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Let @ be a group of finite order g and p be a fixed prime number. Let
81, K2, ---, R be the classes of conjugate elements in @ and Gy, Gi --,
G be a complete system of representatives for the classes. & has % abso-
lutely irreducible ordinary characters i, X2 =+-, Xz Wwhich are partitioned
into p-blocks By, B;, ---,B,. The following orthogonality relations are fun-
damental: If two elements G and H are not conjugate in ®, then

k
_lei(G)ZiCH—l)zo
holds. If two characters y; and X; are not equal, then
2 2:(@x;(GTH=0
GEG®

holds. To the former, R. Brauer added an important result: If two elements
G and H belong to different p-sections, i.e., the p-part of G and that of H
are not conjugate in &, then

2 (G x(H™H=0
%X{€ By

holds for each p-block B, ([1]). To the latter, R. Brauer and M. Osima
added independently the following: If x; and %; belong to different p-blocks,
then

2 %:(Gx(G™H=0
Gee

holds for each p-section & ([8]). Moreover, in [7], M. Osima gave the fol-
lowing theorem: If B is a set of characters x; such that for each pair of

p-regular element R and p-singular element Q,
3 2:(R)x:i(Q@ D=0
%XzEB

holds, then B is a union of p-blocks B,.
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But p-sections are not best refined for p-blocks in the sense of the above
theorem. The symmetric group S, and the Mathieu groups Moy, My, M,y give
such examples for p=2. The purpose of this note is to give a refinement of
p-sections where the orthogonality relations hold for p-blocks (§1). On the
problem, confer with [4].

Let K be the field of g-th roots of unity, p be a prime ideal divisor of p
in K, o be the ring of p-integers in K and p*=p/p be the residue class field
of o by ». Let Z, Z,, Z* be the centers of the group algebras KG, 0®, o*®
of & over K, o, o, respectively. Let Ki, K -+, Ki be the class sums in ®
corresponding to §, 8z, -, & and 7,72, 2+, 7. be the block idempotents of
Z, corresponding to By, By, -+, B;:

1 .
=25 5 HEREYE,
&g v %i€Bxr
(1)
1%l 51 51 4G 1GIOE.

K.y, =
o g vuies

On account of (1), it seems to us that the study of the block idempotents 7%,
is successful for our problem.

In §1 and §2, some results on %, will be given. In §3, for a certain
normal subgroup § of ®, we shall relate Proposition [1.2] to the blocks with
regard to 9, referred as “9-blocks” (Cf. [6], [2n.

§ 1

Let D be the maximal normal p-subgroup of & and C(®) be the centralizer
of ® in ©.

[1.1] We set y,=>1a, K,. If a, does not vanish, then &, is contained in
Cc(®).

PROOF. Let A be the subalgebra of Z, spanned by those K, with &, C C(D)
and B be the linear subspace spanned by the remaining class sums K. If

we set
A*={a+pZ,EZ*|a€ A}, B*={b+pZ,€Z*|bE B},

we have Z*=A*®B* Since B* is a nilpotent ideal in Z¥, the block idempo-
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tents of Z* are all in A* As is well known, there is a one to one correspon-

dence between the block idempotents of Z, and those of Z* The same holds
for A and A*, Hence, the block idempotents of Z, coincide with those of A.
If ,CC(D) then, by [1.1], we have

%] 5 5 pGonEOE,

8 2yCC®) %€ Br

Kdv'r =

Hence, if further & C(D), then

2 2:(Gx:i(GEH=0
%€ BT

holds. Therefore, we obtain the following proposition:

[1.2] Let % be a normal subgroup of & containing C(D). If K,N and
REN, then we have

P3| Zi(Gm)Xi(G51)= 0
%3 € By

for each p-block B..

In the symmetric group S, [1.2] gives the best refinement of 2-sections
for 2-blocks. But in the Mathieu groups My, M, M,, the same does not
remain valid. Applying Proposition [1.2] to the centralizer C(P) of a -
element P in ®, by Theorem (6A) in [1] or Theorem 2 in [3], we may refine
the p-section of P in & again.

§ 2
For an element x of Z, we denote by x* the element x+pZ, of Z*

(2.1] Let R, be a p-regular class such that K, is not nilpotent, then there
exists at least ome p-block B, such that ai70, a being in [1.1].

PROOF. We may set K,=31b,,9,+7, where »* is an element of the radical
P

of Z* Let s be the sum of all p-elements of & in 0®. Since, by Lemma 3
in [5], the radical of Z* is the annihilator ideal of s* in Z* we have
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Ks=2b,msF 0 (mod pZo).
P

Hence, there is a p-block B, such that b,,%= 0 (modp). Let &, be a class
such that &0 (modp) and that the defect of &, is equal to the defect of
B,. We compare the coefficients of K, in both sides of the congruence

(2) Kvs"?-r = bv’r"?‘rs (mOd pZ())-

The coefficient of K, in the left side of (2) is

LRI (GCI1(GED _ 5y XD | 2:(G) | Rul 2:(GED
%€ By gX1.<1) N %z € Br g‘-@yl Xi (1)

—wzg(Kp-’) Z XICS)Xi(Gv)l-@v| (mod P),
%;€Bq gl
where ®, is the class containing G.' and o;, is a linear character of Z which
corresponds to a character %, belonging to B, Since 7.$ is a sum of 7, and
a linear combination of those K, for which @, are p-singular classes, the
coefficient of K, in the right side of (2) is b,al, which is not congruent to
zero modulo p. Hence, we get

2 (D (GHF0.

%7€ B1
Since G, is a p-regular element and s—1 is a sum of p-singular elements, we
have

x‘:"; 1:(Dx:(G, )— Z s Dx:(Gl=ga,
hence ;0.
The following fact is seen from [2 1] also.

[2.2] If & has a normal Sylow p-subgroup or has a normal p-complement,
then the union of all p-regular classes ®, with ®,CC(D) is not refined for
p-blocks. '

§ 3

Let © be a normal subgroup of ® and %:|9 be the restriction of x; to .
By Clifford’s theorem, we may set
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Xi l ‘b = eiyzr’

where ¥, is the sum of all irreducible characters o1, (o2, *-+ of § belonging
to a class of associated irreducible characters of $ in ®. After Osima [8],
we say that two characters y; and %; belong to the same $-block if and only
if they correspond to the same ¥,. 7, and X; belong to the same $H-block if
and only if

2D/ 2:(D=3;CH)/2,(1)

holds for every HE® ([6], Theorem 7).
For each $-block ¥B,, denote by E, the sum of all primitive idempotents
of Z corresponding to those x; which belong to 9B..

[3.1] We set E,=3al K,. If a0, then R, is contained in 9. Hence,
if Ra is contained in O and Sz is not contained in 9D, then
2 %(GH:(GsH =0
%1€ Bg
holds for each H-block B,. ([2])

If & is a class contained in §, then & does not vanish for some B,, in
fact, for the 9-block ¥, which contains the principal character of &. Hence,
we see that § is not refined for $-blocks. In the analogous way as in the
proof of Theorem 3 in [7], we obtain

[3.2] If B is a set of characters 3, such that for each element G outside
of a normal subgroup H of &

3 W (GTH =0
%Xi€EB
holds, then B is a union of DH-blocks B,.
On account of [1.1] and [3.2], we have

[(3.3] If © is a normal subgroup of ® which contains the centiralizer of
the maximal normal p-subgroup of ®, then every p-block B, is a union of
D-blocks B,,.

Proposition [1.2] follows from [3.3] and [3.1] also.
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REMARK. Proposition [1.2] and [3.1] correspond to Brauer’s orthogonality

relations. We have, of course, propositions corresponding to Brauer-Osima’s

orthogonality relations.
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