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In this paper, we show some remarks on G&del’s (unpublished) memorandum
for the cardinality of the continuum. Let f, g and % be functions from w, to w,
(n is a non-negative integer) and a, B, ... be ordinal numbers.

DEFINITION 1.

F<g o> Ja<o, V(a<B<won — FB)< g(8)).
F<<g = Va<on Aa)< gCad).

DEFINITION 2.

R

A(Rns 82 (i} dFcwy® IM< w2*(F and M satisfy the conditions from 1, to
62).
1,) F is wellodered by < and F=w,,, (F means the order type of F).
2,) Vf€wi» g€ F(f< 2.
3) M= N1
4,) Vf€wy AgeM(f<<Lg).
5. {flala<o, & fEF}=X,.
6.) (fla|a<lw, & f€M) =X,.

T

Godel’s axiom is V7A(%,, ¥,) plus Hausdorff’s axiom."® From these defini-
tions, we have the following propositions.

PROPOSITION 1. If there exisis an F Sy satisfying the conditions 1,, 2, and
5., then there exists an MZ w®" satisfying the conditions 3,, 4, and 6,.

PROOF. For g€ F,

25 (u) = {r if p<B,

' glw) if B<u<wn.
Foy = {gay|g€F}.
M=\_JF,,

B.Y<wn
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Since }__"5,7=Nn+1, we have ]7=Nn+1. For f € w%", there exist g € F and B such
that

V 2B < 0 = flp) < g(ud).
Set
ro= sup {(f(wlp<B}+1.

Then 7,< w,, since , is a regular ordinal number. By the definition of gg,y, W€
have f<< ga,y,» Now we show that M satisfies the condition 6,. Let 8, r <ws.
For each f€ Fg,, take g€ F such that f= gy and denote such a g by gr. If f,
f' € Fay and f f/, then g, gy. So

(Flala<on & fEFs,) < {gilala<wo, & f€Fgy}
< {glala< o, & g€ F} <R&,.

Hence

{(frala<o, & feEM} = BV (lala<o, & f€Fgy) =N

Therefore M satisfies the condition 6,. Q. E.D.

PROPOSITION 2. If 2% ={.,.., then there exists an F satisfying the conditions
1, and 2,.

PROOF. Since 2%"=¥,.,, there is an enumeration ko, &y, =+, By, =+ (w<wnys1)
of the elements of w®". We define inductively the sequence fo, fi, ==+» for ==~ <
wn.1) of functions from w, to w, as follows:

i) folr)=h(r)+1 for v < o,.
ii) If vy is a successor ordinal_ number, let vy =+ 1 and define f, by

L@ =) F+hrE)+1 G <wn).

iii) If v is a limit ordinal number and cf(W) < w,, let g be a function from cf(y)

to vy such that

y=sup g (&)
E<et ()

and define f, by
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() =E§ui%>)(fgu<g>(r))+ h(r)+1.

iv) If v is a limit ordinal number and cf(v) = w,, let o

For f, g€ w2?, set

wE Vo 2§ f(0) < g if f<g,
AL = ut Vo2 f(0)>g() if g<f,

0 otherwise.
Define the function o,: w, — o, inductively:
a,(0) =0,

Uv(E) = max {STIIiIE) (Zcfg,,(n)’ fg,,(E))):
sup (e} + 1, if £>0.

For 7 <w,, let € be the ordinal number such that
o, ()< 7 <o (&+ 1.
We define

L= sup Fopem Cr )+ B(r) + 1.
F={f,lv<w,..}.

83

w, — v be a bijection.

By induction on v <w,,,, we can prove that n,<<f, and that x <y implies Sl .

Therefore F satisfies 1, and 2,,.

PROPOSITION 3. If 8=, for all B< &, and 2" =

A (R8,, N,) is satisfied.

Q.E.D.

Nnpi1> then the condition

PROOF. By the proposition 2, there exists an F satisfying the conditions 1,

and 2,.

8 < {flala<o, & fEF)
= &/ {fla]|fe€ F)

< S RP=x, 8. =8,
B<¥n

Then F satisfies the condition 5,. By the proposition 1,
sfying the conditions 3,, 4, and 6,.

there exists an M sati-
Q.E.D.
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PROPOSITION 4. The following three conditions are equivalent.
(i) A(Ro» Xo).
(ii) There exists an F satisfying 1o, 2y and 5.
(iil) There exists an M satisfying 3y, 4, and 6.

PROOF. It is trivial that (i) implies (ii) and (iii). By the proposition 1, we
have that (ii) implies (i). Now we show that (iii) implies (ii). Let the sequence
ho, By, --+5 By, -+ (v <w,) be an enumeration of the elements of M. By the similar
construction of the proof of the proposition 2, we have the set

F={f|v<w}.

’ By the construction of F, F satisfies the conditions 1, and 5. Let g be a function
of wy?, there exists %, such that g<<4,. There exists f, sﬁch that %4,< f, by the
construction of 7. Then g< f,. This means F satisfies the condition 2. Therefore
we have that (iii) imples (ii). Q. E.D.

References

[1] Godel, K.: Some consideration leading to the probable conclusion that the true power
is &, unpublished memorandum, 1970.
[2] Takeuti, G.: Sugaku kisoron no sekai, Nihon-hyoron-sha, Japan, 1972, 106-107.

Department of Mathematics
Faculty of Education
Kumamoto University



