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1. Introduction.

In Finslerian space Fn Berwald’sP-and Cartan’s® connections are most famous. Recently.
H. Rund® determined another linear connection in Finslerian space Fn introbucing four
convensions, as is shown below. ) .

Cartan’s and Rund’s connections are metric, but Berwald’s is not. Cartan gave the
relation between the coefficients of his and Berwald’s connections. The connection determined
by Rund’s convensions A, B,C and D is not unique but its coefficients are of the form ar).

We shall show that if Berwald’s connection is me;crised, it is coincident with Cartan’s,
during a supporting element is displaced parallelly to itself.

In Finslerian space Fn two metric connections being introduced, we shall also show
that there are some relations among their coefficients. Now we adjoint a tangential Minkow-
skian space 7, (P) to every point P (xi) in Finslerian space F,. Rund observed two points
A (xi), B (xi-!—_dxi) and a vector field Xl(x) in Fu. These points A, B decide an unique
geodesic E, which passes the both points. He seeked such a vector X'+ d X in 7% (B) that

would satisfy the following conditions and defined a covariant differentiation by D=d g

A. The scalar products of the vectors X' .and X° + d*X° with respect to the tangent
vectors in A and B on E are identical.

B. dX' — dXx* =0, when X' =yt

C. X are linear i X%, '

D. Dgij (%, %) =0, where x'ds = dx' express the direction of displacement AB along

the geodesic E.

We shall also determine a metric connection with some uncertainties introducing three

convensions ax-lalogous to those introduced by Rund. In our case the convension which

corresponds to the convension C in Rund’s connection is needles, because it is reduced from

1) See [1]. Numbers in brackets refer to the bibliography at the end of the paper.
2) See [2].

38) See [3], [4].

4) See [2]. VIIL
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the convensions I and II. His results are different from ours.

2. Metrisation of Berwald’s connection.
As is well known, we have the following relations between the coefficients G ik of
Berwald’s connection and those of Cartan’s connection which enter in the expressions of the

absolute differential of a vector when its supporting element displaces parallelly to itself:

(€H) Gy = ij + 4

ihj ihilo *

Berwald’s connection being not metric, if we metrise it we obtain the corresponding

coefficients as follows:
t?)]. = w]'. + ?12 5gjr g7
= ]i-kdxk + i_(dgjr—-le gl,,d‘ck Gllg g]ld-* >g

=2 Ty + Alklo) dx" - + __,, g7 dx g7 dx*

L 1%
TE o

1 _ir ;¥
- —2‘49”( Lo+ Agip 1) da*

= Chdx* + I}, dx*,

. ) . .
on account of I’ ]—,: =TI ]Z C' %> where we put w; = G]’-k dx* and denote an absolute

differentiation in Berwald’s sense by 0.

Thus we see that the coefficients ‘?’; coincide with those of Cartan’s connection.

3. Relations between two metric connections.
Suppose that in Finslerian space F,, two kinds of metric connections are defined in

the following forms:"

&) DX =dx + o} X = dX' + (Ci, dx* + 'y dx*) X
and
3 DX =ad + o' X =dd + (Cl, ax* + [}, a*) X
The differences
Dx'— DX =X ((C}, — c’,,a Yyax® + (I, — L) ddt)

are the components of a vector and so under a transformation of the coordinates the

relations
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1) (G, —Ci) e - + P (Tg, 173? 2 By Lom— Thy
hold. By hypofhesis, as the both connections are metric, the relations
‘ ag].- A R d0..
; _ 7 — _%y
(6) Cip + Cip = PR Ciie +Cji Y3

hold, therefore C,jk and»&jk have the same symmetric parts with respect to the first two

A

indices. Accordingly the differences Cijr — Cjj, are the components of a skew symmetric

tensor, which we denote by &, . i. e.

(6) Cir = Cjp = by, or Cy, = Cir = bijr» by = 0.

1. when Cj, = C;, and Cin = C,-]-k ,» we have C;j, = C;, . In this case the
expressions / ?k = ]l'k are the components of a tensor, as is seen from (4). Now we put
) Ty — Tiygp = a
then the relations
(8 je = T g

“hold, because the both connections are metric by hypothesis.

]
2°. Suppose that one of the connections (2) and (3), say (2), is Cartan’s and the
other is general metric one. According to Cartan’s symbols® we have the following transf-
ormation law:

2 =@ =B . =&
© o E pge B g OE
ox" 3x” ox* ox'

If we put the above relations (9) into (4), we get

¢ _ e _ga oy 08 BT X i e e
(Fﬁr*%r‘ G)——-“——P;‘k—[’jk“_ﬂG-

BT A% ax) it
‘Putting
1 ] ™i 7 !

we see that the expressions T]z-k are the compressions of a tensor. Moreover the relations
T(,-]-) r = 0 Hold. More generally we may use in place of G]z- in (9) any expressions which

are transformed by the transformation laW as (9).

5) See [2].
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From (10) and (4) we obtain the following:

Py =Ty — b

1
ij G, —Typ» Typp=0,

an 1l

A

Cir = Cyp — bijr » Diiye =0
which are the relations among the coefficients of the two metric connections.

4. Another metric connection.
Now we consider a vector field X* (%, &) and two points A (£*) and B (&' + dx')
B 7 k3 7
in F,, which an unique geodesic passes. We search for the vector X'+ d X' which sat-

isfies the following convensions:
1. The scalar products of the vectors X' and X' + d" X' with respect to the tangent

vectors in A and B on E are identical.
I d X are Paffian forms of dx® and dx'* linear in X*.
L. Dgy (% %) =0, where we put DX = dX'—d X',
We define the absolute differential of b'G by DX’ . From I we have

gy (% £) 2" X =g (x+ dx, & + dx') (& + dx") (X +d X))

or

12) %5 pixiaxt 4 g Nxtd X X dx" =

(12 gx % +°i]-.(x,x)x -+ %" = 0.
By II for any vector Xi, d X are expressed in the forms:

a3 d'X'=— P, (x, ¥)ax* X — Qi (% )X dr*,

so that we have

(14) DX' = dX'— d" X' = di + (P}, dx* + @, dx*) X

Considering that our connection is metric from III, if we put (13) into
(12) we obtain:

Qq #° X' dxt — g, 2" P), dx'* X' + gy dx" X' =0,
where Q,, = £, Q% . As the vector X' is arbitrary we get
(15) g,dx" — Py, dx* &'+ Q, xtdxk = o.
On the other hand from IIT we have

#' Py + 2 Py = 0
or

(16) — Py, ' = Py, «;,
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where Py, = g, Pi;;e . When we put (16) into (15) and multiply the resulting equation by
P 7 and contract with respect to the indices / and , we have
an  de’ + P, 2 dx* + @ & ad =o.
The left side of the above equation (17) is coincident with
de’ — d x7 = D7,
therefore the .equation (17) is nothing but the convension B in Rund’s case, that is to say,

the convension B in Rund’s case: follows from our three convensions I, II, and IIL
In particular when the relation dx’* + G;- dx’ =0 holds, we get from (15)

(18) _ G]z + gliplmk Gf P o anjx/m = 0.
When the equations (11) or
: _ l _
(ar) Qi =1y — by G, — Ty » Pip = Cyp — by
are subsfituted in (18), we get
a9 T, ' = o,

ilj

owing to the relations by, + by, =0 and I

i x’i = G; &,;- From (19) and the skew

symmetricity of Tilj with respect to first two indices, we get immediately
(20) T ¥ = o,
Therefore we have:
Given two arbitrary tensors bij/e and Tijk satisfying the relations b(ij)k = 0, T(ij)k
= Ok and T:]k 2t = 0, a metric conmection in Fn is determined by (117).
The coefficients Q;,i which enter in the expressions of the absolute differential of a

vector, when its supporting element is displaced parallelly to itself, are as follow
Qi =- PG, + @}
=~ (G =86} + I} ~ 46, - T}
=~ Cj6, +Ij ~ 1} =1} — 7},
where G, I v and T i are Cartan’s symbols.

* k
Thus we see that Q,-]-k are only different from Cartan’s symbols I’ ir Dby a skew

symmetric tensor 7, ,
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