Kumamoto J. Math. 171
Vol. 8, 171~178 March (1995)

ADMISSIBILITY OF PREDICTION REGIONS IN
TWO-DIMENSIONAL NORMAL DISTRIBUTION

Yoshikazu TAKADA

(Received October 26, 1994)

1. Imtroduction

Suppose that X and Y are independently and identically distributed p-dimensional
normal random vectors with mean 6 and covariance matrix equal to the identity matrix I,
(Np(8,1,)). This paper deals with the problem of predicting Y by using a region based on
the observed value of X which is called a prediction region.

A prediction region S(X) is evaluated by its coverage probability Po{Y € S(X)} and
its volume with respect to Lebesgue measure u. The larger its coverage probability and the
smaller its volume are, the better the prediction region is. Given a prediction region S(X),

consider a function ¢ defined by

¢(z,y)={ oo vese)

0, otherwise.

Then it holds that

(1.1) Po{Y € S(X)} = Ee{d(X,Y)}.
and
(12) Eo{u(S(X))} = En{ / $(X, v)dy},

where p(S(X)) denotes the volume of S(X). Conversely, every function ¢ with 0 < ¢(z,y) <
1 define a prediction procedure by which a randomized prediction region is constructed such
that (1.1) and (1.2) are satisfied.In the sequel, prediction regions are randomized and identified

with such a function ¢.

Definition 1 A prediction region ¢ is admissible if there ezxists no other prediction region ¢’
such that for all 0

(1.3) Eo{¢'(X,Y)} > Eo{¢(X,Y)}
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and
(4) Bl [ # (Xu)an) < Bof [ o, v)in)
and the strict inequlity holds for at least one 0 in (1.3) or in (1.4).
Definition 2 A prediction region ¢ is minimaz if
sup Eo { / $(X,y)dy} < sup Bo{ / ¢'(X,y)dy}
for any prediction region ¢’ such that
inf Ee{¢'(X,Y)} > inf Bo{¢(X,Y)}-
The usual prediction region ¢y is

(1.5) So(z) ={y; |z -yl <h},

where |z — y| denotes the Euclidian distance between z and y. It is easy to see that

wP/2pP
(1.6) Eo{/¢o(X, y)dy} = W’j—l) =v (say)
and
h?/2 pra—1_—tf2
(1.7) Eo{o(X,Y)} = /0 Wﬁ: l1-a (say).

From Theorem 2 of Takada [4] it turns out that ¢o is the best invariant prediction region,
that is, ¢o uniformly minimizes (1.2) among the class of prediction regions such that

$e+a,y+a)=¢(y)  foranys, yanda

and the coverage probabilities are not less than a specified value. In Section 2 we shall prove
that ¢o is minimax. We [5] proved the admissibility of ¢o for p = 1. In Section 3 we shall
prove the result for p = 2 by using the method of Joshi [3] to prove the admissibility of
confidence regions. For p > 3 we conjecture that ¢o is not admissible (cf. Joshi [2], Hwang
and Casella [1]), but the result has not been proved yet.
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2. Minimax Prediction Region

For any prediction region ¢ let
Ls(z,y) = bé(z,") — ¢(z,y),

where ¢(z,-) = [ ¢(z,y)dy and b = (47)"*/*exp(—h*/4). Then
(2.1) Bo{Lo(X,Y)} = bEs{ / #(X, 9)dy} — Eo{o(X,Y)}.
From (1.6) and (1.7) it follows that
(2.2) Eo{Lsy(X,Y)} = bv — (1 — ).

Suppose that a prior distribution £ of 6 is Np(0,7I,) and let

Rird) = [{BeLo(x ¥ ))e(e0).

Then it follows that
(23) R0 = [ 11 [0~ £l v,

where f-(z) is the marginal density of X and fr(y|z) is the conditional density of Y given
X=z. It iseasy to see that the conditional distribution of Y given X=x is Ny(u(z), pIp), where
p(x) =T12/(1+7) and p= (2r +1)/(T +1). Hence f-(y|z) > b if and only if |y — p(z)| < ¢,
where ¢? = p(2/k)logk + h?/k and k = 2/p. So the prediction region ¢, given by

Sr(z) = {y; ly — p(z)] < c}

minimizes R(T,¢) among all prediction regions and

(2.4) R(r,¢r) = T2+l T2z &

bePrP/? /cz/p p/2-1—t/2
0
Theorem 1 The usual prediction region ¢o is minimaz.

Proof. From (2.2) and (2.4) it follows that

(2.5) lim R(r,¢;) = bu - (1-a).
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Since
sup Eo{L4(X,Y)} = R(7,¢),

from (2.5) we get
(2.6) Sl;p Eo{Lo(X,Y)} 2 bv—(1—a).

From the inequality that

sup Bo{Lo(X,¥)) < boup Bof [ 40X, 1)y} — inf Eo{6(X,Y)}

and (2.6), it follows that if
inf{¢(X,Y)} 21-a,
then
St;pEa{ / $(X,y)dy} > v,

which completes the proof.
3. Admissibility

In this section we shall prove the admissibility of the usual prediction region ¢o of (1.5)
for p = 2. The method of the proof is almost the same as that of the proof of the admissibility

of the usual confidence region given by Joshi [3].
From (2.4) we get

R(r,¢:) = bc*m—1+ exp(—kc’/4)
bk~ v + dmbk " logk — 1+ ke

Since k> 1and 1 —k~! < (27)71, from (2.2)

(3.1) R(7,¢0) — R(7,¢-) < (bv + a)/(27).

Theorem 2 The usual prediction region ¢o is admissible for p = 2.

Proof. Suppose that there exists a prediction region ¢, such that for all 6

Eo{#1(X,Y)} 21-a
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and

Ee{/ ¢1(X,y)dy} <v.

Then from (2.1) we get
Eo{Ly, (z,Y)} < Eo{Leo (X, Y)}

for all 8, so that for any 7
(3.2) R(r,¢1) < R(7, o).

Let f(z,y) = (47) 'ezp{—|z — y|>/4}. Then it follows from (1.5) that

(3.3) o(z, 1) ={ 1, if f(z,y) > b,

o, otherwise.

Define two functions by

Ui(a) = bz, ) / 6o, 0)f (@ y)dy, i=0,1.

Then we get

(34) Ur(a) = Uol@) = [0~ F(a9)@1(2,9) = dole )
and hence from (3.3)
(3.5) Ui(z) > Uo(z) for any x

Let
M= /(Ul(:z:) — Up(x))dz.

Then 0 < M < oo. We shall prove that M < oo.
Since the marginal distribution of X is N2(0, (1 + 7)I2), from (2.3) we get

(3.6) R(7,$1) — R(r,¢0) = 2x(1 + 7)) 7" / Gr(z)dz,
where
Grla) = capl-lol’/(21+ )N (e )~ [ er(a )l
- Dooo(e )~ [ enle ) wlelenl)

175
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It is easy to see that
lim G,(x) = U (z) — Up(x)

and

|G-(z)] < ba(z,)+ 2+ b
= G(z) (say).

Let Ty = {z; |z < a}. Then
/ G(z)dz < (bv + 2)ma® + b/ ¢1(z, )dz
a Ta
and

/ iz, Y < 2me % / $1(z, Ypolz)ds
Ta Ta

2re®”/ bv,

IA

where po(z) = (27) ~'ezp(—|z|2/2). So we get

/1: G(z)dz < oo.

By the dominated convergence theorem

T =00

lim L Gr(z)dz /T(Ul(a:)—Uo(z))d:c

ko (say),

which implies that for any € > 0 there exsits 7 such that
(3.7) / Gr(z)dz > ka —¢ forT>m7
Ta

Since for any prediction region ¢

b¢(:l:, ) - /¢(.'B, y)ff(ylm)dy 2 b¢7‘($1 ) - /¢T(ms y)f"’(ylm)dya

we get

(21r(1+‘r))_1/c G-(x)dz

Tll
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>@er(1+7)7! /

T,

a

. exp(—|z*/2(1 + )){[b¢- (z, )

_ [ 62 (,9) - (l2)dy] — (ol ) — / bo(z,v) f+ (/) dy]}de

> R(Ts ¢1') - R(T’ ¢U)
> —(bv + o) /(27),

where the last inequality follows from (3.1). Hence from (3.6) and (3.7) for 7 > 70

ko — € bv+ «

R(T) ¢l) - R(T7 ¢0) 2 27!'(1 +T) - 27 )

so that from (3.2)
w(1+ 7){bv + )
T

+€ > ka,

and hence for any ¢ > 0
ke < 27(bv + a).

Therefore
lim (Ur(z) — Uo(z))dz = M < oo.
Ta

a—oo

It can be shown that M = 0, but the proof is tedious and so is omitted.

6 of Joshi [3]. Hence from (3.5)
Uy(z) = Uo(z) a.e..

It follows from (3.4) that

Ur(z) - Vo(e) = / CORCIEECO
Sp(x)

+

/ (b= F(z 5))ér (=, v)dy,
So(z)c

and hence from (3.3) for any
é1(z,y) = do(z,y) ae v
Therefore by Fubini’s theorem
#1(z,y) = do(z,y) ae,

which completes the proof.

See the section
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