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Introduction. Let Sy be complex projective N-space. The unitary group
U(N+1), or rather the projective unitary group PSU(N+1), acts on Sy in the
natural way. Suppose Sy be equipped with the Fubini-Study metric. Then the
connected group of isometries of Sy coincides with PSU(N +1), which we denote
in brief by G below. We also write K for the isotropy subgroup of G at an
appropriate point of Sy. Then Sy is isometric to G/K with an invariant metric.
For any closed subgroup HG K of G, the (not necessarily complex) submanifold
H/HNK has a constant mean curvature in G/K. The corresponding submanifold
in Sy, of course, is of constant mean curvature.

The present authors have been interested in these submanifolds (especially
real ones). But little has been known about them.

Suppose N=n(n+2) where n runs through 1,2... . Let us consider the
natural projection of C¥*'—0 to Sy. We denote by =y the restriction of this
projection to the unit sphere S***! in C¥*'. Let m be the Mannoury imbedding of
S, (into SYCRY!'C Cc¥Y. We recall that, for P € S,, m(P) is the point with the

rectangular cartesian coordinates:
_ 1 - vV=1, _ .
Z2hZhs 1/? (21Zx+ Znzi)» 1/—7‘ (2p2x — Zn21)
(h, E=0,... , n; h<k)

where z, ... ,z, are the homogeneous coordinates of P. Then nyom(S,) is a
typical example of real submanifolds of the above kind. We will calculate its

1
mean curvature in Sy, which eventually is ———.
Vv 2n

One of the authors is indebted to conversations with Professor Shoshichi

Kobayashi.

1. Skew-Segre imbedding. The natural projection ¢ is the map that sends
each point (wo, ... , wy) of C¥*'—0 to the point complex projective N-space Sy
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with homogeneous coordinates o, ..., Wx. Then the triple (C¥"'—0, g, Sy) is a
fibre bundle. The unitary group U(N+1) acts on both ¢¥1—0 and Sy. This
action satisfies the commutative relation: geoc=os°g where g€ U(N+1). Let 7y
be the restriction of ¢ to the unit sphere S?¥+1 Then (S**!, ny, Sy) becomes a
circle bundle each fibre of which has the constant length 2r.

Now let X Xne (h, =0, ..., n) be rectangular coordinates in R™? and

consider the map m of S, into R™1V? defined by the equations

1
X, =2znZn, Xpr= }/——2—_ (2nZ1+ Zn2i)

g
V=1 -
th= 1/—2‘ (zkzh—zkth

where #, £=0, ..., nand h<k We may call m Mannoury imbedding of S,. UpP
to a unitary transformation, this Mannoury imbedding is coincidental to the map

defined by simpler equations
X/h=zh.2h.’ X =212k (h£k).

We, in fact, have

1 Xo \ X/o

: 1n+1 :

Xﬂ 1 1 X/ﬂ

Xo1 _ 1/? 1 n(‘l;+1) 1/:2_— 1 'n('n2+l) X1

: V-1 —i =1

Koty 5 T 1 T T X
X X't
Xn, n-1 o X/n, n—l/

where 1, denotes the unit matrix of degree L for L=n+1, n(n+1)/2. The matrix
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1n+1
1
” 7 1 n(n2+1) 1/7 1 'n(7;+1)
=y o
——— 1 nn+1) ——— 1 n(n+1)
v 2 2 vV 2 2 /

is clearly unitary. We note that the image by the Mannoury imbedding of S, is

. 5 2
contained in S®*”. From now on we assume
N=nn+2).

We denote by /' the product myo m. Then ' is a diffeomorphism of S, onto a
real submanifold of Sy. Let P be the point with homogeneous coordinates z, ...,
z, and define

s (P) = the image by my of the point with rectangular
coordinates X'p, X'nr (B, k=0, ... , n; hFE k).

Then s gives to a diffeomorphism of S, onto a real submanifold of Sy, which can
be transformed by the action of an element of PSU(N+1) to #/(S,). We call s
skew-Segre imbedding of S, in Sx.

As is well known, we can introduce a hermitian metric into S, by using the
Mannoury imbedding (e. g., see [1]). It is called the Fubini-Study metric in the
complex projective space. Explicitly it is given by

n

; nz dz, dz, h;ﬂ (Zn dzn) (2x AZ1)
P 8 —

n n 2
2 Zp Zp (2 Zn Zh)
h=0 h=0
if we use the homogeneous coordinates z, ..., z,. Instead of the homogeneous

coordinates, we can also use inhomogeneous coordinates

21 _ &=
K= .., X =
4 20

on the coordinate neighbourhood U= {P € S,| 27 0}. Then the metric ds can be
expressed in‘the form:

i=1

1+in .‘Ei ) (1+2x1 Ei)z

=1 i=1

S dx, d7, (i % d;c,-) (ﬁ] % dx j)
dsz = _ %=1 _ 7=l X
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From now on we suppose the complex projective space under consideration
are always equipped with the Fubini-Study metrics. Then we have the following

commutative diagram;

SzN+1

Mannoury

Sn S~ — Sy
skew-Segre an isometry

We can see that the image m(S,) by the Mannoury imbedding intersects each
fibre of my orthogonally [2]. Since the image s(S,) by the skew-Segre imbedding
can be transformed into #/(S.), 7'(S,) has the same mean curvature as s(S,) in
Sy. Hence we will calculate the mean curvature of s(S,) in Sy instead of that of

' (S,) (the calculation will be carried out in Section 3).

2. The Christoffel symbols with respect to the Fubini-Study metric. Let us
introduce again the inhomogeneous coordinates %, ... , %X, on the coordinate
neighbourhood U,. Then the fundamental tensor of the Fubini-Study metric is

given by
14+ D)% % — Xn %k
( il ) ghh = ——#é » k= n
A+ > x)° A+ > x %)
=1 i=1

where 4, k range over 1, ... , # and hFk. The conjugate tensor is given by
gh71= 1+ %s %) (1'*'25\77; %)
=1
g"E = Xp ifk (1 =+ E X3 4’-‘1)
=1

The calculation shows us that the Christoffel symbols are

— 2% i — 2x
I_'nhh: ——,,—'L—; FI'L};; & = k »
1+th§:l 1+2x1.%1,
T=1 . i=1
— B ok — %
= ___"_"—’ = _ L2 .
1+ E‘xi'i:i 1+ Ex, -%i
T=1 =1
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In fact all the other symbols vanish.

3. The mean curvature. The inhomogeneous coordinates on Sp, X1, -.. » X,
can also be considered as coordinates on s(S,). We can introduce inhomogeneous
coordinates i, ... , yy on Sy so that the skew-Segre imbedding is expressed by

Yo = Xn> Ynn+ = Xns Yaen+eL+k = Xn¥k

where %, & run through 1, ..., 7 %3, ... , %, can be considered also as coordinates
on s(S,). By multiplying (1) by 2, we can obtain the components of the metric
tensor induced on s(S,) from the fundamental tensor of the Fubini-Study metric
on Sy. The Levi-Civita connection on s(S,) (resp. Sy) will be denoted by V(resp.
*V). Let X, Y be tangent vectors to s(S,) at (x1, ..., #,) and write the Gawuss's
formula (c. . [ 3], p. 15) in the form:

2(N—-m)

*VY =ViY + 2 2.,(X, Y)éa

where 2,(X, Y) are the second fundamental forms of s(Sn) and £, are an ortho-
gonal ennuple of unit vectors normal to s(Sn). The components of 2, will be
written as £y etc. .

From the Gauss’s formula it follows that

2(N=-m)

Z leh}z Eu= VB for h, k=1, ..., n
dzp, X
Hence we have
i -1 0 0 ] i,
2 -lehiz §u= n [Eh 5 + x5 a5 + x5 3 + x5 55
o= 1 2 % % Yr Yn Vrn+1 Vhen+1
+xh2xz——a—+£’h2xi _8 +xh2xz—a—
ayh—('"+1)+7- =1 8_'}’)7.(71.+1)-1\-1. ayt(n+1)+h,
+ x5 2 x; g ] + g + — 0
0Ficn+1y+n 0Yncn+2 0Yncn+2
and
2(N—n) _
SV Qui bam —— = I:x B Sy o & Ay
@=1 14 2 % % ayk 6yh(-n+1) ayh. 8yk('n+1)
® =1 .
+xk2x1——‘6 +55h2xi a +J‘ch2x1—8
6J’h(n+1)+1. i=1 ayi('n+1)+k £l 6yk(ﬂ+1)+i
0 J 0 0
+x X =+ + =
kz ' 0Yicns1yn OVhens 14k OVicnsh+n




Toshiyuki MAEBASHI and Sadahiro MAEDA

An easy calculation shows us
12(N—n) 1 n i 1+ in Ez ': n < 6 a
o 7 Loni |6a = =1 A= =
2 = (n ;h%L g ”k>5 2n ’221 ayh(n+2) 0Yncn+2 " 8}’17.
0 = 0 ) 2 = ( 0 0 )}

- Xp X
h;-l o ayk(n+1)+h

0
—x — X
ayh. " 6yh(n+]) * ayh(n+1)

This is the mean curvature vector, denoted 2, of s(S,) in Sy. The mean curvature

of s(S,) in Sy by definition is the norm |£| of this vector
*g stands for the fundamental

Now we will calculate |2| in what follows.
tensor of the Fubini-Study metric of Sy.

on |2 . z S
] | == 9 l: 21 *gh<,..+z>, (n+2)

ri=

n
1+ Z Xi .'/—f-,;
i=1
n n *
- % o .
Z Xy Xm Sr(n+2),mlntl)+2 hzZ Xn  Sh(n+1), Un+2)
=1
n

n
*
- Z X, Zun+2),] —
hil,m=1
+ Exn %, *gunsny, + Exh. %y, By Lo 1, T T

857h(n+1)+k

_-%h

n
- 3k
— > % T Gun+2), T D
Ki=1

hl=1
hl,m=1

n
+ Dixn % gn<n+1> Tn+l)
hyl=1 h,l=1
n n *
- E gh U(n+2) + 2 xh Xy gh (n+1) + le xh ghl + Z xh. xl xm gh m(n+1)+1
K i=1 Ri=1 AT, m=1
n
- X Xk g7c(n+1)+h e T E Xp X %y gL<n+1) 2, Wn+l)
RE I=1 rE =1
“ * d *
= Xp Xk X, Grneny+nl T SV Xp Xk X X Gr(ninn m(ﬂ-{-l)-}-l}
nFE =1 b Rl m=1
2
= N 2 A+ > yry0 — 2 yh<n+z>yz(n+2> o Z Xy Xp Xn %
— N2 LAa=1 Ixxh(n+2)
a+ 32 Y1 Y1)
—1
n n
+ 2 Xy Xy Xp Xp — anxn(l‘l‘ Z yzyz) + Z Xy XmXp Xp X %y
h=1 Ixh(n+2) ,m=1
n
> yrIn
Ixxh(n+1)

n

hl=1
n n
> %n Xp Yacn+2 Yaenezy T hZ Xp Xp % %+ hE xp X (1L +
=1 =1
Z Xp Xp X Xy
=1

n

n
2 Tn Xy Xp %+ hZ Xn Xn Yaen+l) Yrent
n n _ _
Z XpXpX % + E %%, A+ IEhnyz)
h=1 £

n
— S XX XX X T thxhxle
kI, m=1 h, hyl=1
n u _ n _ _
— > XpEpx X+ thxhyhyh E K En X X X T — D) Xp%n (1 > y1yo)
I,m=1 Ixh(n+2)
n
Z Xp XX XX Xy

hl=1
n
- hz XnXpYhen+2Yhn+2)
=1

n
ST XpEpXi XX %,
A F1-1 -1

S XX pxr XX, + thxhxkxk(l_l' SV yivD
I Rm+1 + A

n

h k 1=1
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n B n
- 2 XpXp X X Xy Xy X Ko, + h; xhxh.xlcxkyk(n+1)+h5’k(n+l)+h}
,E=1

T 1, m=1
i — Ei=1 2= KI=1 ks -
a+ Z % )7 Aa+Dlx z)* A+ > %)
iz = =
n = i, n ot n o’ 7 o
Xy Xp %, % X Xp Xy Xp Xy Xy Xy Xy
-+ — +
h;-I = = %4 hz-ﬂ ) “ = 0D Al m=1 z = \4
A+ >x %) A+ S x) A+ > %)
=1 im1 i

n

Xn XX %

+ é xh.'}:xlj—fl +é xf:‘i'h _I ! :
ML+ e E) T+ e E)? T A+ S a ED
i=1

iz iz1
_ é Xn Xn Xy Xy _ i X Xn Xy Xy X Xm + = Xn Xn X1 X
Ki=1 = 4 hTm=1 i 4 Ki=1 2 - R
' A+ 2% %) o A+ >x %) ’ A+ > % %)
=1 i=1 i=1
_ é Xp Xp X1 Xy o é Xp Xp _ z Xp Xp Xy %y
Ki=1 i _ 4 s i ~ N2 Ki=1 = _—
i=1 i i1
_ < Xn Xpn Xy Xy X X __ é ¥n Zn + = Xp Xp Xx X X1 Xy
rlm= z _ fim i _ 2% 1= 2 _
BT A4 S B A+ xR+ S x w0
i=1 =1 =1
_ < T Xn X X X1 Xy < Xn Xn X XL Xy X
rE = Eie - 2 E 1= <k s
e (1+ le xi)4 Wil (1"‘ in xi)4
=1 =1
+ = Xn Xn X X é Xp Xn X X X1 Xy Xm Xm
K =1 2 — X3 22, m=1 e w8
(1+ in xi) (1+ in xi)
=1 =1
=9 n _ ke Xp 57]7, X il _ B Xp ih X -%l Xm i'm
n n n
_ K= _ 1T m= _
A+ "7 A+ 3w E T A+ e D
iz i in
4 Xn Xn Xp X
K= d _
’1a+2%m2
o
n d Xp Xp X, X Xp Xp Xp X
—9 - —h$1 n: 1 X _|_h21 h.:. k Xk
€L+ 3 #a dd)® ' A+ >)%:2)° ' A+ > % %)?
i=1 i=1 i=1
2n

(1 -+ 2 X3 5.71)2
i=1
We can therefore find

1

61
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4. Let d be the degree of the submanifold s(S,). The following inequality
follows from Theorem 5.35 [4].

2" > d.
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