Kumamoto J. Sci (Math.)
Vol. 15, 39~45 Martch (1982)

BERGMAN REPRESENTATIVE DOMAINS

Tadayoshi KANEMARU

(Received October 31, 1981)

1. Introduction

Let D be a bounded domain in C". Let Kp(z, D) (2 t€D) be the Bergman

kernel function of D.
o log Kp(z, ©)
62%01 - We
define relative invariant Tp,cp. (s E) under any pseudo-conformal mapping. Using

In this paper, making use of Kp(z, 1) and Tp(z i) =

the relative invariant property of To.p.y(% £)s We define (p, g)-representative
domain, (p, g)-A-representative domain and (p, g)-normal domain. These are
generalizations of the Bergman representative domain and normal domain.
Moreover we give a necessary and sufficient condition for a domain 4 to be a

ps q)—representative domain.

2. Preliminaries

Let D be a bounded domain in C". We represent a system of n-holomorphic
functions as w(z) =), -+ "> w,(2))'. We define the matrix derivative %

of n-dimensional vector function w(z) =), - - > w,(2)) with respect to z=
dw(z) ow(z) 0

dz 0z 0z

8 _( @ ) 6 6 _( © *ﬂ(a a>’
x wo, where = (- ) o - (&) -l =),

Vector and matrices marked with the symbol / and * denote the transposed

(z1, = " s z,) by the formula, denoted by an Xz matrix

and transposed conjugate vectors or matrices, respectively. We have the follo-

wing relation

(0 _ dw
dw = K——az— X ZU> dz = dz dz.

A mapping w(z) is called pseudo—conformal in D if the mapping w(z) is one-
to one and holomorphic in D.

All integrals appeared in this paper are understood in the sense of Lebesgue.
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3. (p, @)-representative domain

Let D be a bounded domain in C". Let Kp(z, ©) (2, t € D) be the Bergman
kernel function of D. Then it is well-known that if w=uw(z) is a pseudo-confo-

rmal mapping of a domain D onto D,, then we have

(@D) Kp(z, b)) = <det —f}:—) . Kp,,(w, ©) (det Lj;:) R

where = = w(t), D,=w(D),

also, that if we define

5 -
TD(Z, f) = 2 10gaf_z§%52, t) s

Tp(z, 1) is relative invariant under pseudo-conformal mapping, that is

)

dw \* dw
dz

@  Tole D= (%)

&wa(w,f)<

z=

where c=w(?), D,=w(D).
Now making use of Kp(z, £) and Tp(z, ), we define as follows:

&mﬁabswuﬁaaﬂab)

= K3'(z, ©) det T3(z D) (p=2, ¢=D,

KD,(1,0)<Z7 f) =KD(Z’ f)y

- 82 IO K 2, Z
To,c0,0(2 T) = g@zﬁ(gim( )

Then, we have the following relative invariant Tp,cp,qy(2 t) which plays an

important role throughout this paper (L3,

7 dw\* [ dw
3 To.0.0> Gz, ) = (W)znt pr,(p,q>(w, z) <‘Ez—>,

where © =w(?), Dy,=w(D).

Remarking that Tp.p,0,(2 ) is relative invariant under any pseudo-conformal

mapping, we have the following theorem.
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THEOREM 1. Let w(2) be a pseudo-conformal mapping with the initial conditi-

ons wi@d)=r, dtgit) =FE. Then,

77CZ> =T5,l(p,q) (t, f) St TD,(p,q)(Z, f)dz

w
=T5, o (T ) S T oy (p(Ws TIAW
T

is invariant under w(z). Moreover,

7](t>=0a dzgt) =T1_7,1(11,q) (t’ f)TD, (p,9) <Z’ f)

Therefore we call 4,=1(D) (p, q)-representative domain with center at 0.

PROOF. From the assumption and (3),
T3 o @ B St T, p.0(2 £)dz

d * B d -1ow/ g * 4
= (( W) atpr.(p’q)(T, 7) (——df )2!) ST<711;U—> =pr,(,,',,)(w, 7) df dz

dz

= TEJ}: (p,9) (T, ‘?) ST 7“1)10Y (p’q)(u), 'L_') dw- Q.E: D.

REMARK. In the case of p=1, q=0, 4, is the Bergman representative do-
main ([1D. '

THEOREM 2. A necessary and sufficient condition for a domain 4 to be a (P, @

—representative domain with center at 7o 1S

TA,(p.q‘,("]: 770>=TA.(p.q)(7)07 7o) for YnE4d

PROOF. By the function 2(2) —=10=T2k o (& D Sth, (2 Ddz, D is mapped

onto (2, q)—representative domain 4 with center at 7. Now translate z to 7 by

the pseudo-conformal mapping 7=7(z), then
=21 - 1 -
7—10="T 1. (o> vo)g Ty p.0(0> T0)dN-
n0
Differentiating the above function concering 7, We have

En=T;,1(p.q)(7703 7o) TA,(p,q)(T]’ 7o)s
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i. €0 Taioo (@ 10 =T4,0, »(os Tp) = constant matrix. Conversely if T (p,0(%0)=

TA,(p,q)(ﬁo: 770): then
-1 1 n
TA,(p,q) (7701 ﬁo)g TA,(p,q)(ﬂ’ ﬁo)d7)= S End77=77—7]0- Qo E.D.
1) 0
REMARK. In the case of p=1, ¢=0, this is the result of Tsuboi ([61).
Moreover from (1) and (3), we have the following theorem.

THEOREM 3. (p, q)-representative domain 4 of homogeneous domain D is the

Bergman minimal domain with the same center.

PROOF. Remarking D and 4 are homogeneous,

dEt T_D'(p'q)_(z, i) _ det TD'(p,q)(w, f') _ det TA,(p,q)(ﬂ’ 7—70)
Kp(z, 1) Ep(w,?) K4, 7o)

det TA‘(p,q)(;].y 7o) =
—_— < > 4).
AGEED) (7, 7€)

From Theorem 2, it follows that K,(n, 70) =K, 7o)- Therefore 4 is minimal

domain from the Maschler’s theorem ([41). Q.E.D.

THEOREM 4. Let D be a homogeneous domain. Then

M = constant for z, t € D.

Kp(z, )
PROOF.
det Tppm( D) _ det Topp(w, )
Kp(z ©) Kp(w, 7)
_ det Qj’éf,;”’éﬁ” 0) _ det I:Q:,((g’,q)o()o, 0 _ constant,

where the first equlity follows from the fact that D is homogeneous, the second

equality follows from the fact that () =0, d/zéf)_ =E, To.0.02 1) = ET10.0

(p 0D

2 and Theorem 3.

(;z , Kp(z, D =1-K,(, 0) %Z—, and the third equality follows from Theorem

Q.E.D.
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Now, changing the initial conditions of w(2) as follows:

w()=r, _d%g_t)_ A=A, where A is a non-zero fixed » X matrix (n>m), we

have the following theorem.

THEOREM 5. The following formula is invariant under any pseudo-conformal

mapping with the initial conditions w(t)=r, du‘;(zt) A=A.

(D) = ACA T, o (1 DAY A* S, T, o (2 Dz
Namely,

ACA*T s, .t DA A* S , To. o2 D)z

— ACA* T, (e DAY A* STTDW,@‘Q)(W, Hadw.

Therefore we call 4=9(D) A—(p, q)-representative domain.

PROOF. From (3) and the initial conditions of a pseudo-conformal mapping

w(2),

A(A*TD,(p,q)<t, f)A) _IA* St TD’ (P9 (Z, f)dz

dw \* N - ! dw\* _« dw
=4 (A*< dz >z-,TDw'<M’(T’ T>< dzzu >,-tA> A*S,< df ),:,Tf’w'“"@(“” g %

= A(A*Tp, (pp(z, DAY A* STTDM,(,,,q)m, 2dw. Q.E.D.

REMARK. In the case of p=1, g=0, we have so-called A-representative do-
main and if A is non-singular matrix, then we obtain Bergman representative

domain ([2]).

Now we consider the function

-

dCd(:) =Tp,ip~f1) &, OTp, (p,0(2 P (z t€D).

From (3), we have




T. KANEMARU

44

dC*(z)dC(z)=dz*T;,(p,q)(z, f) Tl—),l(p,q)(t, E) Tp,(p,q)(Z, f)dz

* — - - -
=d1/U*TDw, (o005 ’-')TD;,,(p,q) (z, D TDw,(p,q)(w’ aw,

where w=w(z) is a pseudo-conformal mapping, 7=w(), D,=w(D).
Namely, dC*d¢ is invariant under any pseudo-conformal mapping. Therefore

we obtain

1 _1

"z ~ _ 7
T_D.(p,q) @, B TD,(p.q) (z, t>=UT,Dw,(:p,q) (7, f)TDw,(p,g)(w, 7)dw,
where U is a constant unitary matrix. Then we have the following theorem.

THEOREM 6. Let L=C((z) be a pseudo-conformal mapping with the conditions

1

-1 ) ] )
C(t) =0 and —%Z—)‘ =TD,(p’q) (t, t) T.D,(p,q)(z’ t), ‘Z/Uhere det TD,(_p,q)(z’ t) -J-\: 0. Then
with respect to an arbitrary poseudo-conformal mapping w=w(z), C= C(z) and
A4 =C(D) are invariant, neglecting the constant unitary matrices. Therefore we call

a unique domain A= (C(D)) a (p, @-normal domain.

THEOREM 7. A necessary and sufficient condition for a domain 4 to be a (p, Q-

normal domain with center at a fixed point o € 4 is

1

2 _ _
T, iop Lo WU =T 1,005 &,) = constant matrix,
where C,=C().

PROOF. The proof of this theorem is almost identical to the proof of The-

orem 2. By the function
1

Z ) B B
(@ == Tolant D Town(a Dz
D is mapped onto 4 which is a (p, g)-normal domain with center at . Now

translate z to { by the pseudo-conformal mapping {=¢(2), then

1

z —? i _
(= tom{ Totoo D Too(z Dz

1

¢ ¥ z -
- US; T"'?”'Q) o &) Tsp (G CodS,
0

where 4 is a (p, g)-normal domain and U is a constant unitary matrix. Differe-
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ntiating the above function concering {, we obtain

1

Eo=UT 400 Co» &) Taior(Cs Tod-

Conversely if

1

T4 o Cor EXU*=Ts. (3, (Cs &)

holds,

1]

23

3]

(4]

£5]

[6]

1

¢ T3 _ _ ¢
US: Tmfp,q) & &) T4p.(&,s L) dC = S( E,dl=(—{,. Q.E.D.

REMARK. In the case of p=1, ¢=0, this is the result of Matuura ([5]).
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