+13‘I’1 - = —1‘2‘1/2_

From relations thus derived, we can determine all the constants of generators by assigning
any values to 4 parameters among 6 parameters 7;, 6; (:=1,2,3). To see this fact in more

precise form, we here put

6_1 = X1 5_2 = ﬁ; 6_3 =«
7 Y2 Y3
Then, from (8) we obtain
Qi+ 2+ P28

nX-0)+Pr(f-a) _ 'n(X B)’

-, __ =%
NX-a)+Py(B-a)  mX-8)
the solution of which leads directly to

_ ¥ Q12 — Q27
F =35t 19,

Ty [ & -, Q102 — B0y
X = 2 P =
P, {‘1/1—\I/2+ \I’I(\I’l—\pz) ’Yl}

Q1Y - Q1 Y2
| |, + PU, = ).
+ (\pl%(\m 7Y A
Together with the above formulas, all the ¢; and d; can be considered to be exactly determined.

For example, let 71, 72, vs and 83 be given. Then « is a known value, and hence 3, X are

known too. It is clear that the c; are expressed in terms of those values. As for the d;, we

have
4 = Q2+ P20
X -8)’
S -
da = nX -4y’

1 X -« P4
d; = _'72([3—04){(X—B)(Qz-l-@z'a)_l-a(ﬁ)}’
_ 1! 2
b = 7sw_a){cgﬁ(qaﬁu(ﬁ))ﬁ},
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_ 1 X-«o s

% = 72(ﬁ—a){(X—ﬂ)\I’2+(f,)}’
- ¥s

de = 7a(ﬁ—a){‘1'”(fx)}'

Non-logarithmic case

In this generic case, we have only to put p = ¢ = 0 and hence P = Q; = Q2 = 0 in the

above formulas, obtaining

_ _ _ (ereq — f1f2)(eses — fif2)(er — f1)
a = mla-h) = (eres — f1f2)(esea — f1f2) om

c3 = ‘72(62 - fl)a Cqy = (6264 — flfz)(eses — flfz)(e2 — fl) a2,

(e2e5 — frf2)(ezea — f1f2)

cs = 73les — fi), Cs (e3 — f)avs,

4 = (eres — fif2)(e2ea — fif2)(esea — fifo)(er — f2) 1

(e1 —e2)(er — es)(es — es5) 7 2 '
& = —(erea — fif2)(ezes — fif2)(esea — frfo)(e2 — f2) 1
2 (e1 —e2)(e2 —es)(es — es)f f3 72’
d = (erea — fi1f2)(ezea — f1f2)(eses — fife)(es —f2) 1
3 (ex —ea)(ez — es)(ea —es) F2f2 s’
4 = —leies — fifs)(ezes — fife)(eses — frfo)(er = fo) 1
4 (e1 —e2)(er — e3)(es — es) 212 am’

4 = leaes—fifs)(ees = fifa)(esea = fifa)ea = fa) 1

(e1 —e2)(ez —e3)(ea — es) f1 f3 aye’
4 = —(eres — fif2)(ezes — fifz)(esea — frfo)(es—f2) 1
d (e1 — e3)(e2 — e3)(ea — e5) f2f2 oys’

Full-logarithmic case

Now we consider a case, where there exist 5 by 3 logarithmic matrix solution near t = Ay
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and 5 by 2 logarithmic matrix solution near ¢ = )2, dealing with the matrix

ei—f m P2 c1 c2
0 e1—f 21 c3 ca
0 0 e1—f cs Ce = (A1, Az, A3, Ay, As).
d d2 ds  (ea—f)/f g
ds ds ds 0 (ea— f)/f

In this case, one can assume that A3 and As are linearly dependent for f = fa, for which

the rank of the matrix is 4. Putting A5 = 3 A3, we have

c2 = p2f3, ca = p; B, c6 = mp,
q T4

d. = ds = T A

: g T 5P

where 7; = e; — f3. (i = 1,4).

Again, from the rank condition for f = f; stated above, we put

Aa =7 AL + 72 A2 + 73 43, As = 61 Ay + 62 Az + 83 Az,

whence
[ & =me1+ 72+ 1302, (2 = 6101+ bap1 + bapa,
3 =721+ 73p1, cs = b2p1 + bap,
4 Cs = Y3¥1, { ¢ =63,
% = v1d1 + vod2 + v3da, q = b1dy + badz + 83ds,
L 0 =md4+v2ds + 7yads, L % = 61d4 + 82d5 + bads.

Now, combining relations for ¢; (i = 2,4,6), we can express the §; in terms of one

parameter 3 :

2
T Y1 — T Y1 —M P1
§a= L =21"M, 3, S =F1"™ _ (P .
(9) 3 ; B, 2 z B 1 z {Pz (‘Pl )}ﬁ

On the other hand, solving dy, d2 and d4, ds in terms of ds and ds, respectively, we have

d1=%da+%{"¥2q—52 (%)},
w=-o-na-n (3}

(10)
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_A 2 (P4
dy = fds + % % ’
i =—ao-% (%),

where A, A1, A2 are given by (7).

(11)

Consequently, taking account of values of & (i = 1,2,3) in (9), one can easily see that if 4

parameters v1, Y2, ¥3 and 3 are given, then all constants ¢; and d; are determined explicitly.
2.2 L(B)=2-2-1, L(A)=3-2
In this case, general forms of generators are given by
( er m b’l b'z b_fg
0 €2 :‘ b’s b:;
Ml = 0 0 1 0 0 H]

o oflo 1 0
\ 0o oo o0 1

1 0|0 OO 1 0 0 o0}O

0 11/!0 00 0O 1 0 oO0]O0
Mo=] ¢ c2|es ¢q|eca | M; = 0 0 1 0]0O ,

ca cs| 0 eq 0 0 0 10

0 0|0 0]1 di d2 d3 dsfes

where p; = 2mie; or zero in case e; = ez and ¢ = 27ies or zero in case ez = e4.
In order to evaluate 16 constants in the generators, we consider the matrix
MMz — f M[', the rank of which is equal to 2 for f = fi and 3 for f = f2, as follows :

1-fler * * * *,
0 1—flez * * *
MoMs— fM;'=| ci+csdi co+csde es— f+cads g +cads cses
cs+cedr  Cs + cedz ceda ea—f+ceds  cees
dy do ds ds es — f

So, we may deal with its equivalent matrix

(er —N/f P b b2 bs B,
0 (e2—f)/f  ba bs be B
a c2 es—f q caaf =1 Bs |,
c4 Cs 0 es—f csf By

d; d da dy es—f Bs
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where p = 2mi or zero, and the B; denote the corresponding row vectors. The relation
between the b} and the b; is expressed in the form

b,l b’z bf; _ 1 y b] bz b3
b, b b 0 1 ba bs be |

Now, since B, B; and By are linearly independent row vectors, we put

B3 = 61 By + 62 Bo,
(12) By = M B1 + 72 By,
Bs = 1 B1 + 2 B2
for f = f1 and
B3 = a'l B +a’232+a§B4,
(13)
Bs = a1 By + a3 By + a3 By
for f = fa.

Using the notations as for ¢;, ¥; in the preceding subsection, from the following relations
Of Bs, B4 in (12) :

61b1 + 62 b4

3, 61 b2 + 62 bs

a

Nb+7b =0, Tb2 + 7205 = ¢4,

we first seek b1, bs and bz, bs, obtaining

by — g12—5£452’ bs =_g11—52461,

where A is just the same value as in (7).
Next, solving the formulas for d; (i = 1,2,3,4) in Bs of (12) and (13) :

dr : 51 (%) — o (%) = ascs,

dz : B2 (%) — a2 (%) + (/1 —a1)p = ascs,

dz : (81 — a1)by + (B2 — a2)by = 0,
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ds : (B1 — a1)b2 + (B2 — a2)bs = az s,
we have
(451 _ E_4
o - m T,
é = E "M
asz m

oz _ & ) (&
a - nz””(@) (nz) it

Bt (L) (2)
a3 72 P2 72

we@)ho me (B)h

§3=%—, £4=$—:—1,
e (@)Eh e ()R

We then substitute cg into

Brbz + P2bs = s,

a1bz 4+ azbs + asce foa = Y5

and solve them to obtain b3, bg as follows :

(e oy 2 (B
v o= [nmz(@l %)+f1(m nz)]aﬂﬁz

b S ey fafa], 2
[ﬂxﬂz Y2 (@ 64) 72 tpz] anp

123
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= (B (G L
bo = [ﬂ1¢5 (711+f1)‘p5]71/w'

From results derived so far, we can easily observe that if one gives any values to 5 param-
eters, i.e., vi, 6; (i = 1,2) and a3, then all constants included in the generators are definitely
determined. However, we can only assign' any values to 4 parameters. So, one parameter
among 5 parameters stated above must be determined by other parameters.

We now consider relations for Bs in (12) and (13) :
o (8) oiec=5:(5).
(14) by + ohbs = Vs,

obz + agbs + aza =g

and

(15) oyp+ az b +ahes=bp+62 (22,
fa h

(16) albs + agbs + ascsf2 = c3 fa.

First, we solve (14) :

% 0 Cq4
_ I Y1034
W = |85 b 0=l <I>1](———flA )‘m
b2 b5 4
C1 0 Cq
all = Y3 by O / W,
g bs s
%l (4] Ca
, 2
= | b oy 0 [/W
b2 g Y
%l 0 Ci
, 2
Q3 = b1 by Y3 /W,
b bs ¢
whence
' (64 —63) 1

@,

1
6+ s PR
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/ 3 s U1 {7261 & 1
= By BaZ1 + 22—y,
o2 w3 2 s &, m g By bt
v W8 _wpE1
3 ® \m 1 fapa @1

Substituting these into (15), we consequently obtain

5 - 20 (ﬁ) ph (st hihy g,

Va1 \' m P2 .9,
Y1 Y2 fils 1
+ (‘Pl tpz) f2 1 ©1¥2 (r29)
A(Bih_ )6 1
o2 (‘Pl f2 1) s 0172 (nap).

This shows that 62 can be determined uniquely by 71, 72 and §,. Hence, if 4 parameters
71, 72, 61 and as are given, then all constants b;, ¢; (i = 1,2,3,4,5,6) and d; (i = 1,2,3,4)
are determined explicitly. Then the formula (16) remained to the last is an identity, the fact

of which can be proved by the Fuchs relation e;ezeseses = f3 f2.

Following the above algorithm, one can make a computer calculate the constants of gen-

erators. In the program, cl, c2, d1 and d2 denote 71, 72, 61 and &2, respectively.

phk, psk, phik, psik = wr, WYk, Pr, Vi,

ok Be

ak, bk, aak g ) )
a3 Q3

nb3, nb6 and coeff*k denote numerators of b3, bs and the expressions of constants by, ck, dx

to be required, respectively.

Symbolic manipulation

on factor;

phl:=el-£1$ ph2:=e2-f1$ ph3:=e3-f1$ ph4:=e4-£1$ phb5:=e5-f1%

psl:=el-£2$ ps2:=e2-£2$ ps3:=e3-£2% psd:=ed4-£2§ psb:=e5-£2%

etal:=(ps1/ph1)*(£f1/£2)-1; eta2:=(ps2/ph2)*(£1/£2)-1;
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xi3:=(ps3/ph3)-1; xi4:=(ps4/ph4)-1;

phil:=(ps1/ph1)*(psd4/phd)*(£1/£2)-1;
phi2:=(ps2/ph2)*(ps4/phd)* (£1/£2)~1;
psil:=(ps1/ph1)*(ps3/ph3)*(£1/£2)-1;
psi2:=(ps2/ph2)*(ps3/ph3) *(£1/£2)-1;

al:=(xi4/etal)*cl;
bl:=(phil/etal)*ci;
a2:=(xi4/eta2)*c2+(£1/ph2) * (xi4/eta2) *cl*p;
b2:=(phi2/eta2)*c2+(f1/ph2)*(xi4/eta2)*c1*p;

aal:=(xi3/ph4)*(1/phil)*q*ci+((xi4-xi3) /phil)*di;

aa2:=(xi3/ph4)*(1/phil) *q*c2-(ps4/phd)*(psi1/phil) *(c2xd1/c1)
+(ps3/ph3)*d2;

aa3:=-(ps1/ph1)*(£1/£2) *(xi3/ph4)*(1/phil) *q+(psil/phil)*(d1/c1);

d2:=(ps1/phi-ps2/ph2)*(£1/£2)*(xi3/ph4) *(1/phil)*(1/psi2) xq*c2
+(phi2/psi2) *(psil/phil)*(c2*d1/ci)
+(£1/ph2)* ((ps1/ph1)*(£1/£2)-1)*(xi3/ph4) * (1/phil) x(1/psi2) *q*cli*p
+(£1/ph2) *((xi3-xi4+phil-psil) /(phil*psi2))*d1*p;

nb3:=((xi4/eta2+f2/f1) *ph5- (phi2/eta2) *ps5)*c2
+(xid4/eta2)*(£1/ph2)* (ph5-ps5) *c1*p;
nb6:=((phil/etal)*ps5-(xi4/etal+f2/£1)*ph5)*cl;
eb5:=(£1%#%3) % (£2**2) / (e1¥e2*e3*ed) $
Fuchs:=(aal+aad*(£2/f1)*c1-(£2/£1) *d1)*nb3
+(aa2+aa3* (£2/£1) xc2- (£2/£1) *d2) *nb6;
0 <---- This result proves the validity of our calculation !!!

%/ From now on, we seek explicit formulas of constants of generators. %%

omega:=((bil*a2-b2*al)+(bl*c2-b2*c1)*(£2/f1))*a3;
delta:=d1*c2-d2*cl;



coeffbl:
coeffb2:

coeffb3

coeffb6

coeffcl:
coeffc2:

coeffc3

coeffdl:
coeffd2:
coeffd3:
coeffd4:

end;
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=(c2+ph3)/delta;
=(q*c2-phd*d2) /delta;

:=((a2+c2*(£2/£1) ) *ph5-b2*ps5) /omega ;
coeffbd:
coeffb5:

=-(c1*ph3)/delta;
=(d1*phd-q*cl)/delta;

:=(b1*ps5-(al+c1*(£2/£1) ) *phb) /omega;

=d1*(ph1/£1);
=d1*p+d2+*(ph2/£1);

:=(d1*coeffb3+d2*coeffb6)/f1;
coeffc6:

=(cl*coeffb3+c2*coeffbb) /f1;

=bi*a3*(ph1/£f1);
=bl*a3*p+b2+a3*(ph2/f1);
=bi*a3d*coeffbl+b2*a3*coeffbs;
=bl*a3*coeffb2+b2*a3*coeffb5;
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We shall here write down explicit formulas of generators of the required monodromy group

represented in terms of 4 parameters vk, (k = 1,2), 61 and a3 in the following

General expression

by =

—(e1eq — f1f2)(ezes — f1f2)(e3 — f1)
fifz((e2 — e1)y2 + esmap)((es — es)ds + ma) 2

(eres — fif2)(ez2es — f1f2)(ea — fi1) ‘)'2_51
fif2((e2 — er)y2 + exmp)((es — ea)b1 +m1q) m

(6164 — f1f2)(e2e3 — f1f2) — fif2(ea — f1)(e1 — e2)
fifa((e2 — e1)y2 + exmip)((es — ea)b1 + 1q)

729

ei1(es — f1)((es — ea)b1 + 119)
((ez — ez + exnp) (€3 — €a)é1 + 119)

f1(64 - fl)((eles - flfz)'YZ - eles’hp) 1
eseq((e2 — e1)y2 + e1np) azy’
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ba

bs

be

(5]

C2

Cc3

Cq

Cs

Ce

d;

dz

ds

ds4
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(ere4 — fif2)(e2e3 — fif2)(es — f1)
frfz((e2 — e1)y2 + exmip)((ea — ea)b1 + m1q)

",

—(ere4 — f1f2)(e2e3 — f1f2)({ea — f1)61 — 1q)
fif2((e2 — e1)v2 + exnip)((es — es)b1 + 71q)

—fi(ezes — fifa)(ea— fi) 1

eseq((e2 — e1)v2 +e1mp) as’

(81 - fl)
_fl_—‘sly

(eres — fifo)lezea — frfa)(ez — f1) b1 falez = fi)((e2 — e1)2 + exmp)
fi(erea — f1f2)(e2es — f1f2) " (erea — f1f2)(ezes — fif2)

e1fa(es —eq)(e2 — f1)
(e1eq — f1f2){ezes — f1f2)

+ 1) 61p,

—(ea — fi)(es(eres — fif2)61 + frfonig) 1
6364(6164 - fl.f2) a3M ’

(e — f1)

— N
A T,

(e2 — fi)ye + fimp
bil ’

—(ea—fi) 1
€4 aa,

(erea — fif2)(er — f1)
61f1(64 —.fl)

Q37V1,

(e2e4 = fif2)(e2 — f1) e1fa(ez — f1) + ea(eres — f1f2)

ezfi(esa — f1) asy2+ erez(es — f1) anp,

(ereqa — f1f2)(ezes — frf2)(es — 1)
erez(es — f1)((es — es)b1 +mq)

a3V,

—(eres — f1f2)(e2eq — f1f2) (erea — f1f2)(ezes + ezeq —eafi ~ f1f2)

aszd1 +

erez((es — €4)61 +119) erez(es — f1)((es — e4)dr + mq)

Putting p = ¢ = 0 in the above formulas, we have

Mg.
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Non-logarithmic case

by = (eres — f1f2)(ezes — frfo)(es — fr) 1

fif2(er — e2)(es —eq) &1’
b, = —(eres—fifs)(ezea — fifs)(ea—fi) 1
2 hhif2(er —e2)(es —eq) "’
ba = —filea— fi)(eres — fifz) 1
3 - L}
eses(e1 — ez) asm
b - —lerea—fifa)(ezes — fif2)les = fr) m
‘ Fif2(er — e2)(es — ea) y2by’
bs = (erea — f1f2)(e2es — frfe)(ea — f1) 1

fifz(e1 —e2)(es — e4) ¥z’

be = Jileees—fife)lea—fi) 1
6

6384((61 - 62) a3 ’
o = (e1 — - fl)é
o, = leres—fifa)(ezes — frfo)(e2 — J1) Y
2 fi(erea — fif2)(ezes — fif2) M
o = —(e1e3 — fif2)(ea — f1) 6
3 es(eres — fifz)  amm’
_ (ea—=h) fl)
a=
Ccs = _(62 j_'l fl)723
s = —(ea — 1) L
€4 a3

d = (6164—f1f2)(81—f1)a371’

erfi(es — f1)

_ (ezea — frf2)(e2 — f1)
d2 = eafilea— o) o

129
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dy = (erea=fifa)(ezes — fifa)(es — fi) eam

erez(es —es)(es — f1)

de = —(erea—fifz)(ezes — fif2)
. =

6162(83 — e4)

3. 6-th order hypergeometric system

According to K.Okubo’s result [3], there are 4 types of 6-th order hypergeometric sys-
tems, which are of accessary parameter free, except for Jordan-Pochhammer equation and
Generalized hypergeometric equation, as follows : (i) {3-2-1, 4-1-1}, (ii) {3-2-1, 3.3},
(iii) {3-1-1-1, 4.2}, (iv) {2-2-2, 42}, where each pair denotes the pair {L(B),L(A)}
or {L(A),L(B)}. In a non-logarithmic case, among those types, (ii) and (iv) are irreducible.

(See [5].)

We shall now explain our method of calculating monodromy groups more explicitly, deal-

Q3.

ing with 6-th order hypergeometric system of the type (iv).

3.1 L(B)=4-2, [{(A)=2-2-2

In this case, we can write generators of the monodromy group in the following form

er ;1op2 p3|m &

0 e pi p2|m &

M, = 0 0 e pi|v &
0 0 e4 |va b4

0 0 0]1 O

0 0 0]0 1

1 0 0 0|0 O

0 1 0 0|0 O

My = 0 0 1 0|0 O
0 0 0 1|10 o

di do di3 di|es ¢

ds d¢ d7 ds| 0 es

&

b
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where p1, p}, pi = 2mie1 or zero, p2, py = (2mi)%e1/2! or zero and ps = (2mi)3e1/3! or zero

in case e; = e1 (i = 2,3,4), for example,

. 2 2 ori 3
i)

2mi (2n

0 e gre re
0 €] 2T7r!161
0 0 e

in a full-logarithmic case and ¢’ = 2wies or zero in case es = es.

We shall again consider the matrix, which is equivalent to M; — f M Y

ei—f m P2 p3 7 6
0 e-f p P2 Y2 b2
Mi— fM7' ~ 0 0 es—f pf 73 63
0 0 0 es— f Y4 N
d dz ds de  (es—f)/f q
ds ds d7 dg 0 (es — f)/f

(-Al, A2s A3, A41 AS, A6)7

where the A; denote the corresponding column vectors. Here it is again remarked that ¢ = 2#¢

or zero and the original d; in M, are derived by

1 q dl dz d3 d4
01 ds ds dr ds |
L(A) =2-2.2 implies that the rank of M; — f M; ! is 4 for each f; ({ = 1,2,3). Since

it is easy to see that Ax (k= 1,2,3,4) are linearly independent, we can put

As = i1 A1+ iz As + i3 Az + a4 Ay,
(17)

Ag Bi1 A1 + Biz A2 + Biz Az + Bia Aa

foreach f=f; (1 =1,2,3).

Now we introduce the notations

pi=-e; — f1, Y =e; — fa, &i=ei—f3 (1=1,2,3,4,5,6)
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and
d d d
D= 1 d2 d3 da , r
ds ds dv ds
e1—fi p1 P2 P3
0 e2—fi P P2
®; = /7
0 0 es— fi P1
0 0 0 €4 —
fori=1, 2, 3.

fi

Then, the relations (17) can be expressed as

(18) $; A, =T
5
(19) DA = ( 01 ) s DA =
and
(20) ®:B:=A

q
(21) DBI=( 6 ), 'DBz=(
7

The combination of (19) and (21) leads to

a1 o012 013
21 Q22 Q23
Q31 @32 Q33

22
(22) Bi1 Pz Bis

Q24

aszg

P14

P21 Pe2 Pes
Bs1 Paz Pas

P24
B34

T
=™, a-=
Y3
Y4
(2781
. A= P,
;3
Q4
(i=1,2,3),
i
2 , DA3=
0
(i=l,2,3),

q

%

), D&=(

da
ds
ds

—~
< PSSR

—
QR

—

S

&
)
b3
ba

q

(=3

3

B;

)

Bi1
Bi2
Bis
Bia
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and
11 012 @13 Q14 ( 0 \
Qz1 Q22 Q23 024 ds 0
0
d
(23) Q31 Q32 Q33 Q34 6 _ .
Bir Bz Bz Bia d:
B21 P22 P23 Pa2a ds :
Bsr Boz fos faa \ & )
3

Now, assigning any values to 5 parameters among 16 parameters in generators, we have
to determine the remaining 11 by the above formulas. To see this, let v; ( = 1,2,3,4) and 64
be given. Then, from (18) the a:; are completely determined and from (20) the 8;; can be
expressed in terms of three parameters §; (k= 1,2,3). From relations of the first four rows
of (22) and (23), we can then derive the d;, which depend on & (k =1,2,3), that is, if three
br (k =1,2,3) are known, then the required constants d; are completely determined. Now,
four relations are remaining in (22) and (23). In order to determine & (k = 1,2,3), we use

three relations, and one relation remained to the last is just the Fuchs relation.

Non-logarithmic case

We shall here apply the above principle to a non-logarithmic case. In this case, we have

P1 0 0 0 1,/)1 0 0 0 {1 0 0 0
0 0 o0 0 0 0 0 0 0
‘bl = ez ) ‘b2 = 1/)2 ? @3 = 62
0 0 3 O 0 0 93 O 0 0 & O
0 0 0 o 0 0 0 4 0 0 0 &
Then, (22) and (23) can be rewritten in the following form :
1 1 1 5 _ 1
AT RN
(29) P V2 s rd |=| 7~ 50 |
1l 1 1 Y3 ds s_1lg
& & & 3 & 1
1 1 1 1
i 1 ds ~pi 0
1 1 1 1 0
(25) P Vs U3 Y2ds | =| ~ %2 |
1 1 1 3 dr _1lg
& & & &
1 1 1 1
(26) B V2 Vs bod2 | = | — Pa 6 |,
1 1 1 83 d3 _1ly
&L & & &



134 M. KOHNO, K. TSURUMARU and H. HARUKI

1 1 1 6 _ 1
7w om ) (ae) (f-w
—— — — — 6 —
(27) dil 1/,1,2 T/is bads | = T U s |,
Z— F Z_ 63 d7 gﬁ —_ _1_ 04
1 2 3 f3 64

where we have put
01 = vada, 02 = va ds, 03 = 64 ds, 04 = 84 ds.

Now, we first solve (24) and (25) to obtain d; (i = 1,2,3,5,6, 7). Then, we substitute

those values into the formula, which is derived directly from (26) and (27), as follows :

1 1 1 1 _
—pi0s (& @ % | [ @dt o 0
1o | 2 | L I X o ddl o
MR e
1 —1
“g % \& & &/ \ 0 0 dd
11 1 \7! 6 _ 1
EAANE
6—
x 1 Y2 Y3 2 Ya *
1l 1 1 %_19
\61 & Ea/ 3 &1 °

Taking account of the relation 6205 = 6,04, we can obtain 6; and 6, by means of the solution
of the first two rows in the above formula. Under the Fuchs relation ejezeseseses = F2 f2 2,
the last row then becomes an identity, which plays an important role in checking whether all

calculations done are valid or not.

Denoting
F=(fi - f2)(fr = f3)(f2 - f3),
we now put
_ p11&a 1
mo= (61 —62)(61 - 63) F,
_ 210262 1
2 - (61 - eg)(eg - 83) F’
_ P33és 1
o= (e1 —ea)(ez —es3) F’
papada 1
™ (e1 — ea)(ez — ea)(es —€a) F
and obtain

(e2eses — frfafs) o _ (ez—ea)(es —ea) o

& fifafs Pathala
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_(e1e3es — frf2f3) F (e1 — es)(e3 — eq) Fo,

da = Fifafs T ot

d3 = (6162;51;22f2f3) F- = —::1);:524_ - £
R o
o o e ()

Solving 61 and 84, we have

hy (22) + h(es — e6) | frparhaba
I

9 = d = ]
' T (e1 — ea)(ez — ea)(es — ea)(es — es)we
hsparpa€a
0y = 64dsg = — ,
‘ o (e1 — ea)(ez — ea)(es — e4)(es — e)
where
1 1 1 e
ha = (S 4o+ o+ o) fufafs — (ercs + eaes o+ eaca + eacs),
ey €2 €3 €4€s5

o>
I

(0 28 # (- ZE) # (- B2) - (- 20)

+ (eiei _ flf2f3) + (% _ flfzfs) _
h eses f eses

Here, as a value of the fifth parameter to which any value can be assigned, we put

_ hy patpaba
(e1 — ea)(e2 —ea)(e3 — €a)’

b4 =

which immediately yields
1

® 7 (es —es)’
We have thus determined all the constants d; in the generator Mz :
(ezezes — fifafa)(ezeses — f1f2f3)(eseaes — frf2fs)er
d = - 2 272 12 F,
(erezesese? — f1f3f3)(er — ea)frfafa

d

(ereses — fif2f3)(ereaes — f1fafa)(eseaes — fifafa)e2 F

dz (erezesese? — f2f3f3)(e2 —ea) fif2fs ’

135
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d = — (ere2e5 — fifa2f3)(ereses — f1fafs)(ezeses — f1fafa)es

(erezeseqel — fEf2f2)(es — ea) fifafa

F,

_(e1e2es — f1f2f3)(e1eses — f1f2fa)(ezeses — f1fafs)ea

d F,
4 (erezezese? — fF2f2f2)(e1 — ea)f1f2fa ’
1
dse = -+
° (e1 —eq)(es — es)’
1
ds = ————
6 (e2 — ea)(es — es)
dr 1

" (es — ea)(es — es)

From (26) or (27), we consequently obtain

6 = — hlsolwl{l
1T (e —ez)(e1 —ea)’

ha patpabo

b=~ (€1 — e2)(e2 —e3)’

h3 p3tPaés

b o))

where

1 1 1 €6 )

hh = (; + . + s + eres fifafa — (ezes + ezeg + eses + ere5),
1 1 1

hy = (_ et = ) f1f2fs — (e1e6 + eses + eaes + e2es),
€1 €3 €4 €2€5

1 1 1
hy = (— +—+ =+ i) fifafs — (e1e6 + eaes + esec + ezes).
€1 €2 €4 €3€s5

3.2 L(B)=2-2-2, L(A)=4-2

Just as in the case L(B) =2-2-1, L(A) = 3-2 of the 5-th order hypergeometric system,

generators are represented in the form
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ee p1| b b2 b b7
0 €2 b4 b5 b6 bS
M= ! 0},
1
1
0 0 1
! 0 0 1 0 0
1 1
cp c2|es g |¢c3 C7 1
Mz = M.
2 Ca Cs 0 €4 Ce Cs8 s 0 1
1 dy dz d3 di|es @
O O 1 ds d¢ dr ds| 0 s

where p) = 2mie; or zero in case e, = e2, ¢ = 2mies Or zero in case e3 = eq and q1 = 2mies or
zero in case es = €g.

So, we have only to consider the matrix

(er=N/f P by b2 bs bz By
0 (e2—f)/f  ba bs bs bg B
c1 c2 es—f q caf crf _ Bs
ca cs 0 e—f of ewf | | Bl
d1 dz ds ds es— f Q Bs
ds ds dr ds 0 es — f Bs

where p = 2mi or zero, and the B; denote the corresponding row vectors. Again as for the
relation between the original b; in M1 and the b; in the above matrix, the same remark as
stated in the preceding sections is made.
Now, the respective ranks of the above matrix for f = fi and f = f2 are 2 and 4. We
take B;, B; for f = fi and By, B2, Ba, Bs for f = f; as linearly independent row vectors.
We put

,

B3 = 6, B1 + 62 Ba,

Bs = y1 B1 + 72 Ba,
(28) {
Bs = By B1 + 32 Ba,

| Bs = B1B1+ (2B
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for f = f1 and

B; = o} B1 + o% B + of By + o Bs,
(29)

Bs = o1 Bi+azB2+ a3 Bs+ a4 Bs
for f = fa.

We shall now determine all the coefficients b:, ci, d; or all parameters in the linear com-
binations (28) and (29) by means of assigning any values to 5 parameters among them. Al-
though there are many methods or orders of calculations, we here merely follow the calculation
done in the case L(B) = 2-2-1, L(A) = 3-2. We also use the same notations. And hereafter,
a symbol attached by an overline will denote a value derived in § 2.2, i.e., for example, b, and
B1 are equal to (@av2)/A and (®1/m)asy1, respectively.

Solving relations in Bs, B4, we have the same formulas for b1, bs and be, bs :

b = b = £2, by = by =—£31,
by = b = D= pade bs = b5 = —dN=—pad1

Again, solving the relations for d; (i = 1,2, 3,4) in Bs of (28) and (29), we see that a1, a2
take the same values in §2.2, i.e., on = @1 and a2 = @z, and £, B2 are expressed in terms of
Bi1, B2 in §2.2 and B}, B as follows :

Br=P1+aufi, Po=PB2+0upbs
Substituting the relations for ¢g and cs in By, we then solve

B1bs + B2be = s,

(ax + azm %) bs + (az + as’)’z%) be = 5.

For simplicity, we hereafter put

72
g

z = asn, r =

and then obtain :

Q

B (az +a3’}’2%) - B2 (al +013'71%)

= was+ [(azﬁi - alﬁé)o}_:, + (B1y2 — ﬂ’z"h)%] azoy
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= az+a4ﬁi{(§‘1+f—2)m+ ﬁg—"p}z—a‘xﬁé (5“ +é)z
2 N 1

P2 N2 m  f
I baz — Psaafs
3 Q ]
b — bez+9scsfl
6 Q 3

where @ and 33, be denote the following values

w = [5—4(4)1 —‘2I>2)+-;.—2 (qi— &)] zz

mnz 1\ 72
N [e_«tf_l(q,l e - e_4f_z] o,
mmnz p2 2 P2
B - & f2), _ 2 Gafi
bs = ((712+f1)‘p5 7721',}5)3“-712 902(% Us)p,

o= (B _ (&, f
o= (m¢5 Ch+ﬁ)¢0'

Similarly, we also solve

Brbr + B2bs = qu,

((11 + asm %) by + (az + azy2 %) bs = q1 — e,

obtaining
b = brz + (Yeaa — q1)aafBh
7 - Q El
be = ez — (Yoas — q1)afBl
8 = n )

where we have put

2 T2 92 A

o B, (L2 %
bs = Thd}w‘4 (fl <P4)ql‘

b = [&x + €—4£P] Peora + (f2 - %) Qaz,

139
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The substitution of these values into relations in Bg

ﬂib3 + ﬁ;bs =0,

Brbz + Babs = e
immediately leads to
B1bs + Bsbs = 0,

——

Bibr + Bybs = w6,

Lo
[(ﬂ_:% - (5—: + %) ws) z+ (6 — we) (%%) T’] G4

where

!
I

Hence we have

! — —bsgea
babs — bebr
(30)
. bapeis

Dbabs — bebr
It is remaked that 33, b6 and 37, bs are depending only on = and a4, and hence §; (i = 1,2)
are expressed in terms of x, z and a4, i.e., v (i =1,2), a3z and a4. This fact implies that if
one gives any values to 6 parameters v;, 8; (¢ = 1,2} and a3, a4, then one can determine all
constants included in the generators. We shall now prove that one of them depends on the
other.

As done in §2.2, we first seek o}, a5 and o by the relations
o) (%) + aheq = ¢1 — alyds,

(31) Ofllbl + a'2b4 =3 — afld7,

aybs + agbs + a3ps = q — oyds.

This system of linear equations is just the same as (14) except for terms in the right hand

side, i.e., if a4 = 0, then o} = of (i = 1,2,3).
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Solving (31) :

c; — ozf, d5 0 Ca

a) = Ys—o4dr by 0 |/W,
g—ohds  bs P4
L2 Y,
, T c1 —ayds ¢4
Qg = by Ys—oakdy O / W,

b2 q—ajds Ys

% 0 c1 — af,ds

as = | b by ws—ahdr | /W
bz bs g—o4ds

where W is a value derived in § 2.2, we consequently obtain

all = _’ (6‘151)‘14,
o = @-(m-LUZg)a,

a.fs = 0‘_.53 (771 151)

Now we substitute those values into

a1bs + apbs + ajce f2 = cafa,

[(5“ gi)bs + (ﬂé - ;’7‘1%3—?[3{) be + (%%ﬁi) Csfz] -
' 54 m f2 ’ ’¢'4 f2 ’
oy [(a+az) ﬁ153+{ﬁ2 (a - E) -’L'ﬂl}be]

= albs + ahbe + ajcef2 — caf2

- (al +a3;2 ;3 ﬁal) bs + (a2+a3)fc2 —a- %62) bs.

(ea — f1)(ca(es — e6) + 1) - Num
esfif2(es — fr)(es — f1)(ereses — fEf2)((er — e2)x — erp)asz’

and obtain

Hence, we have

'
Qg =

141
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where

Num = ex(eieses — fif2){—asbzes(ereqs — fif2) + azbres(eres — f1f2)x + f1foqz2}

—e1fif2(asbi(es — es) + q2){(ezeaes — fi fo)x + f3 fop)-

Combining this with

g = (es — fi)(ereses — fif2)z
! erfi(es — fi)(cu(es —es) + 1)’
(es — f1)(ezeses + f2 fop — fE fox)z

P = eafi(es — f1)(ca(es —es) +qn)

we have thus determined all o} (i = 1,2,3,4).

Now, substituting above values of the o} into

olp + o (%) + ajes + ayds = ca,
we consequently obtain the required relation
P (ereses — f1 f2)(ezeaes — f12f2)61z

(ereaes — f2f2)(ezezes — fif2)

eres(es — eq) fife

(ereaes — f2f2)(ezezes — f12f2)61p

esfL f2(e1pg — (e1 — e2)qz) ( z ) ‘

(ereaes — f2f2)(ezeses — f2f2) \as
This shows that 62 can be determined uniquely by 1, v2, 61 and as. Hence, if 5 parame-

ters 1, 72, 61 and as, a4 are given, then all constants b;, ¢;, d; (i = 1,2,3,4,5,6,7,8) are

determined explicitly.
As a matter of course, the formula remained to the last :
abr + azbs + azcs fa + as = c1fo
becomes an identity, which is verified by the Fuchs relation e;ezezeseses = fi f2.
We shall summarize all results derived in the following

General expression

_ (es = f1)(ereqe5 — fif2)(ezeses — fif2)asz
esfif2((es — ea)azby + gz)(e1p+ (e2 — e1)z)’

b =



C1

C2

C3

Cq

Cs

b2

b3

by

bs

bs

by

bs
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(ea — f1)[(ereaes — f12f2)(62€465 - f12f2)$ + €1€5f12f2(e3 - 84)1714"361
esf2f2((es — ea)aséy + qz)(e1p + (e2 — e1)x)z

(ea — fi)osg (ereses — f3 f2)(e2eaes — fi f2)asgz
((es — ea)osdy +q2)  esfifa((es — ea)asdr +q2)(erp + (e2 — e1)z)’

_e1(ea — f1)[(ezeaes — f2f)x + f2 fzp]
eafif2(e1p + (e2 — e1)z)z

(es — fi)(ereaes — fif2)(e2e3es — fi f2)as
esf2f2((es — ea)asds + gz)(e1p + (e2 — e1)z)’

_ ((ea = fr)asdy — gz)(ereaes — f1f2)(ezeaes — f1 fa)os
esf2 f2((es — ea)asby + qz)(eap + (e2 — e1)x)z

I

ez2(es — f1)(er1eaes — fi f2)
eafifz(e1p + (e2 — e1)z)z’

ei(es — f1)[(e2eaes — f1 f2)ouzx + f1 foouap — eze4q1:z:]
esf1f2(e1p + (e2 — e1)x)z

_ea(es — f1)[(e1e4e6 — f1 fo)aux — ereaqn]
eafrf2(erp + (e2 — e1)z)z ’

(ex = f1)b1 f1)§1
TR

(e2 — f1)[(ereses — f2f2)(eceaes — f2f2)x + eres fi f2(es — ea)pldr
fi(ereses — f2f2){ezeses — f2f2)

es fif2(e2 — f1)(eap + (e2 — e1)T)gz
(ereaes — f2 f2)(ezezes — fif2)as

+ 51p,

_(ea = f1)[(ezeses — FEf2)asbr — ezequ]
es(ezeses — f£ f2)aaz

(e1 — fi)z fl)z

" fias

((e2 = i)z + fip)2

fias
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Cg = __(64 — fl) ’
€403
o = es{es — f1)[{ez(ereses — f12f2) + ex{ezeseg — f12f2)}0‘461 + e1ea(es — ea)61q1]
T = (ereaes — f2f2)(ezeses — f2f2)z
_ 8265(64 - fl)[(ele4es - fffz)(hl - 6164111]11
es(ereses — f2fa)(ezeses — fEf2)as
cg = _(64 — fl )a4 ’
€aQ3

di = (1 — fl)[‘“(es—fl)(€18466—f1f2)+f1(ele4—flfz)qllz
b e1/2(es — F1)((es — es)as + a1)

4, = Lles—fi)(ereaes — fif2)aa+ filerea — fif2)qilpz
T erfilea— f)((es — es)ou + a1)

(ez — f1)(es — f1)l(ezeaee — f2f2)x + f2 foplaaz
e2ff(ea — f1)((es — es)a + q1)

(ez — f1)[(e2e4 — fif2)x + fifoplqr2
ezfi(ea — fi){(es —es)as +q1) ’

4o = (ea—h)(ereses - fif2)(ezeses — fif2)(cules — f1) + q1)asz
8 erezes fi(es — f1)((es — es)ou +q1)((es — ea)azby +qz)

4 = _cales = fi){ei(ezeses — fLf2) + ea(ereaes — f2f2)}adauby
¢ erezf1((es — es)oa + q1)({es — e4) 3y + gz)

[(626485 — [L2)fi f2 — ereaes fi(ezea — fif2) — erezeseses(es — fi)lodbran
erezes f1({(es — es)as + q1)((es — eq)azdy + qz)

(es — f1)[ezes(ereses — fLf2) + erea(ezeaes — fifo)lazaagz
erezfi(es — f1)({es — es)as + q1)((es — esa)azb1 + q2)

__lezes(ereses — fEf2) + fif2(eaeaes — f1f2)las0ugz
eiezes(ea — f1)((es — es)as + q1)((e3 — es)azby + qz)

[ereses(ezeses — fLf2) — f1 f2(e2eqes — fEf2)laagqz
erezes fi(ea — f1)((es — es)as + q1){(e3 — es)aséy + g2)

+ [erea(es — f1) — fifa(es — fi)]asgqiz
e1(es — f1)((es — es)as + q1)((e3 — e4)azdy + g2)’
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& = (e1 — f1)(es — f1)(ereqe5 — fEf2)z
s e1f2(ea — f1)((es — es)aa +q1)

(es — f)ler(e2 — f1){(e2eaes — ff2)x + fi f2p} + e2fi(ereaes — fi f2)p]Z

d = erezf2(ea — f1)((es — es)oa +q1)

dn = (es — f1)(es — f1)(ereaes — f1f2)(e2eses — fi f2)asz
Tz erezes fi1(es — fl)((es —eg)og + ql)((ea — eq)azby + gz) !

ds = (ea — f1)(es — fr)(ereaes — fLf2)(ezeaes — fi f2)addn

" erezesfi(ea — f1)((es — es)aa + q1)((e3 — ea)azdy + g2)

(es — fi)(ereaes — f2f2){(ezeses — fif2) + ezes(es — f1)}oagz
erezes f1(ea — f1)((es — es)aa + q1)((es — es)asén + qz)
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