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Introduction. Systems of differential equations free from accessory parameters are expected
to define a new class of special functions. Along the line of Okubo theory, Yokoyama classified
such systems: His theorem says that, under a generic condition, if a system of differential
equations free from accessory parameters is irreducible, then it falls into one of the eight classes
of systems - system (I), (I*), (II), (IT*), (III), (IIT*), (IV) and (IV*). Systems (I) and (I*)
are transformed into the generalized hypergeometric equation and the Jordan-Pochhammer
equation, respectively, both of which are known to be generically irreducible ([BH], [M1]).
System (II) is studied in [ST2], and is shown to be generically irreducible.

In [H2] we have obtained monodromy representations of the systems (J) and (J*) (J=II,
ITI, IV). Using the result, in this paper we show the generic irreducibility of the remaining
systems (II*), (III), (III*), (IV), (IV*). Notice that Yokoyama’s theorem does not assert the
irreducibility of the systems. Our theorems are partial applications of Misaki’s pioneering
work [M1].

Notation. e(a) := exp(2rv/—1la) for a € C.

§1. System (II*). Let t,,¢2,t3 € C be mutually distinct points which do not lie on a line.
Let n = 2m be an even integer equal to or greater than 4. Take A = (A\1,...,An) € C™,
p= (1, ftm-1) € C™" 1, v € C, and p = (p1, pz) € C? satisfying

(1.1) Ai # Ajy pi Fpg, pi#F ey (E#5),

and

m m—1
(1.2) Z)\i+ Zm+u=mp1 + mpo.
i=1 =1
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The system (II*), .0, of rank n is the system of differential equations
dy
1.3 In-T)— =
(13) (el ~T)2L = Ay
with
(ai3)

tilm Am
T= tolm—1 , A= h T

ts (Bi5)

Hm—-1 Tm-1

\ 1 oo bme v /

where

o= (imp)i—p) J] (BHEZLZP) 1 cicm 1gj<m-),

Ai = Ak
1<k<m
koA
1
im = (Ai — i = Y — . Sis ’
am=Mi=p)i=p) [ =5 agi<m)
1<k<m
kA
sa= I (Mﬁ:ﬂﬁ) (1<ism-1,1<j<m)
Wi — pe
1<e<m—-1
i
m-—1
ﬁmj = — H(/\j'l'ﬂe—[)l —P2) (1 <jJ Sm)r
=1
1
v= ] = (1<i<m-1),
1<6<m— HE T
[

m
6j=—H(Ak+uj—p1—Pz) 1<jism-1).
k=1

The monodromy group of system (II*}»,,,.,, has been obtained in [H2).
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Theorem 1. ([H2, Theorem 7]) Assume

p1,p2 %820, pr—p2¢7Z,
)‘lgz’ ’\i_’\.‘lgz (1§z,j$m,z;é_7),

(1.4)
vgZ,

and
Mi—p€Z (1<i<m, k=1,2),

(1) ¢Z ( )
Aitpi—(pr+p)¢2 (1<i<m, 1<j<m—1).

Then the monodromy group of the system (1.3) with respect to a fundamental matriz solution

is generated by

Em i3 i<m
M, = () (e’)féém ,
0] I,
I, o o]
(1.6) My = | i)igigcm-1 Em_1() (Min)icism—1 |,
1<5<m o 1

(i 2)
T\ (Gigign ew))’

where
e(1) e(m)
A7) Em(\) = B = ,
e(Am) e(pm-1)
= (e(h) — e(p1))(elp2 — As) — e(u;) — e(pr + p2 — Ax)
&5 = (e() — e(pr))elp2 = As) = 1) lslgm ot p2 %) —elor Fra =)
k#i
(1.8) (1<i<m, 1<j<m—1), 1
fim = (30 = elolele2 =20 =1 15:[£m e(p1 + p2 — M) —e(p1 + p2 — M)
kA

(1<i<m),
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= e(p1 + p2 — Aj) — ee) . |
i = lszlsl-l e(us) — ;(m) (1<i<m—1,1<j<m),
(1.9) £#i 1
in = 1 <. ) |
! 1<.;'I'<_,[,._1 e(:) — e(ue) 1<i<m-1)
segr
and
m—1
GG=e(rj+v—p1—p2) H (e(pr + p2 — Aj) —e(ue)) (1< <m),
(1.10) II
m_ N N N
=L e(z(:;l 222 <j<m-).

We denote the monodromy group by Gu- (A, g, v, p):
(111) Gu' (’\’ﬂ'a Vap) = (MI’M2;M3)y

where M1, Ma, M3 are given by (1.6).

The main result of this section is the following.
Theorem 2. We assume (1.4) and (1.5). If moreover

(1.12) &2, p2¢2,

then the system (II')x 0., %5 érreducible.

Since the system (1.3) is Fuchsian, to show the theorem it is enough to show the irre-

ducibility of G- (A, g, v, p) under the conditions (1.4), (1.5) and (1.12).

Now we assume only (1.4), and study the irreducibility of G+ (A, g, v, p), which is well

defined by (1.6) - (1.11), while it is not necessarily the monodromy group without the condition

(1.5); in this sense we may call it an apparent monodromy group.

Proposition 3. Assume (1.4). The group Gu- (A, p,v, p) is irreducible if and only if (1.5)

and (1.12) hold.

The following is a key lemma for our proof of the proposition.

Lemma 4. Let G be a subgroup of GL(n,C), and let M € G be diagonalizable. Decompose

V = C" into a direct sum of the eigen spaces of M :

(1.13) V==Vi®---aV,
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where V; and V; are eigen spaces of M with respect to mutually distinct eigen values if i # j.
Let
V=V

be the projection onto V; fori=1,...,L. Let W be an invariant subspace of V for G. Then
we have

(W) C W

fori=1,...,¢

Proof. Let A; be the eigen value of M corresponding to V;. Thus we have A; # A; for
i # j. Take any z € W, and decompose it according to (1.13):

T=x1+ -+ Tg, Ti=mi(z)€E Vi
We set Mka:=yk.fork=0,1,2,.... Then we see yx € W. On the other hand we have
gk = M*z = M 21+ + Abze.

Thus we obtain

1 Al A12 All_l
| D YR PC R Y

(zy -~ e) = (yo -+ ye_1)-
1 Ae A2 --- At

The determinant of the matrix in the above is the Vandermonde determinant and differs from

0. Then we have

/D PR VE SR YA
R | T
1 e A2 -0 ST
which shows z; € W. Lemma q.e.d.

Proof of Proposition 3. The eigen values of M; are 1,e()1),...,e(Am). Decompose V =

C" into a direct sum of the corresponding eigen spaces:

(1.14) V=Xe®0X1® - & Xnm,
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where Xo denotes the 1-eigen space of M, and X; denotes the e(\;)-eigen space of M; for

i=1,...,m. Similarly we decompose V into direct sums of the eigen spaces of M2 and Mj:
(1.15) V=YoaY1® - & Ym,

where Yo denotes the 1-eigen space of M», and Y; denotes the e(y:)-eigen space of M for

i=1,....m-1;
(1.16) V =2Z® 2,

where Zg denotes the 1-eigen space of M3, and Z; denotes the e(v)-eigen space of M3. By
(1.6) we have

Xi={(e) (1<i<m),

(1.17) Y =(emss) (1<i<m—1),
ZI = (eTt),

where {e1,...,e.} denotes the standard basis of V. Thus we have another decomposition of
V.

m m—1
(1.18) v=@PxiePviez.

i=1 i=1
Let

pi:V—-oX; (0£i<m),
(1.19) g:V-oY (0<i<m-1),
ri:V—o2Z; (i=0,1)

be projections onto respective eigen spaces. Here we give their explicit forms. Take v =

t(v1,...,vs) € V. Then we have

x1(v)

(1.20) po(v) = f}"‘i’? , pi(o) = (ot — ma(v))es (1<i<m),

Un
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where we have set

(1.21) zi(v) := =T W) (1<i<m);
(o)
Um
(1.22) go@) = | yma1(®) |, @)= Vmti — ymti(v))em+i (1 <i<m—1),
Yn—-1(v)

w )

where

m_ i + Nintn .
(1.23) ma(9) = TATEREION (1 <

v1

(1.24) r@=| " |, n®)=@—zm@)e,

Un-1

zn (V)
where

_ EZ;I Crvk

(125) z,,(v) = l——le(_VT—

Now suppose that Gu= (A, &, v, p) is reducible, and let W be an invariant subspace such
that W # {0}, W # V. Since the dimension of each component of the decomposition (1.18)
is 1, there is at least one component A such that W N A = {0}.

First we assume that
(1.26) W N X: = {0}
for some i € {1,...,m}. Take v € W \ {0}, and decompose v according to (1.15) as
(1.27) v=to+y+ - +ym-1, Y% EY; 0<Fj<m-1).
By Lemma 4 we see

(1.28) yEW (0<j<m-—1).
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If y; # 0 forsome j € {1,...,m—1}, WNY; # {0}, which implies em4; € W by (1.17). Then,
again using Lemma 4, we have p;(em+;) € W, while pi(em+;) € Xi, so that pi(em+;) € WNX,.
Thus it follows from (1.26) and (1.20) that

0 = pi(em+;) = e(,\f%ei’
and hence we obtain

(1.29) & =0.

Ify;=0forall j€{l,....,m—1}, v =1y # 0, and yo € W. Decompose yo according to
(1.16) as

(1.30) Yo =20+21, 20 €%, z1€27.
If z; # 0, in the same way as above we have

(1.31) &im =0.

If z; = 0, we have

(1.32) v =1y =20 € YoN Zo.

In this case we consider w = Myv € W, and apply the above argument to w to obtain (1.22)
or (1.31) or

(1.33) Mv € Yo N Zo.

Now we assume (1.32) and (1.33). From v € Yp and v € Zp it follows that

(1.34) ane’ue + (e(uk) - 1)vm+k + Nknvn =0 (l S k<m-— 1)
=1
and
n-1
(1.35) Z Ceve + (e(v) — Dvn =0,
=1

respectively. From Myv € Yo and Miv € Zo with the help of (1.34) and (1.35) it follows that

130 {00 -1t Ptpvnnrf =0 (<k<m-)
=1

p=1
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and
(1.37) z Ce{(e()\c) —1ve + Z Eepvm+p} =0.
=1 p=1
Set
(7ke) 1<k <m—1 Em(A) = Im (6er)
(138) P= ( -1‘575"‘ ) ) R= (nkl) Em—l(ﬂ) —In (T’kn)
(Cehrsesm (Ce) (Cmae) e(v) -1

Then we can sum up (1.34), (1.35), (1.36) and (1.37) into

P
(1.39) ( ; ) Rv=0.

Lemma 5.

[T5 (—e(un)) TTicqeecm (o1 + p2 = Aa) = e(p1 + p2 = Ae)
o, elor + p2 = A) [ 1 chcpem—1 (e(ip) — e(pir))

det P =e(v) -

Proof. Set e(p1 +p2—Xe) =a¢, e(pr) =brfor 1 <L<m, 1 <k<m—1 Suppose for

a moment that
(1.40) ae—bi #0 (V¢, VEk).

Then we have

o 555,

1
Hq;ém—l bm—1—bg
(1.41) e(v)

(a1 — bg)

X ( ) .
b . )
1<k, <m

-1
;n.-—_-x (@am — by)

where we have set b, = 0. Applying Cauchy’s lemma ([W, Lemma (7.6.A)]), we calculate
the determinant of the middle matrix in the right hand side of (1.41), from which we obtain

H;cnz_ll(_bk) H15q<£§m (a‘q - al)
H;n=1 ae H15k<p5m—1(bl’ - bk)

(1.42) det P =e(v) -
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As a rational function in the ag,br, (1.42) holds without the restriction (1.40), and this

completes the proof. Lemma 5 q.e.d.

Lemma 6.
det R = (e(p1) — 1) (e(p2) — 1)™.

Proof. In the proof of Theorem 1 we have used the fact that the eigen values of the
matrix Moo := MaM>M, are e(p:) (m-ple) and e(p2) (m-ple). Thus we have

(1.43) det(tln — Moo) = (t — e(p1))™(t — e(p2))™.
Set
I
Q = _(ﬂkl) Im—l )

—(Ce) —(Cmse) 1
then we see det @ = 1, so that

(1.44) det[Q(tln — Mo)] = (t — e(p1))™ (£ — e(p2))™

by (1.43). If we put t = 1, we see that the left hand side of (1.44) coincides with det[— R},

from which the lemma, follows. Lemma 6 q.e.d.

By the above two lemmas, on the assumption (1.4)
(1.45) e(pp)=1, ore(p2)=1

follows from (1.39). To sum up, if we assume (1.26), we have (1.29) or (1.31) or (1.45).
Taking (1.8) into consideration, we see that these conditions are equivalent to

(1.46) Ai—p1€Z,or Ai—p2€Z, or Mi+pur—p1r—p2€Z,0orp1 €Z, or p; € Z.

Assuming WNY; = {0} (1 < 3i <m—1) or WN Z, = {0} in place of (1.26), we also
obtain (1.46).

Conversely we assume (1.46). Weset V;:=(e;) (1 <i<n). Ifdi—p1 €Zorhi—p:€Z
for some i € {1,...,m}, we see easily that @j i V; is an invariant subspace for Gu- (), g1, v, p).
IfAi+p;j—p1r—p2€Zforsomei€ {1,...,m}and j € {1,...,m — 1}, V; ® Viny; becomes
an invariant subspace for G+ (A, p,v,p). If p1 € Z or p2 € Z, we have det R = 0 by Lemma
6, and in this case the O-eigen space of R is an invariant subspace for Gu- (), u,v, p). Thus

in any case Gr« (A, i, v, p) is reducible.
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Hence we have shown that G- (A, p, v, p) is reducible if and only if (1.46) holds, which

completes the proof. Proposition 3 g.e.d.

Proof of Theorem 2. Combine Theorem 1 and Proposition 3 with the remark after The-
orem 2 to show the theorem. Theorem 2 q.e.d.

§2. System (IIT). Let t1,t> € C be mutually distinct points. Let n =2m +1 be an odd
integer equal to or greater than 5. Take A = (A1,...,Am+1) € c™tlu=(p1,.-.,bm) EC™
and p = (p1, p2, p3) € C? satisfying

(2.1) Xi # N, i # pg, pi #pi (E#7),
and
m+41 m
(2.2) z A+ Zm =mp1 +mpz2 + p3.
i=1 i=1

The system (III)x,u,, of rank n is the system of differential equations
(2.3) (@l -T) % = 4y
dz

with

(o \

- (cij)
T= (t1[m+1 ) A= Am+1 ,
tolm J75%
(Bi5)
Hm—1 )
where N
+ . — —_
a; = —p)Ni—p2) ] (%l—pz)
1<k<m+1 : k
ki

(1<i<m+1,1<j<m),

A —p1 —
gi= ][] (M) (1<i<m, 1<j<m+1)
1<e<m Hi — He

e£i
Our result is the following.
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Theorem 7. We assume

Pk¢z<03 pk~p3¢z (1Sk,f$3,k;ﬁ£),
(24) MEZ, M—-XNEZ (1<ij<m+1, i#j),

and

AMi—pr €7 1<i<m+1, k=1,2),
25) { ( )

Aitp; —(p1+p2)¢Z (1<i<m+1,1<j<m).
If moreover

(2.6) nEZ p2€Z, p3¢Z,

then the system (II)x . , is irreducible.
The proof is similar to that of Theorem 2, and is omitted.

Remark. In Theorem 3 in our previous paper [H2], which is used for the proof of the above
theorem, we have made too much assumptions (the assumption (2.3) in [H2]). Please replace

it by the assumption (2.5) in the above theorem.

§3. System (III"). Let t1,t2,t3 € C be mutually distinct points which do not lie on a line.
Let » = 2m + 1 be an odd integer equal to or greater than 5. Take A = (A1,...,Am) € C™,
p={(t1,---, tm) € C™, v € C and p = (p1, p2) € C? satisfying

(3.1) Ai#E Xy i # g, pi#E e (EF#7),

and

(3.2) Z/\,—+zm+u=(m+ 1)p1 + mp2.
i=1 i=1

The system (III*)y , ., of rank n is the system of differential equations

(3.3) (zIn — T);l—z = Ay



IRREDUCIBILITY OF ACCESSORY PARAMETER FREE SYSTEMS 165

with
g . \
: (@is)
t1lm Am  Tm
T = tz , A=ler -+ om v T - Tm |,
tslm 6 wm
(Bs5) :
\ om ﬂm—l)
where

p1+ p2 — Ak — lj ..

ai; = (A — p1) H R Y Vi (1<, <m),

1<k<m *
kA
+pr— A= .
Bii=(wi—m) ][] (—_pl — MJ m) (1<4,j<m),
1<2<m Hi = He
1At
Ai —p; .
i = 1<14 S m),
7 [T1gksm (Ae = As) ( )
P
9, = — A1 (1<i<m),

Ticecm (i — pe)
i

m
H(Pl +p2—Aj—pe) (1<j<m),
£=1

gj

=[x +mi—p—p2) (1<j<m).
k=1
Our result is the following.

Theorem 8. We assume
p1,p2€Zc0, Pr—p287%,
/\igz3 )\i_Ajgz (].S‘L,]Sm,z#.]),
pi € Z, /‘i_“'jiz (157'a]$ma7'7£.7)’
veZ,

(3.4)

and
Mi—-pm €72 (1<i<m),

(3.5) pi—pm €Z (1<i<m),
Xitpj—(pr+p2)¢€Z (1Li,5<m).
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If moreover

(3.6) ‘ MnEZ, p2¢Z,

then the system (II1*)x 4,0, is irreducible.

The proof is similar to that of Theorem 2, and is omitted.

§4. System (IV). Let t1,t2 € C be mutually distinct points. Take A = (A1, A2, Az, A1) €
C*, p = (11, 2) € C? and p = (p1, p2, p3) € C* satisfying

(4.1) i # Ajy pi # pg, pi #Fp; (GF5),
and

4 2
(4.2) Z Ai + Z Hi = 2p1 + 2p2 + 2pa.

i=1 i=1

The system (IV)a, ., is the system of differential equations
(4.3) (el -T) T = Ay

of rank 6 with

A1 oar o2
A2 a2 022
T (1‘414 )) Ao A3 azl o3z ’
t2Ip A an og
Puu Pz Pz B m
Ba1 P22 Poz Pou H2

where

- Hl=1»2:3(/\i — pe) ©aij
' Mgt ™

1
Hi — Hy

(1£i54’j=1’2):

24

b (6=1,2,1<5<4, {49} ={1,2}),
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4
al = H()\l + Ak + p2 — p1 — p2 — p3),
k=2

4
a2z = H()\] + A+ 1 —p1—p2 _93)7

k=2
aij = A1 + Ai +I-4j’ —pP1—pP2—pP3 (1' = 2; 3,4y j = 1’27 {J’Jl} = {112})1
b1 = ba1 =1,
bi; = H M+t ui—pr—p2—p3) (i=1,2, j=2,3,4).
k=2,3,4
k73

Our result is the following.

Theorem 9. We assume
Pk ¢Z<0) Pk — Pe QZ (k,£=1,2,3, k¢£))
(4.4) MNEZ, MN—-MNEZ (12i,j<4, i#)),

p1,u2 €Z, 1 —p2 € Z,

and
i — Z (1<i<4, k=1,2,3),
(45) P gZ ( )
Mi+Xi+ue—(pr+p2+p)€Z (1<4,j<4,i#j k=12).
If moreover
(4.6) &L, p2¢€Z, p3 12,

then the system (IV)a, ., is irreducible.
The proof is similar to that of Theorem 2, and is omitted.

§5. System (IV*). Let t1,t2,t3 € C be mutually distinct points which do not lie on a line.
Take A = (A1, A2) € C2, = (1, p2) € C%, v = (11,12) € C? and p = (p1, p2) € C? satisfying

(5.1) A # A2, g # p2, 1 # Va2, p1# P2,

and

(5.2) A4 A2+ g+ pe v v =4p1 + 2p2.
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The system (IV*)x,u,u,0 is the system of differential equations

(6.3)

of rank 6 with

where

(:EIs d T)
ti 1
tols , A=
talz
Ai — .
'3
Hi — P1 ,
R CRNN . S N =1
ﬂ'J Wi — it b‘J ('L 12)
L _Vi—p; s ;
Vi = o G (i=1,2,

a1z = A1 + p2 +v1 — 201 — po,
a1s = A2 + p2 +v1 — 201 — p2,
azs = Az + p2 + 12 — 2p1 — p2,
azs = A2 + p2 +v2 — 2p1 — peo,
b1 = A2 + 1 +v1 — 2p1 — p2,
bis = A1+ 1 +v2 — 2p1 — p2,
bo1 = A2+ p2 +v2 —2p1 — pa,
bas = A1+ p1 +v1 — 201 — p2,
cil =M+ p2+v2—2p — p2,
c13 = A1+ p2 +v1 —2p1 — pa,
c21 = A1+ p1 + v — 2p1 — p2,
c23 = A1+ 1+ 1 —2p1 — po,

Our result is the following.

Theorem 10.

(5.4)

We assume
p1,p2 € Zeo,
AL € Z,

K1, 2 gz*y
Vl,l/2€z,

dy

S _a

dz Y

At 13 Q4 015 Qa6
A2 Q23 Q24 Q25 Q26

Puu Bz m bBis B

B2 o2 pz  PBas  Bae

Y11 Y12 M3 Y14 N

Y21 Y22 Y23 Y24 v2

{ivil} = {1a2}a j= 3’4a5; 6)1

{3,i'} ={1,2}, 1=1,2,5,6),

{i’ ":I} = {1,2}, Jj=123, 4)1

a14 = A1+ p1 +v2 — 2p1 — pa,
a1 = Az +p1 +v2 — 201 — p2,
az4 = Az + p1 +v1 — 2p1 — pe,
age = A2 + p1 +v1 — 201 — po,
biz=M+p1+v2—2p —p2,
bie = A1 + p2 + 12 — 2p1 — p2,
baz = M + p2 + 11 — 2p1 — p2,
b2e = A 4+ p2 +v1 — 2p1 — p2,
c12 = A1+ p2 +v1 — 2p1 — p2,
c1a = A1+ po + vz — 2p1 — p2,
ca2 = A1+ p1 + v2 — 2p1 — p2,
c24 = A1+ 1+ v2 — 2p1 — po.

n—p2¢Z,
A=A €Z,
pr—p2 € Z,
v —vs g Z.



and

(5.5)
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A-p €7 (i=1,2),
pi—p1 €Z (i=1,2),
vi—-p €2 (i=1,2),
Aitpi+tve—(2m+p2) €2 (3,5,k=1,2).

If moreover

(5.6)

mEZ, p2¢2Z,

then the system (IV*)x .0, is irreducible.

The proof is similar to that of Theorem 2, and is omitted.

[BH)
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