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Introduction

It is well known that if D;, D, are domains of holomorphy in C", then the
intersection D;N\D, is a domain of holomorphy. Further, let {D,}ica be a family
of domains of holomorohy in C". Then the inner kernel of AQ\ D, is a domain of
holomorphy. It is also well known that the maximal domain of continuation D -
for a family & of holomorphic functions given in a domain D is not necessarily
a domain in C” even if D is a domain in C", and so the following statement is not
necessarily true: the envelope of holomorphy of a domain D in C™ coincides with
the inner kernel of the intersection of the family of domains of holomorphy in ct
that contains D.

In this note we define the infersection of a family of Riemann domains by the
aid of the notion of the union of Riemann domains introduced in [1], see also [2],
[4] and we ask if the above statement is true in the category of Riemann domains
with base point. Our answer is as follows: the envelope of a Riemann domain D
with respect to a family F of holomorphic functions coincides with the intersection
(in ous sense) of the family {H;(D)};c » of domains of maximal continuation H;(D)

Off’ fEF.

Notations and terminologies will be as in [1].

1. Union of Riemann domains

In this note, we consider only the Riemann domains over C* with base point.
As preparation, let us recall some results in [1]. There, Grauert and Fritzsche
defined the envelope of holomorphy. Other constructions of envelope of holomorphy

are found, for example, in [2] and [4].
Let 3 be a fixed point in C", and let &= (G, =, %) be a Riemann domain with

base point % such that 7 (%) =3.

DEFINITION 1. Let ;= (G;, nj, x;), j=1, 2 be Riemann domains over C" with
base point. We say that &, is contained in &, and denote it by &, <®,, if there exists

a continuous map ¢: Gi—G, satisfying the following condition:
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i) 77-’1=7T2°4>
i) ¢ () =x

With the relation <, {&}c€lis a partially orderd set, i.e., the following
holds:

i) ® <6,

11) If @1 < @2, @2 < @3, then @1 < @3.

If ® < ®, and ®, < &, then ®, is holomorphically equivalent to &, and we
write ® ~ ®, In case ®, ®, are both schlicht, & < &, if and only if GiCGs.

Then, the union ® of {®) ¢ €I is well defined and satisfies following funda-

mental properties, see [1]: let ®, ®, ®; be Riemann domains with base point,

and {®}.cz {®,}vc,s are any families of Riemann domains, then

(@)} if ® < ©, for all ¢ € I, then lké)}@ <G,
@ if ® < ®,, then ©; UG, ~ ©,,
€)) ®,UG, = @,
“@ G, UG, = 8,UG,
6 G, U (©,UBs) ~ (6;,UB,) UG, and
® if IC I, then

Y o< Y

2. Intersection of Riemann domains

Let 3 € C" be a fixed point in C". We consider the Riemann domains {®,}
€I, &=(G, mn, x) over C" with base point #, such that =(x)=3%. Then, for
(®,)¢ € I we consider the set {§:}rca such that $, <G, for all c€ L. We put

'Si) = U@A

AEA

It is obvious that m\(x) =3 for every O.:=(H, m %), A€ A. After the
method given in [1] we know that § is a Riemann domain over C" with base
point. Further, we have the following: )

i) Since H < ©, for all ¢ € I, from (1)> in 1 we have
UPr < ©, for all c€ L
N :
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Hence
H<® forall el

ii) If *<®, for all ¢ € I, then there exists some % € A such that ¥~ e
Hence &*< $ i. e., 9 is the maximal Riemann domain which is contained in ®,
for every ¢ € L

Considering the properties i) & ii), we call § the intersection of {®, ¢€ I}
and denote it by QJ@" Let {®,},c; be a family of Riemann domains over C" with
base point. Since‘{@‘, ¢ € I} is a lattice with operations (M and U, and since the
properties (1)~(6) in 1 holds, it is easily verified that the following (1) ~(6)/,
and, (7), (7) are also true. (1)’ ~(6) is dual to (1) ~(6).

Let ®;, &, ®; be Riemann domains and {&,}xca (Gr)ren

are any famillies of Riemann domains, then

@ if > &, for all 1€ 4, then
ﬂ@x> @1’
AEA

@ if &< ®,, then G;NG, ~ &,
3’ GNG, ~ ©,,
@’ GNG, = NG,
&Y SN (G:NEs) =~ (G:NG) NG,
6) if AD A, then

05 <08

Also we have
¢p) G, UG) NG > (NG U (G,NG),
@’ (B:NE) UG < (G, UGN (G USs).

REMARK. In case every O, is schlicht, \U®, is the union in the usueal sense,
€1

but M@, is not necessariliy the intersection in the usual sense. It should be

[1¥4

pointed out that the intersection N, in our sense is connected and coincides
[1P4

with the connected component which contains base point such that =(x)=
id(x)=3 € C". The intersection of Riemann domains over C" with base point

is always a domain, see 1.
When ®&,, ®,, ®; are schlicht, in place of (7), (7)’ we have
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® (B,UB) NG; =~ (B:N G U (G, NGs),
©) GNGHUG; = (6:UB) N (G UTs).

3. Envelope of holomorphy

Using the notion of intersection of Riemann domains introduced in 2, we are
able to characterize a domain of holomorphy and the envelope of holomorphy.

DEFINITION 2. Let ®=(G, =, x) be a Riemann domin over C" with base point
and let 5 (=¢) be a family of holomorphic functions on G. Let {®, ¢€ I} be the
family of all Rieman domains which satisfies the following conditions:

1) &<, for all c€ I,
(2) if f€ 7, there exists some F, ¢ A(®,) such that F,|&=f for every ¢ € L
We call the Riemann domain H,(&): = \E_)I@L the envelope of holomorphy of ©

with respect to . In case 7 =A(®), we call Hy, (&) the envelope of holomorphy
of & and write H(®). If & ={f}, H(®) :=H»(®) is the maximal domain of
continuation of f, i. e., the maximal domain to which f can be analytically continued.

PROPOSITION 3. For &=(G, n, x) and F = {fr|k€ K, fr€ A(G)}, we have
H,(®) = NH;,(©).
ke K

PrROOF. We put 55 = NH;(®). Then 35 = UE)M where A is the set of all 2
ke K AEA

for which §y<H;,(®) for all k€ K. Since &, :=(H,, %, %) 1€ 4 is the Riemann
domain such that some Fj ) € A(@A) exists for every k€ K with Fy. \|G=fy, we

have
B<H(®) for all 1€ A.
Hence,

)‘EJ=§A<Hy(@) (see (1) in 1),
which implies
§=kQKka(®-)<H,(@).

Next, we prove that H,(®) <H, (&) for all k€ K. Put H, (®)=UHv=9,
Nen

then for any A2 € A’ all fr € & can be continued to 55),\. Furthermore, putting
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ka(@)=U5k,,L, we see that for any Hv=(Hy, #y, %), ¥ € A, there exists an
weMM

F’k,y € A(f}y) such that Fk,yIG=fk. Hence, there exists some x4 € M such that

‘%/\’ < 5,“-0'

Consequently, for any %€ K we have

Heo(®) < Uy < U, = Hy, (&),
NEN WE M
which implies
H,(®) < NH(®).
kER
Thus, we proved

COROLLARY 4. The intersection of domains of holomorphy is a domain of
holomorphy.

PROOF. From Proposition 3 the proof is obvious.

THEOREM 5. If & =A(®), then

H(®) =~ NH,(®).

FeA(®)

PROOF. It is enough to put & =A(®) in Proposition 3.

REMARK. A class of Riemann domains over C* with base point is a category
whose objects are {(G, =, %)}, where &: = (G, =, x) is a Riemann domain, = is a
projection and ¥€G. A morphism from (G, =, %) to (G, @, ") is a locally
topological map ¢ from G to G’ such that ¢(x)=x". The intersection ®NG' then
coincides with the pull back for = and 7.
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