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1. Introduction.

In [3], we obtained a characterization for the ergodicity of invariant states on C*-dynamics.
In this note, as an application of the characterization, we discuss the ergodicity of compact
abelian group extensions of invariant states on C*-dynamics. We give a necessary and suffi-
cient condition for the compact abelian group extension of an invariant state on a C*-dynamics
to be ergodic and its consequences.

Let A be a unital C*-algebra. If @ is an automorphism of A, then the pair (A, @) is said
to be a C*-dynamics. A C*-dynamics (B, f) is conjugate to (A, a) if there is an isomorphism
® of A onto B such that « = ® 1030 ® on A. A state ¢ on A is said to be invariant if
woa=¢pon A Let (m,,Hy, &) be the cyclic representation of A induced by ¢. If ¢ is
an invariant state on (A, @), then it induces a unitary representation u, (or simply u) on the
Hilbert space H,, such that u,m,(z)uy, = m, 0 a(z) for every z in A and up€, = £,. In fact,
it is defined by u,m,(z)¢y = my(a(z))é,,z€eA. A non-commutative version of ergodicity of
an invariant state ¢ on the C*-dynamics (4, @) is that ¢ is an extreme point in the invariant
states. We say ¢ to be ergodic in this case.

An automorphism « of A may be considered as an action « of the group Z of integers on
A. If B is a C"-subalgebra of A which contains the identity of A and B is invariant under
the action a, then the restriction 8 of @ to B is an automorphism of B and hence (B,B)isa
C*-dynamics. Moreover, if an invariant state ¢ on (A4, a) is ergodic, then an invariant state
% on (B, B) which is the restriction of ¢ to B is ergodic. In general, of course, the converse is
false. Suppose that 9 is ergodic. What is the condition for ¢ to be ergodic? We consider
this problem in the case that B is the fixed point C*-subalgebra of A under an action of a
compact abelian group. :

Let (A, @) be a C*-dynamics and let ¢ be a continuous action of a compact abelian group
G on A such that 0,0 a = a 00, for all g in G and some automorphism x of G. Then
a induces an automorphism «|4c of the fixed point C*-subalgebra A” of A under the action
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o. If a C*-dynamics (B, 8) is conjugate to the C*-dynamics (A%, a|a< ), we say that (A, )
is a (G, o)-extension of (B, ) under x, or simply a G-extension of (B,8). If (4,a) is a G-
extension of (B, §), then (B, 8) is frequently identified with (A%, a|as) . Let I' be the dual
group of a compact abelian group G. An element  of I is called n-periodic with respect to
an automorphism s of G if vk # 7,...,7&" ! #~ and v&" = v(n > 1).

Now we give a necessary and sufficient condition for an invariant state ¢ on the G-

extension (A, ) of a C*-dynamics to be ergodic, as a spectral condition.
2. The ergodicity of a state on the G-extension of a C*-dynamics.

As a special case of Theorem 1 ([3]), we have the following characterization for the

ergodicity of invariant states on C*-dynamics (4,a).

THEOREM 1. Let ¢ be an invariant state on C*- dynamics (A,a). Then p is ergodic if
and only if
dim{n € H, :uon =0} =1,

where M., is the closed linear span [r,(A)'€,] of mp(A) €.

As ap application of Theorem 1, we prove the following theorem, which gives a charac-

terization for an invariant state on the G-extension of a C*-dynamics to be ergodic.

THEOREM 2. Let (A, ) be a (G, 0)-extension of a C*-dynamics (B, 8) under x and let
¢ be an invariant state on A under o and o. Suppose that the restriction ¢ of ¢ to B is
ergodic. Then ¢ is not ergodic if and only if there exist a positive integer n and a v in T,
n-periodic with respect to k and not equal to 1, and a &y in Hipy &y 7# 0 such that ugéy = &y
and vo€y = {g,7)éy for all g in G, where H,, is the closed linear span [m,(A)'€,] of mp(A) &y
and v is a unitary representation of G on H, defined by vym,(x)é, = Tp(og(x))Ep for x in
A.

To prove Theorem 2, we need the following lemma, as in [2].

LEMMA 3. Let v be a unitary representation of a compact abelian group G on a Hilbert
space H and u a unitary operator on H such that vgu = vk for all g in G and some
automorphism & of G. For vy in T, let U, be the set of all £ in H such that ve§ = {g,7)€ for
all g in G. Then we have

1)

=3 "u,

~er
and
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(2) if € € Uy, then u€ € Unys.
ProoOF. (1) For £ in U, and ¢’ in U.s, we have

(”95'1’95’)
(9,79, 7Y EIE),

le"

for all g in G. If v # <, {g,7}{(g,7') # 1 for some g in G, and so £ is orthogonal to §'.
Suppose that a £ in H is orthogonal to any vector in U-yer‘ Uy,. Put &, = f o (9,7)vg€dg for
each 4 in I'. Then &, belongs to U,, and we have

4(37129)

/c; /c;m(vsh-‘ﬂﬁ)dgdh

/ {9, 1) (ve€|€)dg
G
(E‘vl&) =0.

Hence (&, =0 for all vy in I'. If we put f(g) = (vg€|€) for each g in G, the function f on G is
integrable and positive definite. Hence we have

(s€1€) L@ﬂﬂm7

/ (97 / m(vhﬂﬁ)dhdv
r G

/mw@mm
r
= 0

for all g in G. Thus (£|€) =0, and so £ = 0. This implies the assertion (1).
(2) If £ is in U, we have

Vg (u€) = u(”n(g)&)
(r(g), v)u€
{g,vK)uk.

This implies the assertion (2).

Thus the proof is complete.

PROOF OF THEOREM 2. Since (A,a) is a (G,o)-extension of (B, ), we may iden-
tify (B,8) with (A%, alac) . Let (wy,Hy,&y) be the cyclic representation of B induced
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by %, where ¢ = ¢|B, and uy be a unitary operator on Hy defined by uymy(y)y =
7y (B(y))éy for all y in B. By the above identification of (B, 8) and (A%, ala) , we have
Hy C Hp €y = & and uy = up|n,. Suppose that £, satisfies the conditions of Theo-
rem 2. Put £ = 37" 'ul&,. Then £ belongs to E;:ole

{n € Hylvgn =< g,7v > n (g € G)}. Since £ does not belong to C&,, the dimension of
{€ € H, : u,€ = ¢} is greater than 1. Hence, by Theorem 1, ¢ is not ergodic. Conversely,

U, and u,é = £, where U, =

suppose that ¢ is not ergodic. Then, by Theorem 1, there exists a vector £ in Hj, not be-
longing to C¢, such that v, = £&. By Lemma 3, we have the direct sum decomposition
€= créy With & in Uy, = {n € Hy|vgn = (g,7)n(g € G)}, and also upé = 3° 1 uply
and u,&y is in Uy.. Since u,€ = £, we have uy€, = &y and ||&y|lp = ||€vyxllp for all v
in I. From the orthogonality of &,’s, we have £, = 0 if v is not periodic with respect to
k. Now we note that for a vector 5 in Hy,, if 7 is u,-invariant and {v, : g € G}-invariant,
then it belongs to H, and is uy-invariant. If £, = 0 for all ¥ # 1, then £ = £, and so £ is
{vg : g € G}-invariant and u,-invariant. Hence £ belongs to My, and uy-invariant, and thus
£ belongs to C¢y from: the assumption of the ergodicity for . Thus § belongs.to. C€, which
contradicts the assumption of £&. Therefore there exists a v in I',y # 1 such that & # 0.
From the above, this v is n-periodic with respect to x for some positive integer n, and then

we have g€y = Eyxn = &,.

This completes the proof.

Also, in particular, if « is the identity automorphism of G, then we have the following

COROLLARY 4. Let (A, a),(B,8),p,%,vq,9 € G be as in Theorem 2. If k is the identity
automorphism of G, then ¢ is not ergodic if and only if there exist a v in T, not equal to 1,
and a &y in H),, &4 # 0 such that uy€y =& and ve€y =< g,y > &y for allg in G.

COROLLARY 5. Let o be a continuous action of a compact abelian group G on a unital
C*-algebra A and ¢ be an extremal G-invariant state on A. Then @ is not an extremal state,
i.e. not a pure state on A if and only if there exist a v in T, not equal to 1, and a & in H,,
£y # 0 such that vg&y =< g,7> &y forallg in G.

Since it is clear that if £, is separating for m,(A)", then &y is separating for my(B)", we

have the following

COROLLARY 6. Let (A,a),(B,8),¥,%¥,vg,9 € G be as in Theorem 2. If§, is separating
for w,(A)’, then ¢ is not ergodic if and only if there exist a positive integer n and a v in T,
n-periodic with respect to k, and not equal to 1, and & in H,, &, # 0 such that uzé, = &,
and ve€y =< g,y > & for allg in G.:
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The condition of Corollary 6 is rather fitting in the following property (*) of ¢:
dim{ € Hy :up b =€} =1 *)

It is known that the property (*) implies the ergodicity of ¢, but, in general, the ergodicity
of ¢ does not imply the property (*) ([1],[3], etc.). For the property (*) of the G-extension,
we have the following

THEOREM 7. Let (A,a),(B,f),¢,%,vq,9 € G be as in Theorem 2. Suppose the restric-
tion ¥ of ¢ to B has the property (*). Then ¢ does not have the property (*) if and only if
there ezist a positive integer n and a «y in I, n-periodic with respect to k and not equal to 1,
and a &y in My, & # 0 such that ul&, = &y and vy€, =< g,v > &y for all g in G.

The proof of Theorem 7 is almost parallel to one of Theorem 2, so is omitted. Since if &,
is separating for 7, (A)", then the ergodicity implies the property (*) ([1],[3], etc.), Corollary
6 follows again from Theorem 7.
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