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Let & be a group of finite order & and p be a fixed rational prime. M. OSIMA,
in his paper (5], introduced a concept of blocks of group characters with regard to a
subgroup § of & (“H-blocks”). Let 9, be the maximal normal subgroup of & contained
in . It is well known that the irreducible characters® by Py e , $r of O, are
distributed into the classes B,,%B,, -+ , B, of associated characters in ®. If B, B, - ,
B, are the classes of associated irreducible characters of §, in §, then each class B, is
a collection of classes B,. Let X, 7, , X» be the irreducible characters of & and 6,
0, - , 0, be those of . As is well known, there correspords to each character %;
exactly one class B, such that

x.i<Ho):Sicr E ¢u(Ho) (Hoe'@o):
$uEDBo

where S;, is a positive rational integer. If a class B, corresponds to a character Z: in
this sense, we say that Z; belongs to B, by counting X in B,. We also say that 0,
belongs to B, if 6\ belongs to %’; contained in B,. We set

L(H) = 3706, () (He®),

where the 7:x are non-negative rational integers. As is easily seen, if 7:4,3=0, then X,
and 0, belong to the same class B,. Hence, 4; and Z; belong to the same class B, if
and only if Z; and Z; are connected by a chain % Y SRETTERS , %, X; such that any two
consecutive X,(H) and X,.(H) of the chain have an irreducible constituent 6\ in common,
i.e. 7nF0 and 7,,7F0. Thus the classes B, are the $-blocks of @ in OSIMA’s sense.??
From the definition of the classes B,, we have the following:

LEMMA 1. Two characters X; and X; belong to the same H-block B, of & if and only if

L(H) _ ¥,(H,)
(1) Z5(1)

Jor all elements H, of 9, where 1 denotes the identity of the group ®. ()

Henceforth the term “block of a group” will always mean block with regard to a
P-Sylow subgroup of the group. While BRAUER’s blocks with regard to a rational prime
q will be referred as g-blocks.

The purpose of this paper is to consider a connection between the blocks of & and

1) The term “irreducible character” will always mean absolutely irreducible ordinary character.
2) Cf. [5).
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those of the normalizer (R) of a Z)-vfegular element K in G.%

NOTATION: ® denotés a group of finite order & and P is a fixed rational prime.
© is the field of g-th roots of unity. K, K, , K, are the classes of conjugate elements
in ©; there are # distinct irreducible characters %, X, ~***+ , X, of ® N(G) denotes
the normalizer of an element G in ®; the order of N(G) is denoted by n(G). For a
rational prime ¢, any element G of ® is written uniquely as G=SQ=QS, where S is
a g-regular element and Q is an element whose order is a power of q; S is called the
q-regular factor of G and @ is called the g-factor of G.

1. Let B be a p-Sylow subgroup of ®& and P, be the maximal normal P-subgroup

of ®. We denote by B, B,, -+ B, the blocks of ® with regard to . For each block
%g‘; we set
(1. 1) Jd: E eiy

1;E80 )
where e, denotes the primitive idempotent of the center Z of the group ring of ® over
2 which belongs to X, 1=1,2, , 1. Let Gy, Gy =o» .G, be a complete system of
representatives for the classes K, K, -+ , K,. If we interprete each class K, as the
sum of all its elements, then we may write
(1.2) JO_:E a,‘,’K,,,
where

1 . —=
(1.3) == 3 LOLG).

g xiESBa

We denote by @, the sum of all irreducible characters ¢ of %5, which belong to. B, and
denote by ¢* the character of ® induced by a character ¢ of P,. If we set

(1.4) L(P)=5s:.0,(P,) (P.€$)

where S;, is a positive rational integer, then, by Frobenius’ theorem on induced charac-

ters, we have -

iEsl5,) $:(G)= 3, 5uldG) | (GE®)

for each irreducible character ¢. of B, belonging to B.. ‘
LEMMA 2. 1) al=0 for all classes K, which are not contained in B,. 2) All (B, ay

are algebraic integers.
PROOF. 1) By the above formulae (1.3)—(1.5), we have

ai= 5 2.($ (G,

where $.€B,. Since each class K, containing an element of B, is contained in P,
$i (G ) =0 for all K., Hence we have a7=0 for these classes K.

3) A summary of the results obtained herein will appear in (4). ;
4) If a is a complex number, the conjugate complex number of « is denoted by a.
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2) For K,=B, we have -

. 1 - @ N 1 = . s
ag:_ o’Gv (1 :—‘.wa Gv ; y
7 (G D = gy 3G, o
where $.6%8,. Since #,(G,) and $.(1) are algebraic integers, it follows from this
formula and 1) in this lemma that all (P,:1)a are algebraic integers, if KD, or
not. _ : .
THE CONVERSE OF LEMMA 2. If, for a set B of characters Zi, the idempotent A

= > e of Zis expressed as a linear combination of classes K, contained in By, then B is
21D

- a collection of blocks B, of ©.

PROOF. Suppose B[ B, is not vacuous and BLYB,. Then we may select two
characters X; and Z; of B, such that %EDB and X;62%8. For these characters, we have
0(d)=1 and w;(4)=0, where w; and w; are the linear characters of Z which belong
to €; and ¢, respectively. On the other hand, we have wi(d)=w;(d), because we have
w(K)=w;(K,) for all K.S=P, by Lemma 1. Therefore B must be a collection of
blocks B, of &.

2. Let g be an arbitrarily fixed rational prime, different from P, and q be a
prime ideal in £ dividing ¢. For each g-block B, of &, we consider the primitive
idempotent 7, of the center Z, of the group ring of ® over the ring Oy of g-integers:
7:= > e. If we set h

Z¢&Br

(2.1) 7.= SIbIK,

then, as is well known, & vanishes for all g-singular classes K, of ® and all the
coefficients & are O-integers. The converse also holds in the following form: If, for a

set B of characters X;, the idempotent 7= > e; is expressed as a linear combination of
1&=B S

the classes K, of ® with Q-integral coefficients, then B is a collection of g-blocks B,

of &, Therefore, it follows from Lemma 2 that each block B, of O is a collection of

q-blocks B, of ®&.

Let €@ be an arbitrarily given element of ® whose order is a power“of”q. Let
B®(Q) be the collection of g-blocks B,, of N(Q), which determine a g-block B, of &
in BRAUER’S sense, and 7. be the primitive idempotent of the center Zo of the group
ring of m(Q) over the ring 0q of q-integers which is associated with a ¢-block Bo of
N(Q). We set 7= > 9, and p’= S bK), where KB_IiS the sum of all elements

BySB™(Q)
in KNNQ), v=1,2, - , 7. Tt is well known that
(2.2) 70 =7 (mod 4Z).”
If we set B(Q)= J B™(Q), then we have the following:
| Brg%a """"

LEMMA 3. Each B(Q) is a collection of blocks. B, of N(Q).

5) Cf. (4.16) in (2] and (8, p. 181).
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PROOF. Suppose B ﬂ%(")(Q) is not vacuous and %yiE\—SBCU)(Q) Then we may
choose two irreducible characters 7, and % of N(Q) in B, such that LEB(Q) and

LEEBD(Q). If we set Jo= >, 77, then we have 7 Za"KS, where the coefficients
BB+
a? are given by (1.2) for the block B,. By Lemma 2, 4> is a linear combination of

classes K, of N(Q) with g-integral coefficients which are contained in Bo1N(Q).
Since B, IN(Q) is contained in the maximal normal p-subgroup B, of N(Q), we have
&:(A8)=0,(L) by Lemma 1, where &; and @; are the linear characters of the center -

A

Z of the group ring of N(Q) over £ which belong to % and %, respectwely Setting

A99= 51 9@, by (2.2) we have

(2.3) 8 J) = 3,(8”) (mod ).
On the other hand, we have @&;(J®)=1 and &;(4)=0, hence

(2.4) @D (d(”)> = &, (J(G)> (mod ).

(2.4) contradicts with (2.3), therefore B“ ’(Q) is a collection of blocks of N(Q). This
completes the proof.

3. Let R be a p-regular element of ®. 1f the order of R is a product of powers

of 7 distinct rational primes g, g, =" ,q,, then R is uniquely decomposed into
(CRY) R:QxQz """ Qr (Q’LQJ: QjQi);
where @, is the g.factor of R,7=1,2,---" ,7. Letablock B, of ® be given arbitrarily.

First, applying Lemma 3 for Q,, B, and &, we have a collection B(Q,) of blocks of
GO=N(Q,). Secondly, working similarly for €, BO(Q,), and B, we have a collection
BO(Q,, Q,) of blocks of OP=N(Q,Q,). Continuing this process, we have finally 2
collection BO=B(Q,, Q,, -+ , Q,) of blocks SB of @=N(R). If a block % of G
belongs to the collection B, we say that the block B, of ® is determined by hte bipgh B,
of ©. It follows immediately from Theorem 1 that B is independent of the order of
Q,Q, Q..

Let S(R) be the p-regular section of R in & (“Oberklasse”)”, i. e. the set of all
elements of ® whose p-regular factors are conjugate to R in ®. Let K, Kz, ------ S Kz
be the classes of conjugate elements in @ we may assume that the p-regular section
S (1) of 1 in ® is the union of the first v classes K We may choose a complete system
of representatives P, Py, -+ , P, for the classes K, K, - , K, in a given p-Sylow
subgroup P of ©. As is easily seen, any two elements RP, and RPs with aF=f can
not belong to the same class K, of @. Hence, arranging the classes K of @ in a
suitable order, we may assume that KP, belongs to K., a=1,2, ,v; S(R) is the
union of K, K,, -+ , K,. Further we may assume that the maximal normal p-subgroup
B, of S is the union of K, K,, -+ Ku, 1<u<v. We denote by S,(R) the union of

6) Cf. [11).
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K, K, , K. and denote by S,(R) the union of Kooy, Ky, -+ VK, S(R)=S,(R)

US.(R) - e o
There are # distinct blocks ¥, B,, ------ , B, of ® with regard to P ((5)), as is

immediately seen from Lemma 1. For each block B, of ®, let 4, be given by (1.1).
Similarly, for each block B, of &, we may define an idempotent 4, of the center Z of
the group ring of & over 2. We set 47= 31 J, and set

gp;%Cd)
(3.2) K.d,=3)a,K, (#=1,2,-, n).
y=1
We then have the following:
THEOREM 1. For a=1,2, - , U, we have
(3.3) K, 4,= I
=1
and
. 4) K;J(U): 2 aZgIZB.
B=1
Fo)' a=n+1, u+2, - , U, we have
(3.3 Kudo= > aieKp
B=u+1
and
G4 K= S a7,K,.
B=u+1
PROOF. According to Lemma 2, we may set
(3.5) K, J”= S G9K, (o=1,8, =5, o),
B
where B ranges over 1,2, y U for a=1,2,----- » # and ranges over #-+1, #+2, - ,
v for a=u+1, u+2, - » V. Denote by 4(Q,, Q,, - , @) the idempotent of the
center of the group ring of &Y over £ which is associated with BO(Q,, Q, - , @),

f=12- s P5 dAP=4000 ) ies e ,Q,). Since any two elements Q,P, and Q.P;
with aF=8 can not belong to the same class of conjugate elements in 8“ ¥ if we denote
by KS°P the class of conjugate elements in & which contains Q,P,, a=1,2, -

’

v, then K0, K&, o , K{™ are v distinct classes of &0, First, considering B
and B(Q, Q,, -+ » @,.,) as collections of g,-blocks of & and ®“Y, respectively, by
Theorem 2 in (3) we have a

KE4(Q, @y -+, Q) =S a9 g
3

with the same proviso as (3.5). Secondly, denoting by K¢ 2 the classes of conjugate
elements in ®“~® which contains Qi@ P, a=1,3, s , U, we have
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K&"Z)A@(Ql, Q,, - , QT-D = ; agg]{g—ﬁ

with the same proviso as above. Contiﬁuing this process; we have finally (3.3) and (3. 3
with a%s=8a%% (a, f=1,2, ,). This completes the proof.

4. In this section, we shall use the notations in the preceding sections. The

elements P, P,, -+ , P, need not form a complete system of representatives for the
classes of conjugate elements in SI? However, we may construct such a system by adding
further elements P to the set Py, P,, ==+ ,P,. Each P is conjugate to a certain Pa in
@, where « is uniquely determined, a=1,2, " ,0. We denote by the elements P
belonging to P, by P.,=P®, PP, P$, - , P$« [,>>0. Let A AR , Xz be the
irreducible characters of ® and ﬁl, 02, ------ X E; be those of SE We set

(4.1) 7(P)= 3170 (P) (PET)

and, after M. OSIMA (6), (7], we define the constants 7h by

(4.2) 1(RP)= 2 750,(P) (PEP).
For «, f=1,2, - , v, since we see from (3.1) that

@8 = 0(RP,) n(RPw) par=y) U/( (RP)L(RPe) =1 Rp S n(RPa> x% a/( ARPEIACRED,

als is expressed as

(4.3) @5s=—= n(RPm MLEJA(P“’)) (z‘,L(P‘”) Z crmm.
On the other hand, from Theorem 1 we see, for «, f=1,2, - , 0,
. S 7, (POT(P
age n(RP >z ;:%(a) (Pu)X5(Pg)
1 ~ ~
=T DN E 0/\(P(‘Y)> ‘7 (P(s)) 2 Vir¥ou
L O r=- - 7,8

n(RPw) ZN 5A<P9)>5M<Pg)) g;jxfjw

6, 6 ESB
Setting
AM:Z;J')\;J'M (27 #:1,21 """ y h)r
J=1
we have
(4‘ 4> : n(RP‘,) N NE 5A<PEJ)> (;M(P(BS)) a’m-

h, BB
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Since (4.3) and (4.4) hold for any pair of 7 and o (r==0,1,2 == yla; 6=0,1,2, -+, 1),
we have

W (61, 6.6B,SB“),
(4- 5) i} Z rg\ rﬁ“:
%:EB0 0 (elsewhere).
In particular, we have
> rirk=0 (65,
X'L'E o E
hence
yE—=0 (X, €8, G,=B).

Thus we obtain the following:

THEOREM 2. If an irreducible character 5)\ of ‘E Belongs to a block %,, of @, then 7
can be different from zoro only for irreducible characters X; of & which belong 1o the block
B, of O determined by the block B, of ©.

It is easy to see that @7, =0 implies

z Xz(G;,_)X—q, (Gv) =0
1:EBq

Hence, by Theorem 1, we have a refinement of some of the orthogonality relations for
group characters.”

THEOREM 3. 1) If two elements L and M of ® belong to different p-regular sections
of ©, then .

(4.6) > L(LL(M)=0
2iE=Be

for each block B, of &2 ([10))

2) If L and M belong to the same D-regular section S(R) of © and if exactly one

of the p-factors of them belongs to the maximal normal D-subgroup of N(R), then (4.6) also
holds for each block B, of ©.

From (3.3) and (3.3 ), we see the following:
LEMMA 4. If

@ S\, K,d,=0,

¥=1

where a,€92, then

Z avK'da'z E a,,K,,da-'-:O
K"ESO(R) Kvgsl(R)

for each p-regular section S(R) of ®.

7) Cf. [1)—(4), (9] and (10l.
8) We have a refinement of this, which is a dual result of Theorem 2 in [1).
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- We shall describe this lemma in terms of the irreducible characters %Z; of ®. 4.7

implies

zﬂ}a,,wi(K.J =w; (Zn}a,,Kyd,) =0 (%:€8,),

where w(K,)=g%:(G,)/n(G,)%(1). Conversely, if
Zﬂ: a,,w.i(K,,) =0

v=1
for all X,EB,, where the @ are numbers of £ depending only on the classes K, of ©,
then

w; (iavad,> = éay(0j<Ky)(Uj<dg>=0

v=1
for all irreducible characters X; of . Hence (4.7) holds for these @, Therefore

Lemma 4 is equivalent to the following:

LEMMA 4. If, for all X; of Ba,

i} d,,(ui(K,,) =0

v=1
where the G, are numbers of £ depending only on the classes K, of ®, then

S oaw(K)= X a,0,(K,)=0

K,.=S,(R) KSS:1(R)
for these X, where R is an arbitrary D-regular element of S.

Evidently this lemma is equivalent to the following:

LEMMA 4. If, for all %; of V.,

a,1(G,)=0

v=1

where the @, are numbers of 2 depending only on the classes K, of ©, then

> al(Gy=_ > al(G)=0

K.ZS,(R) KSS(R)

for these X, where R is an arbitrary D-regular element of ©.
In consideration of Lemma 4/, the orthogonality relations for group characters imply

the following refinement of some of them.

THEOREM 4. If X: and Y; are two irreducible characters of ® which belong to
different blocks B, of O, then

S L(GI(G)= 3 X(G)(G)=0
GES(R) CES,(R) |

for each p-regular section S(R) of ©.”

9) This is an improvement of a result in (10). Cf. the papers quoted in foot-note 7).
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