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1. Introduction.

In this paper we shall be concerned with the estimation of the parameters in the
'mixed model, which is a sort of continuation of the previous work of the author [2]°
concerning the estimation of the variance components of the r-way layout of random
effect model. o '

The mixed model is understood to be the model of the r-way layout where some
of the treatment effects are the normal variables and the effect of the remaining
treatments are constants. In 'this paper we assume the means of the random effects
are all zero, which should not be restrictive at all for the problem of estimation, and
we shall be concerned with the estimation of the variances of the random effects, the
constant effects and the general mean.

For the development of our arguments, we need to define two types of mixed
models. Stating the model in more details, we shall take all the interactions up till
the highest order in our consideration, and it seems to be reasonable to assume that all
the interaction effects between the fixed main effects are constant and all the other
type of interactions are random. Namely if an interaction involves at least a .factor
whose main effect is random, then this interaction effect is also assumed to be random
and on the other hand if an interaction involves no factor whose main effect is random,
then this interaction effect is assumed to be constant.

Under snch assumptions as stated above, the two types of mixed models are
defined from merely a technical reason. Type I is the mixed model involving only one
random main effect, whereas Type II is the one involving more than one random main
effect.

The results obtained in this paper are the derivation of the joint density function
of all observations in the  r-way layout of the mixed model, and the proof of the
completeness of the family of distributions of the sufficient statistics in our concern,
which implies by making use of the result due to Lehmann and Scheffé that the
estimates of the parameters which are usually adopted in the practice of statistical
inferences as u_nbiased estimates are the unique minimum variance unbiased estimates.
In Section 2, we shall define some notations similar to those in the previous paper of
the author [2] and give the model equation in our concern. Section 3 is devoted to
Type I model and Section 4 is to Type II model. In Section 5, we shall remark that
the result in the previous paper of the author can be improved by making use of a
result of this paper.

1) Numbers in brackets refer to the references of the end of the paper.
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2. Preliminaries.

We shall be concerned with the r-way layout of the mixed model whose model
equation is given by the following

r—38
(2' ]‘) xtotlﬂ-h—:)u +E E a(jp "':jh;ljlv iy ijh)
h=1 JCR-S

r—38
+Z E 5_‘ E a(ll, Tt ik!jl’ Tty jh;tvilv =% tik) t.jp 5% t.j/l)’

=0 JCR-S k=1 I;C

(Fie=1,2, *+s Migs tig=1, 2, =+, Mgg; t4=1, 2, -+, mg5¢=1, =+, §;d=1, -+, 7—3),

where p denotes the geheral mean, ®(j,, -, jxitjp = 1) denotes the interaction between
Ji-th, J-th, -, 7,-th factors with the level £, s, ===, Lin @Gy =vrin dio = Faitass = bigo Lo s 158
denotes the interaction between Z-th, f-th, ---, 4-th, j-th, j,-th, ---, j,-th factors with the
level &, -~ t;,, 85, -~ s, and €;y,.s, denotes the error term. When h=0, GG, - rig i
Fnitiys ey i iy, - 83,) 18 understood to be @(i, -, ity ;). In the above equation S and
R—S denote the sets of integers (1,2, -+, §) and (s+1,5+2,---,7) respectively. I and
-J, denote the subsets (4,%, -, %) of S=(1,2,--,5) and (J,,7, =, js) of R—S=(s+1,s
+2,...,7), with the relations %< 7,<---<f; and 7,<j,<---<[J, respectively. E and >,

JCR-S .

denote the summations for all subsets I, of size & in S and for all subsets f N of size h
in R—S respectively.

We assume that g and all «(j, -, jaits, - 145,) are constants, all @Gy, -, ix, ji, == jaitaps
st iy - tg,) @nd €y s, are distributed independently to each other in normal distribu-
tions with mean all equal to zero and the variance of each @(i, - iz, ji, = Jastips = tigo iy =
tj,) equals to aikJ,,, the variance of each Q(i, -+, ix;t;, -+, £;;) €quals to O'zzk and the variances
of é;,..1, all equal to aﬁ.

Further we assume that there hold relations:

e

(2' 2) 2 Ct'(]l, o !]lnt..?p St tJ/z) 0

tgc=

(J,CR—S;c=1,2, - h).

The above stated is the general formulation of the mixed model under general
assumptions, and we shall define two types of them as follows. We call the mixed
model, whose model equation is represented by (2 1) for s=1, satisfying all assumptions
stated above, Type I model and the one for S=>2 Type II model.

Throughout this paper the notations such as Uy, V,, M, and N etc. mean the sets
of integers (#%,,%,, -, %), (v,,0,, --,0,), (m,, m,, -, m,) and (n,n,, -+, ng) etc., while
these mean the empty set if d,e¢ and « etc. equal to zero, and R,S,T etc. mean the
set of integers (1,2,--,7), (1,2,--,5), (1,2,-,%) etc. and on these sets of integers we
shall make use of the set theoretical notations such as A| JB,A[\B,ACB,A—B etc.
Further, we assume that the summations such as Aéa,q, Eam where A,B,C are such

ADC
sets of integers as defined above, mean the sum of all numbers @,’s having A as the

suffixes which are included in B, and included in B and including C, respectively.

e o o i st
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The Kronecker product of two or any number of matrixes are defined in this
paper in the way reverse to the usual ones for the convenience in handling the cumbe-
rsome notation systems.

Let A=(ai;), B=(b;), the Kronecker product denoted by A®B is defined as
the matrix (Ab:;), The Kronecker product of any number of matrixes is defined as the
natural generalization of two matrixes, we shall write the Kronecker product of 7

matrixes A, A,, -, A,, as II ®A,.
. =1

In this paper, we shall make use of the well-known relations concerning the
Kronecker products of two matrixes such as (A®B) (C®D)=AC®BD, (ARB) '=A"
®B™, (A®B)'=A'®B’, and their generalizations to the products of any number of
matrixes without mentioning explicitly. Throughout this paper we shall write # X# unit
matrix as Z,,, E, denotes the 7 X# matrix with the elements all equal to 1. Let H, be
the 72 X7 matrix with the elements all equal to zero except for the element of the first
row in the first column equal to 1, and let K,=1,—H,,.

Further let 7, be defin,éd as the orthogonal matrix with the elements of the first

1
1 11 ——
column all equal to e

Then we have easily

(2.3 T.E.T.,=nH,.

3. The case of Type I.

3. 1. Determinant of the variance matrix.

In this type the model equation is given by

r—1 r—1
<3' 1> xtot1~--t,-=/l+2 E (4, "'7j/t;tj1! sy tj/;) +Z 2 a(l, j, s sk t.ily >y t.?'/l)

h=1 J)CR-1 h=0 J)CR-1

(th =1, oty Mges C=1: S5 )

+ ey,
2oty iy ty=1, -, 195 f=1, -, ;.

Thus we havé the expression of the variance matrix in terms of the Kronecker
products as follows,

r s < e r=1 r _s¢ ¢
(3.2) V=0E.QN® (E; XD+ S o,E® NQ(Ex; s Y

=1 JCR-1

+:1§I,10®I,.1®'"®I,2,,
where 651,, is a sort of generalization of the Kronecker’s delta which is

o 1 if { is equal to either of the elements in M,,
(3.3 O3, =
0 otherwise,

and E’ of a matrix E is defined to be unit matrix .
For the development of the arguments in this section we have to define a number
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of notations as follows.

DEFINITION 3.1.

) ‘ L des
(8.4) . Amb,.)—E > oiwg I my*ine,
B=h Ns:m, Z=0
A» CR-1
: and e g
(3 5) A(l)B(J/‘)— Zh NE O'uvﬁ H n; 1N3Ve 5
i NSC%?{EVa o
- a .
(3.6) A(l)B Z P 0'1.1\75 I nlg—su"ﬁ,
B=0 NgCR-1 Z=0
3.7 CwDup=AwBuy+a;,
(3. 8) g C(1)DEA(1)B + O‘z 5

where we assume "MB o when B=0.
Now with the aid of the above notations we may evaluate the determinant of the

variance matrix (3.2).

THEOREM 3.1. The determinant |V| of the variance matrix V of (3.2) is given in
the notations of (3.7) and (3.8) as follows,

(3.9 IV[ H il {C(l)D(Jh)}m(nJl—l) 7 (G, 1){ 2}(110 D7y 'nr

h=0 J4CR—

PROOF. Let us at first transform this matrix by the orthogonal matrix which is
the Kronecker product of the matr1xes 7., defined in Sectmn 2 and we have

- &
(. 10 (T,.(,@Tnl@ RT,)’ V(Tﬂo®Tn1® ®T.,) =0} nnJ 1H,10® H®(H,.§81><If,‘g)

+35 5 o T ”hHm,@) i @(mg a s 15 4 o1, @I, @@,

g
=at Ty 1Hﬂo® 1® (&, X (Bt K )

+;2: Jhge} lale 1 n} o H,® H ®( n;s"’h X (Hag+ Kh;)é"‘)
1) aﬁglf[o ® (Hop+ Ko,

—a Tl 5an0®€1:11® (Hop+ 52K

+31 5 ok, f1n H,® H@H+560,K.) +o! N@H.+ K.
Sd=0 =1 - =0 .

k=1 JCR-1

e ot s
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Then we have

1

i

;5

lI

r NS 71(7G =D (G —1)
{ Z O'INBHng lNﬁ‘*‘d }
0 JpCR-1 | B=h NEDJ ¢=0

. {0’2} ("0“1)"1 2"'”7‘

.11 V]

o

which is equal to (3.9). "

3.2. The inverse of the variance matrix.
. . A B(Ve)
At first we observe the recurrence relation of WD -

LEMMA 3.1.
1 B _—
(3.12) AwBi3= - [A<1>Bg/f> P—AwBGuy ]
Ve
This lemma enables us to express Aq,BYS in terms of AyBsry, which is given
by

LEMMA 3.2.
1

nvlnvz 3 n‘Ug q=0 TqCVc

(3.13) AwB&S= = - 1) Ao)B(Jn 7o)

The above two lemata are easily proved in the similar Waiy to Section 4 of [21.
Now let us derive the inversion of the varlance matrlx

THEOREM 3:2. -The inverse of the variance matriz (3.2) is given by

(3.14) XEﬂ0®H®( iflxl,.g)-kz > XIJAEM@H@( E.. u,.X[th) .

Lh=1 J4CR-1

+ X1, ®L,@®I,,,
where '

@G15 X=—%,

2

ir 1. 1
(3.16) Xr= , [ CowDw-y o }’

o
1 r—1 (__1)5
3.17) XI,—T[Z 2 C—D—J
0 722 7% Le-o weCr-1 Corllawpy s
¢=0
1 [r=i-s ' ‘__'(__:DB ' . o
(3. 18) _X'th ";‘—g'[ 2 Z W] (Ji=R—1; h=1,2, s r—1).
il n B=0 NBCR-1-J) “~ W/ WpNp)d)
= ‘ ¢ ) . -. .
PROOF.- Anticipating the inverse to be the matrix of the form

(3.19), X.E,®F,®- QF.:+ XE,®) no(E:; i Ing)
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+5 3 X ERN0(E =t 1)

h=1J;,CR-1

+3 3 %ELN6(E Enx 1) + X,1,®1,®®T,,

=1 J,CR-1

let us seek for the condition that (3.19) is actually the inverse of (3.2). The product
of the variance matrix (3.2) and the matrix (3.19) is

r=1 - o 1_§
3.20) E,®E,®- ®E,,,[ {z 5 ol f10 811v5+,,§}

B=0 ¥gCR-1

r—1 r=1-~h r - e i
+5 = X{ I e
h=1JpCR-1 B=0 NBCR-1-J; ¢=0
<
3 +Eﬂo®ﬂ®( "§ [:}) [X{Z zﬂlNﬁHnd 14V5+0}
° B=0 NgDR-1

r=1 r—l-e r _s¢
+§] E— ‘leye{ 2 E (;‘ivﬁgl;lonlg 51NﬁV¢} +X00.‘I’:|

B=0 NgCR-1-V

YE® OB 1) Xelnarit a§>+Xo&]
+3 3 EQLONE(

E,llgs‘, X IBJI'> I:th{ rE—l Z 0’11\5 II ng ‘VB‘I‘ }

IWCR- - % =
=1 J) 1 g=2 B hf\\;gé)}’ih ¢=0
r—1-h r—l-e gV v
20 Koo 3 e LU X
A e=1V . CR-1-J) B=h NBDJIi
NBCR-1-V,

+E @ N® (B 15 ) [ Xe- l{noog+ao}]
r—2 r r—1 T —
+3 5 E,,0®n®(E,‘,fJn><L,§ xS 5 ot L 504 02)
SIS Bhyesm,io .

r—=1 T » e
F R o BB i ]
=0

e=1V . CR-1-J, 5
-1-Ve

+1n°®1n1®-~-®1",xogg

_E”°®Eﬂl® ®E"r [XG {C(I)D} + 2 E XJh {A(DB(JD}]

h=1 JHC

+E’*°® 1 ®( g i X In() [X {CwyD} '*‘E E -Xm {AB) +Xot71:,

e=1V.C

+E,,°®£I:]1®( ;gsRX Iz?) [-XR{C(DD(R—Q} +X)0§g]
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+31 31 BBLOIS(B ™ < 1) [ X {CoDors)

h=1 JRCR-1
r=1-h
+ 3> 2 1Jm {Aancm} +AXo¢7x.r,,J
e=1V ,CR-1-

+En(,®H®( B - 1><IBR ‘) [XR—I{C(I)D(R—D}]

l r—1-h
+Z‘, p E,l0® 11 ®( ngsjh x1I. 8J"> [th{CchJ,,)} + 3 3 Xy {AwB&S ]

=1 JpCR-1 e=1V . CR-1-J,
+1, Q1,0 ®I, X,

Thus the condition we are seeking for is expressed by the following equations,

(3.21) ' Xyo5=1,
(3.22) Xe{CoDir-n} = — X0,
r—=1-"L
(3. 23) XIJ)L{CCI)D(JA)} = § Pt X’l-’hye {A(l)B((};;)} ‘XOO‘?JM
(Ji=R—1; h=1,2, -, r—2),
(3.24) X{CyD}= E - Z Xw, {AB"?} — X,
(3.25) Xr-y {CCI)DCR-I)} =0,
r—1-h
(38.26) X;{CwsDerp} =— ez_‘{ . C;_l XJnVe {A@B(Jh)
(Ji=R—1; h=1,2, -, r—2),
(3.20) XACoD}=—3 5 X, {AwB").
h=1 JpCR-1

The solutions of the last three systems of the equations (3.25), (3.26) and (3.27)
are given as follows, it is obvious, by solving successively,

(3.28) X, =0, ' (’SR—1; h=1,2, -, 7—1),
XGZO.

Since, as is easily seen, to solve the remaining four systems of the equations, (3.21), -,
(3.24) corresponds to solving (4.27), (4.28), (4.29) in [2], the solutlons of (3.21), -,
(3.24) are given by (3.15), (3.16), (3.17) and (3.18).

Thus the proof of this theorem is completed.

3.3. The joint density function.

The joint density function in Type I is given in the following,
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THEOREM 3.3. The joint density function of all observations in our case is Siven by -

' .r—l . ' . ", O s (Mg 7‘1 .
(3. 29) f<X>=<2n>_n0n1...nr/2 o 1 {C(X)D(Jh)} =71 G =DMy, 1)/2{06} (ng—1)7y 7/2

h=0 JHCR—-1

. _ 1 ( S(,l) :r_'-,,- Sgljh) _S‘i}:] .
exp[ _Z_{C(I)D +I§ J}lgli—l C(I)D<Jh) + U'g ’

where
= . 1 .
(. 30) ;o ‘thtzl“-tlﬁ‘—————, a1 Zt . tE Xiegtyt,y - (LﬁCR'—.]-; B=0, 1_,‘.-, r—1),
» . 11 7, B R g '
=0
;. Z 1—815: i W 2
(3.31) Sty= T 23 (Xa—p),
- e
) s . % ) ) 2
(3.32) S(th)z II ng W E {2 2 ('—1>k—th1tll---t15_a(Jy o Ins bdp s fjh)}
Z=0 21,24y, tin \B=0 LBCJ, -
(Jn&R—1; h=1, -, 7—1);
(3.33) So= D) (Kegryt, — Xegirot,)

i,
wheve in (3. 30) *X;I’lx"‘tlﬁzzl when {3:0'
PROOF. As it is obvious that the type of the density function is the normal

distribution, the constant factor in (3.29) is easily derived from Theorem 3.2. Before
evaluating the quadratic form of X+, let us introduce new variables defined by

F ¢ :
(3.34) utot‘»--t,=xzozl.-izr'_/z—zv' 2 Gy 2o dns Lo+ tir)s
h=1JHCR-1
(8.55) Utm~-wfs=, Py Stj Usgty-t,s (Lg=R—1; 8=0, -+, 7—1),
dy, by —1—
D,l'.l'_prch—ls—Lp ’
U 3 (Le=R—1; g~
(3.36) npp= "7 2 Unipoug, (Lg=R—1; B=0, -, 7—1),
Hng 1L8 . :
¢=0 i

where when 8=0 we shall use the convention for Ussy,1;s and Ussypoey same to that
stated in this theorem. Furthermore, let us remark that (3.36) may be expressed in
terms of Xizy18, ¢ and (01,0 00} fuy, buy, = fup), by the assumptions (2.2), as follows,

- i B ;
(3.37) Ut;th-wtlg:thltllu-tlg—[f_z > vy, 5 Vs gy s tup),

p=1VpCLB
(3.38) ﬁn — ‘X_‘—tl —H.

Using the inverse matrix derived in Theorem 3.2 we have thé term of the qua-
dratic form in the joint density function that
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2
(3.39) S=‘X;{2( M Usyty-- t,) }+Z > )(1.7;.{ 2 . ( > Uz, - fr) }
23 \7?p,22,, ¢y A=1 JpCR-1 1,85y, tdn lt;e_f_dhl_lctgzr —h—-1

+XR;12 (Z Uity t,>+.X L %totl e

%, %1,

'—XZ fo +Z E XLT,‘{ E Utltjl t_m}

h=1 J3CR-1 #1,5,

2
X S Uhn+ X, S g,
i, 20,21, 2

_ 1 = (— 1) ]( U
fI n; of LS:‘:’ AB%? 1 C(l)D(NB) 3 tl)
g=0

BB T [ BT Ty (o i)

h=1 J,CR-1 I 1-8 B=0 NgCR-1-73 C(l)D(J]lI\’g)
§-<>ng

T S 2 1 2
7, [Co)Dw-u G%](n,;‘tr Utlmt') + a; <to§"t,ut°t1mt’>-

- 1 1 1 . .
The coefficients to ConD - T D(LB) and m in (3.39) are given by

(3.40) 7 (2 U?I)
Il 7, "
$=0
—1)8-%
(3.41) ",(—T< . Utzltjlmtjh)
h=0 JHCLB Hnl"sth 1,251, tdn ’
o ¢
and
3.42 | > ) b U;
(3.42) =1 Jh§"1 ﬁnl-si’h (’1.&%".‘1,!' utjr..tj/z),
$=0

respectively.
Therefore, by Lemma 4.4 in [2], (3.39) is equal to

r=1 B (_1>B—h / 1
(3.43) >] N N ( > Uy, m) CD.

B=1 ZgCR-1 h=0 J,CLp Hnl 87y NI t0h gy

4
¢=0
1
B = BT S (20 elp
g=0 ¢
r=1

8 1,
= B-4 lJ £
2B (8 O b

B=1 LBCR-1 a=0 JCLg 21,851, 8
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r

¢
1-8; 72y 1 2 _ iz |1
-+ gl:[ong (% Uzl) CwD + [to. t; N Utytyz, ﬂogUu:] ot

r _; B 1 : ‘
2.3 0], 2, 3 B, T ]m

L2218 h=0 J;CLB

- < -
1-87 2 772 1 E 2 —1
= ;—Iong (t1 Jtl) C(I)D * I:fo.h.'".frumy' AR 2 tl tr] ‘73

Fd r B — 2 1
= I 7, “3[ { S Ll A } ]———
Bzﬂszg‘z—lg‘ o = #, t?" 18 /zz-o.r,.;zg( ) s CyD(zg

r

—i—an; (ZU ) D + Z (%:otl i, Ut1 t)

—r—l , 1_54" 3 r_BTT 2 1
=23 0w 5 s s U}W

=1 J4CR-1 ¢=0 11,27y, t3p \B=0 ZBCTy

r —_ 2_1_
+ Eon (E Utl) D ek E (utotl L2 U‘l""r) aﬁ

20,21,
After inserting (3.37) and (3. 38) in the above formula, (3.43) is given by

(3.44)

r—1 r 1— e h i B N
] PN Hn; 51.)',: tZ . [BE ) (‘1)IL_B{X51’11'"HB—#'—Z > a(”l’""”p;’vv""tvp)}:,
1,891, 89p

h=1 TRCR-1 ¢{=0 =0 LBCJp p=1VpCLg

,.

2 1
C(chm {7<th #) } CwD

= 1
+ Z (xtotl"'tr.—"X‘tl'“tr)z 2
2o, 2, 0

As the formula which is squared in the first term is simplified as follows,

, .
(3.45) 2 E( L3 szl g 7 2( DMPR0 ST s s 093 fuyy tay, s )

B=0 ZpCJ, p=1VpCLg
h — h-l
=3 > (10" Kotpipp— 3 = {h RO (=1 * 44 Ci(— 1P o, C (—1)%

B=0 ZgCrp, k=17
C OV s Vi tugy o ) — Qs s Ly e L)
z’i‘, ﬁ%}n( —I B Xty tsg— QG =2 a3 B oo tia)s
finally (3.43) is equal to
(3.46)

r=1 T 1_5§ & BV & i a Fa 2'——1——
DI 7, 7k 2}.7/,{52 > (-1 B‘X‘Itzl-“tzﬁ*a(]l’m’]'“ t"”m’t‘ih)} CaxDeryy

k=1 JHCR-1 ¢{=0 21,83y, 85 =0 LBCJp
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= 1
Z (xtotl R th"'tr>2‘;2_

%0,%1," 0 s

» 9 -
1-87 _ 2
+§I‘Ion§ ‘?_11 <Xt1 /1) C
which completes the theorem.

3.4. Estimation.

In order to show the sufficient statistic for the distribution whose joint density
function is given by Theorem 3.3 and to derive the density function of the sufficient
statistic, we need to modificate (3.29) further.

Now we have

LEMMA 3.3. The joint density function of all abservations, (8.29), is equal to
f(X)=Kp( a )

r—1 g1 Pgp—1 Mgy Gy s Fns Ly ooy tin)
) cexp | ZP~E— + o : !
(3 47) p[ C’ D hz-l J}lCZR 1 lgl tagz-l thZ=1 aitn A C(l)D(Jh)
- 1 S
Z(3) _1_ @) 0 :l
2 C(DD 2 2 CZR: 1Z( 2 C(l)Dth) 205 1,
where
(3.48) Z9= nX,
=0
(3' 49) Z(-le i34y, tj/l) H n§ JIL (thl 2gp + 2 Z (_1>-Y-ledl"'tdh—‘y ”dh—7+1'“"dh>
Y=1 Dr-yCJp ’
(3.50) Z“’zgﬂon (E At1>
E h . 2 ‘
(3.51) Z((ff)h)— H?’l Z . (E 2 (—1)h_BX;1111-'-f1ﬁ)
21,891,830 \B=0 LBCJp .

PROOF. It should be enough to work out on (3.32), which is equal to except for
the constant term, in virtue of (2.2),

@52 | 51 S S (1R

1,891, 83p \ B=0 LBCJp

2 (—l)h-s-zltll---tlﬁ} a(jp "':jh; tjp 52 tj}l) +g(a)

2,89y, ‘Jh{ﬁ-o LBCJx

ST

{ r
1,847, tdn 3 0 Z3CJp

—2%1 Zt . .X.:tj]---tjh a(jl, L jh; ijl.---,tj;,) +g(¢x)

1.,

On the other hand we have that

(3.53) 2 Xigotsy Oy mds g tay)
241, tjk
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g1=1 Bdp=-1 7
= i DI i {Xt.h tak+2 > (=D ‘X‘dx tag-y "dk—7+1"'"dk}

1ii=1 =1 tjp=1 1 Dp-yCJy
* a(jl’ "':jk; tj],' ) tjk)r (jkCR—l; k=1’2’ "',f‘—l),
for, when 2=1
(3.54) 2 X, 0Giyits) = z. Xma(;l,tdl) + Xz, 0 Giy33,)
T =1

e 7§ -1
E Xtha(.h:fal) +Xn‘; ( 2 a'(Jl,tJl)>

tj1=1 Lt =1
7g1=1

2 <X;.71 X"‘jﬂ a(dy; t3),

tj1=1
and when we assume that (3.51) holds true for 2=c¢

(3.55) 2 X‘z_,1 5o 110Gy Tor1s Lay-tig+1)

2y, B+

Tie+1-1

.X;jl--«ljc+1 A, =y Forrs Zyy * s ldg+1)

‘J1."',‘Jc{ tjcr1i=1

+thjr..tjcﬂjc+1a<]‘p v Jerts Lips s Ligs 7’1.7'C+1)}

Tde+1-1 p—

= Z { 2 ('X‘;uﬁ"'tjc-{-l —le"'tjc"jc+1>a(]1’ ".’j°+1; g =y t‘jc*'l)}
v tde | Bic+1=1 i

21 ”Jo+1—1{

)(‘.71 tdc+1 +2 Z ( 1)7)(“11'“‘%—7 "dc—7+1"’”dct.fc+l}

tj=1  fjc+1=1 Y=1 Dc-yClJ¢

* a(jp Seiewns tJ'l: ) th-.‘-l)

7§ —1 "jc—1 —
- Z Z ‘Xtd “tjeMge+1 +Z 2 ( 1)‘Y'X'td1"'tfic—‘)' Tde—-Y+1"dcMdc+1
< ’ 15

tj;=1 tjc=1 Y=1 Dc—YCJ¢

© X(ys s Jorts Bip s Bigr1)
Bgy—1 Rge+1—1( — c+1 —
P IIp S [ GARRNES N S. F
tii=1  fjoy1=1 Y=1 Dc+1-YCJTc+1
* a(jp ty Jetts tjl, T tjc«{-l)y
therefore (8.52) should be given by
h e 2
r-B
2 tjz. t.jh{z E =3 X’I‘lr“tlﬁ}
s V1T,

B=0 ZL3CJ;

Tg=1 Mgp—1 -
'—27’11 E E {'Xtdl tdlz+2 Z ( )y‘X‘trllmtdh—'y ”dh—'y-x-r--”‘dh}

tj1=1 tp=1 Y=1 Dp-yCJp
© Oy e dns tip e tin) T 8(a).

‘This completes the proof of Lemma 3.3.
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For the development of the arguments we need to define a number of notations
and consider about the completeness of the distributions of the sufficient statistics.

Let X be a random variable, R* be a sample space of X, Py be the probability
distribution of X defined over K*, which is indexed by a subscript 0 taking its value
in an abstract space £, and B = {P;|0=2} be a family of the probability distributions
of X. And let U=u(X) be the sufficient statistic for B*, R” be a space of the
sufficient statistic U and B"={Py|6€2} be a family of the probability distributions of
U defined over Ryu.

We remark the well-known result, (see [6], [71), that if there exists a sufficient
statistic U for B such that B is complete then a statistic is a minimum variance
estimate of its expected value if and only if it is the function of U (a.e. B¥), and yet
it is unique for U,

As for completeness, we have the following theorem:

It X=X, X, -, X)), 6=(,, 6, -+, 0;) if  contains a non-degenerate A-dimensional
interval, and if Péx has a density of the form

(3.56) dP5, d#X=C(0)exp [2_; ﬁiu,-(X)]

with respect to a measure g% on the class ¥ of Borel sets in the #-dimensional
Euclidean space W¥, then U= (u(X), #,(X), ---, u,(X)) is a sufficient statistic for B
with a probability density

(3.57) a’PJf/dyg =C"()h(u)exp Lé} 01%]

with respect to a measure »” on R’, and the family Bv is strongly complete;(see [71).

In our mixed model of Type I, the random variable is X=(Xu.1, -, Koo}
Xioroay -, D CIPERTIRRE 3 Ximgonpy s Xngny-nr), the sample space R is a #g---#,~dimen-
sional Euclidean space, and the family B* is specified by the parameter 0= (p, «
G s 905 by =+ 8s), 0%, Sty 08y TWCR—1, tj,=1, -, njy—1, c=1, -, h, h=1, ---, r—1) whose space
is of (277'+1 +mm,--n,)-dimension, where — 00 < <00, — 00 < (s, =+, fystis -+ i) < 0,
0loile, 0<lot<Coo, 0<at,,< .

As we have seen in Lemma 3.3, the probability density of X is given by (3.47).
In order to derive the sufficient statistic for %X, and to show the completeness of %U,
we consider the transformations of the original parameters such that

w___#
(3. 58) T C(DD 3
O (Gys =5 Gn5 Bgys +oy E3s) JhiCR—1; tj,=1, -, 1nj,—1:
(2 e 1 1 2 > Lic s T Thjc ’
(8.59) T pstdy, - 2dn) Coarlerys . (czl, by h=1, -, 7—1 )

| 7 .
D= =
(3.60) : 2CeD
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enee s 1
S CR—1; h=1, -, 7—1),
(%7 mubeni T 50 S PRI (Jn 7—1)
1
(3.62) ®=— ol
; ¥ 0

After observing the independency of the class of parsametric functions {CO)D(J—,I);
JxCR—1, h=1, -, —1}, it is noted that the transformation (3.58),--, (3.62) from & to
e=(2D, Byt 0, TR, TP TWER-L, t5=1 o, #3—1, c=1, =, b h=1, -, 7—1) is
one-to-one. Therefore, considering as if the given parameter were 7 instead of 0, we
can say that BF is specified by 7, where— 00<r®< oo, — 00 <ty i< 0, — 0 ¥
L8 <e®<0 for any pair (M, N) such that MON, MCR—1, NCR—1.

Then the probability density function of X is given in the form

nG-1  Mgp—1

(3.63) Kgo(,)ex;b[ Mz 2 bt 21 TRV A AT

h=1 JRCR-1 tj;=1 tip=

r=1
G (¢! (4
$e0Z0+ 5] 51 9,208,495,

h=1 J)CR-1

Therefore, from the above-reviewed results on sufficiency and completeness, the sufficient
statistic for B* is U=(Z®, Z&), tay 0 Z®, Z&,, So; IWCR—1, ti,=1, -, nge—1, c=1,-,
h, h=1,2,--, 7—1) and the family B’ is strongly complete. -

In the estimation problem of the parameters, the estimates usually adopted in the
practice of statistical inferences are unbiased and based on the sufficient statistic U.
defined above. As we have observed its completeness, we can obtain the following:

THEOREM 3.4. In the mixed model of Type I, the usual estimates of the parameters, n
such as the fixed treatment effects, the variance components of random treatment effects, elc.,
are the best unbiased estimates among all unbiased estimates.

A. The case of Type II.

4.1. The determinant of the variance matrix.

At first under the model equation (2.1) we have the expression of the variance
matrix in terms of the Kronecker products as follows,

wn V=3 Z‘,a;,,E,,,,@H@( Bk I%>

I:CS

r—=8

2 55
1355 5 AES n®( B x I JLJA)+U§I,.0®I,,1® ®I,,
k=1 [CS h=1 J)CR-
where 53’,“ is defined in (3.3).
Our next step is to introduce a number of notations given by

DEFINITION 4.1.

r—38

r ¢
-8
(4.2 A<1k>B<J,.>—Z‘. PIEDINPS aM,N,SHn; s
a=%k M,,c::uL =2 Ngg.)’h ’
Mo
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K] r—3 7 s
4.3) AapB=3 31 51 51 oY [} Hads,
a=k My DI B=0 NBCR-S ¢=0
TS
3 r—38 r o g
4.0 ABupy=3} 33 SV S oY Ly He¥,
=1 MgCS8 B=h NBOT;, ¢=0
NEERLS
S =8 % 1_5§
(4.5) AB=>) 31 30 31 Ghiws Il ng e,
a=1 MyCS B=0 NBCR-S ¢=0
8- r—8— r e
4.6 AE?%)BE}’%EEd S Ee = o T nz-%/wwﬁvdn
& T M1y, B=r NBDTp - ¢=0 ’
MyTS Uy NBCRZS-V,
“.7 C upPon=A <1k)B w05,
(4. 8) » C(Ik)DEA(]k)B + O'g,
4.9 CDsy=AB s, +ai,
(4.10) CD=AB+’
’ 8
4.11) Gup=>1 > (—1)""CapDp,
p=1 LpCS
S
(4.12) G=>] 31 (~1)’C¢,»D,

p=1 LpCS§

where L[ \U,=¢ and J.[1V.=¢.

Then we have the following relations:

(4.13) - CD("") zpz_ll LPZCSC "1>p~lC(Lp)D(Jn);

8

CD=%) >} (—-1)"*CizpD.

P=1 ZpCs

Now we can evaluate the determinant of the variance matrix 4.1).
THEOREM 4.1. The determinant IVI of the variance matrix (4.1) is given in the
Sform ’

(4.14) G I:I I {G(l;d)} ("1 =D (g =1 (Pcg=1)

d=1 UaCR~-S

s r—s i
NG =1)ero(Rgy = NG = 1) —
- II I 1 1I {C(Ik)D(-Th)}( B =D (Pig= DGy~ D (- 1)
k=1 I;CS h=0 JACR-S
21 (g —1)71 o2
. {ao}(o Iy T,

PROOF. We shall transform the matrix (4.1) by the orthogonal matrix which is
the Kronecker product of the matrixes 7=, defined in Section 2, then we have
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415 3 = ot T B’kH,,O®II®( kaf%)

s r—g g
23 5 A GJthHn; ILJhH ®H®< 1 81*’th4’th>

k=1 [;CS h=1 J4CR-8

+ 041, I, R RI,,

__.2 E O‘]k ﬁ 7 SIano® H ®< n¢ IL X (Hn§+K7‘§>81k)

k=1 Cs =0

r—38

” 1 g
+2 Z E Z GJL"IL H nt BII”JI'H @ H ®< EILJ"X (Hng‘i‘KM)sszh‘)

=1 J3CS h=1 JpCR-S

+d 41’10®<H,,§+Kn§)

8

= E Gllﬁnt 8] Hno®H®<Hn§+5]LKng/

k=10Cs " Ti=o
 gogt

+i 2 E E o;LthIn, aIkJ’h.E{ ®H®<H"§+51LJ11 7‘;)

k=1 I1;CS k=1 JRCR-S
+O'20 H ®<Hng+Kng>,
. =0

whose determinant is given by

S r—8

s s
(4.16) {2 P af,,wgnn} 5”M+a§}
=0

@=1 MyCS B=0 NBCR-S

r—s s r—s r '
T na{z 5SS b J B

}(‘"ul-l)'-‘(”lud—l)
=1 UsCR-8 |a=1 MgCs f=a NEOU,
4 ¢ Nﬁcx‘i s

s r—38
-II I I I
k=1 I1;CS h=0 JHCR-S
3 r—8 > 1-8§ . (Piy = 1) (M= 1)y~ 1)(Pdp—1)
>0 Ohrnp Ly Yo% 6%
a=k MyDIy B=h NBDJp ¢=0
MaCS NBCR-8

. 2] (ng—1)nyng - np
{3} .

This formula is equivalent to (4.14).

4.2. The inverse of the variance matrix.

Before finding out the inverse of the variance matrix, we have to be prepared
with some relations between the notations, defined in Definition 4.1, and some other
results in order to simplify the complicated and tedious algebraic calculations.

LEMMA 4.1.
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) pVe) __ Wa-1) pVe) Wa- ) Ve)
(4.17) AgSBip= . [Agy VB —AGges <J,§)]
'“.,l
(LES? USS; JIcR=S; VieR=S; )
k=0, .-+, s; d=1, ---, s; e, h=0, ---, r—s.
PROOF.
Ua) RWWe)
(4. 18) A(]kZ)B(J;)
r—s—e s—d+1 gl NET
:BEh\ ’}2 [EM S'ZU dM“NBHng aNplate
NeeHLs-v, M e M
s—d+1

Y
s 2 Z Mm\ﬂ H n ¢ A”/wNBUchjl

a=0 My D(Izug)
aCS=Ug-1

1 r—s-e s—d+1 T 1- 8%1 NaU 7
J— 1
a2 PRI B Y e L
Ny L B=n npoTH =0 MyCS—Ug—y
NBCR-S-7, MOy

s—d+1

9
- > vapnng 83 NpUq— 1Ve}]

a&=0 ij(]k %)
MaCS-Ug-1

— Ta-D e WUa-) pWe)
7 [A(Ik) B(J/l A(I/cu,zl)B(Jn) g
Uq

The next result is stated without explicit proof.
LEMMA 4.2.
Ua) (7 - U, (Ve—
(4.19) AGBBId= —‘[AE%) P —AGSBYG3],

(IkCS; UsCS; JiCR—S; V.CR—S; )
k, d=0, -, s; e=1, -, 7—s; h=0, -, 7—s

From Lemma 4.1 and 4.2 we have

LEMMA 4.3.
Uppro__ 1 e » " pe
4.20) AGSBE =~ |3 5 (-1 Ay B3]
H 7280,1 p=0 LpCU, ’
¢=1
<1kr:S; Us—S; JaCR—S; V. _R—S; )
k=0, ---,s5; d=1,--+,s; e, h=0, +--, 7—s,
and .
LEMMA 4.4.
ORI __ 1 < W
(4.21) AGSBG=" [E > <—1>“A<IL.SBU,M]
I na"‘ 2=0 ToCV, ’
4
¢=1

(IkCS; U«.CS; J.=R—S; V.CR—S; )
k,d=0, +-+,5; e=1, -, 7—s; h=0, -+, 7r—s
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These lemata can be proved easily by mathematical induction in the similar way to
: Lémma 4.2 in [21.
:—In-the sequel we can express ATBBGS in terms of Az Byry using Lemma 4.3
‘and “4.4 in turn, which is given by
LEMMA 4.5.

a e
(4.22) . Ag,{l;Bng Ty L [2 b3 <_'1>?+(1A(]kip)B(J'/,Tq)]

H nzndvc P=0 LpCUqg q=0 TpCVe
¢=1

(Ikcs; Us=S; Ja=R—S; V.CR—S; )
k=0, -+, s; d=1,---,s; h=0,:--,7—s; e=1, -, 7—s

On the other hand we have
LEMMA 4.6. Let G and E be the functions, which are finite and not vanished, defined
on the subsets of the set of integers (1,2, -, ¥), then we have

4.23) 2 S 8.2 oS 5 )

a=0 MaCAp-Uy G(Udzu,,) p=0 LpCUy

% 5 o Bea=E)
a=1UgCA; G(U{i) ’
where E is the value of E(U,i) corresponding to U,=¢.
PROOF. Among the left side (4.23) the partial sum for d+a=c(c=1,2, -, k) is
given by '

d

(4.24) SIS s 3w e Dew

A=1 UgC Ay Mc—qCAp-Uq p=0 LpCUg G(Ud‘”c—d) .

This is divided into three parts, the sum for p=0, the sum for p=12(1<h<c—1) and
the sum for p=c¢. And these are evaluated in (4.25), (4.26) and (4.27) respectively:

(4.25) 2> 3 (-D7g
Ad=1 UgCAy Mc—qCAr-Ug WaMc-q)
E E
1) —F7=— -1y =
UEL ( ) G Uo Uc—-lCAk MlCAk—Uc—l( ) G(UC—IMI)
- E E
+ D=4 + 1Nl —
Uc-2CAz llgCAk—Uc—ZC ) G(Uc—zﬂlz) Ul%}‘ik Mc—%“ik—m( 1> G(Umlc—l)

—[C(—D+ Gl =1+ 4 Co (=] ]

UCCAk G(Uc)

=—(-1°

UCAy G(Uc) .

e Eaup i (—D'Eu,

—1
UnCAp Me—pCAp=Up LpCUp, G(Uhllc—h) Up+1CAy Mc—p—1CAp—Up+1 LpCUp+1 G(U/H-lMc-lz-x)

(4.26)



(4.27)
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(=1)"Ez,

UcCAy LpCU. G(Uc)

S D EN KA B D D 2 [

UnC Ay Mc—pCAp-Up LyCUp G(UhMc—h)

E
> (—D° Gizcj

UCAy

19

‘ Finally the sum of (4.24) with respect to € is equal to the right side of (4.23), which
completes the proof.

of the inversion of the variance matrix.

(4.28)

where

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

THEOLEM 4.2. The inverse of the variance matrix (4.1) is given by

1 s
X.E,®F, @ QF, +> XE.® 16(E:; e L)

k=1 1;CS

+313 51 5 Koo 10( ;ffmxfzm)

k=1 1;C8 h=1J,CR-S

+5 s XJhEﬂc®n®( ;fuxLgn)+X.,1,,0®L11®~-®1m,

- Now we have made our necessary preparation, and we can enter into the calculatlon

h=1J,CR-S
1
Xl): 0% ’
1 1 1
Y=y (e %)
o \ CsDasy a2 )
1 =k —1) .
an._sll:,R‘S a=0 MpCS-1; “(1pda)l (R-5)
Z=0
r—s—-h
Xy 7= __1_§_ [ ST _CD_:' (J\CR—S; h=1, -, 7—s),
: ﬁnz—ssJ,l B=0 NgCR-S-J} C(S')D(JIH\B)
Z=0
1 s—k r=s—h (—1)"+F
Xnn=— 1-85 I:ZMZSJ'ZV RES‘J CirrayDirnn
Hng Z3T La=0 MaCTS—TIy B=0 NBCR-S-Jp “ (M) (rpvg) >y
Z=0
(L,=S; JiCR—S; k=1, -, 8; h=1,,7r—s),
1 = r—s (—1)*+F L
By |2 B 3 B p e (1S3 k=1, 9),
Hnl— 7, La=0MaCTS-1; B~0 NECR-S “ (ppa) () s

¢=0



20 . N. FURUKAWA

1 s r—s—h - (_1>C‘+5
(4.35) an—':'r—;z‘[ D NS S )
H nlg— Tp La=1 MgCS B=0 NECR-S-J) “~ (M) (7pvp)
¢=0
+3 > (—Dg] (JsSR=S; h=1, -, 7—s)
F=0 wpcE=s-as E(Jhlvﬁ) , ; ey s
1 r—s _1\B s : r—s __1)%+B
ww  meEed m G 5]
I g B=1 vgCr-s Up a=1 MyCS B=0 NBCR-S ) (v
¢=0

PROOF. Anticipating the inverse to be the form of (4.28), we search for the
condition that (4.28) is actually the inverse.
The product of the variance matrix (4.1) and the matrix (4.28) is

(4.37) E,QRF,®QF,,

, [XG{CD} +30 37 X, {A9B)
k=1 I;Cs

+2 S5 5 X (AW 4S5 %, (489 ]

k=1 1;C8 h=1 J)CR—- h=1 JpC

+E,,°®II®< E% T )

[Xs{Cw)D} +Z Z stg {AmB(m} +X0'9]

e=1V.C

+Z ZE,,D®H®( B 1% ) '

=1 1;CS

[HalCarD} +E 3 Ko l455B)
=1 Ug"

s—k .
+> 32 X ESX-’kUdVa{AEZS)B‘V‘)}

=1 UgCS-1; e=1 VeCR-

+ g 2 XILVg {A(IA)B(VQ} g Xoﬂjk]

e=1V.CR

+E,®1, 81,8 QI

: ’:XR{C(S)D(R—S)} +X;0§e:i

+5 SEON@(E s x [r-s)

=1 1;CS§ =1

s—k
* [Xlk,R—S{C(Ik)D(R—-S)} +(§ E X.I;l.UdR—-S{AE]Uf)B(R S)} +X001LR s*]

UaCS-1p,

i s s
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+3 = E,,.,@H@( ,‘.ﬁ”nxzs”h)

h=1 JHCR-S
—-h
[X STh {C(S)D(J,,)} + = 1 - CRZ XSJ;J’e {ACS)B(J,,)} +X30‘s1h]
r—8-—1

SIS s EM@fI@( 1&Jh><1!ﬂh>
{=1

k=1 ;T8 h=1J4CE-8§

r—8s—h
) [XJLJA{C(I;;)D(JAD} & 621 2 ‘X'JLJ/zVe{A(I;\)B(J/:)

VeCR-S-

s—k
+2 > XJLUM{A&?BU;L)}

=1 UaCy -

s=k r-s—h

23 B B K AU + Xt

d=1 U4CS—-1; e=1 V.CR-S-

+Eno®H®( Eisx 1%- y
[Xns{CD-0} + 3] 35 Xon (A% B}
d=1 UgCSs

+3 5 BOe(Ex )

h=1 J,CR-S

-.[X,h{CD(,,,,)} +r_ 1 2 Xm’. {AB{3

=1 V.CR-

+ :12-1 U% N XUd-’h {A(Ud>B (Jn)}

_'_i Z T_Ea—h Z XU(zJ/;Ve {A(Ud)B(Ve) :'

a=1 UgCS e=1 V.CR-S5-J,

+I,®I,®I,®®I, X0t

Thus the condition is expressed by the following equations,

(4.38) Xot=1,
(4.39) -XR{C(S)D(R—S)} =—Xo%,

s—k
(4.40) XIkR—S{C(Ik)D(R—Sﬁ}= —2 2 XlkUdR—S{AEZd)B(R Q)} Xod;kR-Sr

30 U,C5-1;,

Ix=S; k=1, --,5),
r—8—h

(4.41) XS-]Iz {C»Dwrp}=— E VGCREQ_ X {AwBoo} — Xoo%s,,

(JA=R—=S; h=1, -, r—s),

(4.42) szn, {Ccchm}
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= _gjl E XI;_JhVe{A(Ik)B(Jh)} Z 2 XIkUdJ/z{A(Ik)B(Jn)}

e=1 VeCR-S-Jp =1 UgCS-1

; ‘ ”
a1 P D 1Y szv,l.r,‘va {AGBBER} — X054,
Jn

A=1 UqC8~-1; e=1 V,CR-§
k=1, -, 5—1; h=1, -, r—s—1,/s

(4.43) Xs{CsyD}=— T_Z:V Z sta{Aw)B(V‘)} —X,0%,
(4.44) Xo-s{CDen-5} = =3 3 Ko s{A"Bes_s),
=1 Uq
s—k r-.s
(4.45) X, {CupD}=— . g} X,k,,d{Aéﬁ’,f;B} i > X,LVG{A(,,!)B‘”}
rl =1 Uyl -l eC
s—k r—g8

THRWe
=21 2 2> Xnuw fAGEBY?Y — X6,
=1 UgCS—1; =1 VeCR-S
(I:=S; k=1, ---,5—1),

(4.46) XJ};{CD(J;,)}

r—s—h

= 2 E XJ’hVe {AB(O;IGB} _Z UEC}SXUdJ/L{A(Ud)B(Jh)}
a=1 Uy

e=1 V,.CR-S-J,

s r—s—h

233 3 Xpuw [AYPBSS),

Ad=1UgCS e=1 V.CR-S-J,
(J»=R—S; h=1, -, r—s—1),

(4.47) X{CD}=— ZX {A“PB} — S 3 X _{ABY»}

h-1 J/
—'i’ 3, 2 B X (4B},
h=1J)CR-S k=1 I;CS

Now the proof of this theorem is completed by proving the following:

LEMMA 4.6. The solutions of the equations (4. 38), ---, (4.47) are given by (4.29), ---,
(4.36).

PROOF. (4.29) comes from (4 38) directly and (4.30) comes from (4.29) and
(4.39).

(i) Solutions for Xj,z-s, (I:=S; k=1,2, -, s—1).

(4.31) is obtained by mathematical induction in £ in (4.40) and from (4.29) and
(4.30), which is as follows.

At the first stage, we shall prove (4.31) holds true for all I,_,(CS. The equation
to be solved is

(4.48) Xiyorr-s{Cisy-yDir-sr} = [XR{AEZ—IS PBir-s} +Xoa§s—13—‘5}

1 1 S_1
=——| ——=— [A¢ s-DR ]
o T 148257 Bas)
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1 1
= non,, [C(s) D s {A(S)BCR‘S)—-AU&—I)B(R—S)}]

1 1
= o, [C@)Dm_s; {CCS)D(R-S)_C(Is—oD(R—S)}:I_

Hence we have

1 1 1
) X - - - [ o j]
(4. 49 BB o, Ciy-pDir-s CesDer-sy |,

which completes the first stage.

At the second stage, we shall prove, assuming that this holds true for all IS
when k=g, g+1,-, s—1, this also holds true for all J,.;(_S. Under this assumptions
we obtain by Lemma 4.5 and 4.6

(4.50) X1go12-5{Cag-yDcp-s}

s—g+1
=— [ > qu—lu,izz—s{Agﬁl)Bw—&} +XoG§q—1R—Sjl

@=1 UgC8-1I4-1

s—-q

=— [2 > Xip-10ae-5{AS2 ,Bia-s)} +XR{AE5;—11(])—I)B(R—S)}

a=1 UgCS~1Ig-1

X, S5-I,

0 D
+ 7, A3 chR—S):'

__ 1 |:a—rﬁ‘-1 {s—q+1—d Z (_1)“ }
ﬁ n1§~51§_m_5 d=1 UgCS—1Ig—1 @=0 MyCS—(I1q-1UUg) C(Iq—1U,iMm)D(R-—S)
§=0 ' ’

: {é 2 (—DpAuq_le)B(R—s)H

Pp=0 LpCUg

= — ——14— [agl 2 (_1)d{A<J(]—1Ud)B(R—S)_A(Iq—l)B(R—S)}]
I n‘g‘szq_m—s d=1 UgCS-1g-1 C(Iq-wd)D(R—S)
g=0

= .

— —]}_[Jé 2 (_1)‘1{ C(Iq—l)D(R—S)—C(Iq—lU,g)D(R—S) }]
ﬂ n‘g_a}q—u?—s d=1 UgC8-1Ig-1 .

Z=0

C(Iq-lUd)D(R—S)

Hence we have

T

Hnlg—éq_m_s d=1 UsCS-1g-1 C(Iq—lUd)-D(R——S) =1 UC8-1g-1 C(19—1)D(R—S)
g=0

(4.51) quqR_S:————l“[hﬁl oS3 5 _i]

1 s—g+1 (_1)(1
T s [2 = C D
I 7, Ig-1R-S L d@=0 U,C85-19-1 Y 1g-10p (r-5) -
¢=0

(ii) Solutions for Xss,, (Jx=R—S; h=1,2, -, r—s—1).
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(4.32) is obtained by mathematical induction in % in (4.41) and from (4.29) and
(4.30), which is as follows. At the first stage, we shall prove (4.32) holds true for all
Jr—s-i_R—S. The equation to be solved is

(4.52) Xsrrosr{CisDirpogony) = — I:XR{A(S)BE};;-S;-JJ—S'Q} ’*‘Xodfm—s—l:l

(R=-8-Jp_g- ’
__ 1 [A(S)B(J‘r—s-l) : 1)} _ 1 l: A(S)B(R—S)—A(S)B(Jr—a—l)]
CeyDr-s) NPy sy CDiz-s)

— Y
— 1 l: C(S)D(R—S)_C(S)D(J,_s—x)]
N, —s—1 CsDz-s 2

And we have
1 1 1 J
(4.5 Ky e NPy, —s-1 [C(S)D(Jr—s—l) CsDz-s |-

At the second stage, we shall prove, assuming that this holds true for all /,(CR—S
when h=c, ¢+1,--, ¥—s—1, this also holds true for all J..;__R—S. Under these
assumptions, by Lemma 4.5 and 4.6 the equation to be solved is given as follows

(4.54) Xsre-1{Ci»Dre-n}

r—8$—c+1
- Ve 2
= — [ > > Xew {AwBuin} +XOO‘SJ¢:—1]
e=1 V.CR-S-Jc-1
1 [r—s—c+1 {r—s—zc:ﬂ-c Z‘ (_1)3 }
Nsros 21} VgCR—ZS—JC—1 E=o NﬁCR—S-—(i)’c—1UV¢) C(S)D(Jc—leNﬁ)

c

. {ﬁ P <_1>qA(S)B(Jc~1,Tq)}]

g=0 ToCV,

1 [""”“ , CR%J (_1)0{ ABu-vo—AwBuen }:'
e —0=Jc-1

Nch_l e=1 C(S)D(Jc—lVe)
_ 1 r—3-0%1 . e C(S)D(R—S) s C(S>D<Jc—1ve)
=% (=1 C.D

STc-1 e=1 V,.CR-5-Jc-1 O Te-1Ve) 2

T 1-8%
where Ngy,_,= Il n, 71
é=o .

Then we have

) 8727 Nsroon L & vecr57.21C0Direrve S veerFgeer CoDuo-nl
B 1 S (—1)* :|
ﬁ nl~5§Jc_1[ e>:=-<:' Veczeg'—.rc—l CDiervo 1

which completes the second stage.
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In the following cases we shall make use of Lemma 4.5 and 4.6 without refering
to them explicitly.

(iii) Solutions for X;k,;,L, (Ix<=S; JWC&R—S; k=1,2,--,5—1; h=1,2, -, r—s—1).

(4.33) is obtained by mathematical induction in 2+7% in (4.42) and from (4.29),
(4.30), (4.31) and (4.32). .
At the first stage we shall prove (4.33) holds true for all I,_,CS and J,_,.R—S.
The equation to be solved. is

(4' 56) XIs—lJr—s—l {C(Is—l)D(Jr—s—l)}

2 (R=8=Tp—5-1) (S-Is_)
- I:X13-1R—S{A(Is—1)B(Jr—.s-1§ o } +XSJT-8—‘1{A(JJ‘—1‘S ! B(Jr—a-l)}

(S=1s_ 1) P(R=-8S-Tr—g-1)
+XR{A(I.:—13> ' B(-’r—-s—-l) o } +X0033—1Jr—-s—1]

_ =1 [ Ay B sn—Ad,-uBers)

NN, Ciy-Dr-s)

s A(Is—l)B(-’r—s—l)_'A(S)B(Jr—s—l) + A(S>B(R"S)—A(Js—l)B(Jr—s—l)]

CsDerypyoyy CrDx-s)
_ 1 [ Cay-Dir-59—Ca-Dis,—sony
R N, Cie-pDir-s)
n CsDes,y-y—Ceiy-sDirr_s—p n Cis-0Dw, —o-1y—CisyDir-s) ]
C(S)D(Jr—s—l) C(S)D(R-S) .
Hence we have .
1 1 1
(457) X]_J__: -
st ey, | Cagey Dy oy City-1yDcr-s)

| N 1 ]
C(S)D(Jr—s—l) C(S)D(R—S) ’

which completes the first stage.

At the second stage, we shall prove. assuming that this holds true for all [ (S
and J._» when k=1,2, -, c—1, this also holds true for all I:S nad ]c_l_,, when k=1,
2,+-, €C—2. Then we observe

(4- 58) X]ch—l—k{C(Ik)D(J.c—l—k)}

r—8—c+l+k

== [ > > szlc—:-kvg{A(mBgle—k)}

e=1 VeCR-S-Jc—1-%

s—k .
U
3 > Xiwwer-lAGSBu,-iop)

a=1 UaCS—1;

s—k r—8§—c+1+k
+2>)

Ua) p V) 2
X]UJ_l_k’V {AI BJ__k +X0(117-—k
A=1 U4CS-1;  e=1 VeCR-S-Je—1-3 F 4° A5 Bal v} il
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pendhe el B ‘{a—k 5 {a—k—d ; r—s—c+k+1 = (__1)m+B 1

N IJe—1-k La=1 UaCs-1, | @a=0 MaCS=(;UU»  B=0  NBCR-§-Jo-1-k C(IkUde)D(JC_l_L-Nﬁ) J
i P
. {2 > (D AgznBue-i-n
=0 LpCUgq
r—s—c+k+1 sk r—s—ct+k+l-e (_1>¢+B
+ ‘ { }
e=1 VeCR-S-Jc-1-k \¢=0 MaCS—1I}. B=0 NBCR-5-(Jc-1-xUVe) C(Ika)D(Jc—l—kVeNB)

: {i >, <_1>0A(Ik)B(Jc—l-—kTq)}

2=0 ToCVe

r—§—c+k+1 d

s—k s—k—
%

& >
d=1UgCS—-1; e=1 VeCR-S-Jc—1-%k\ @=0 MzCS—-(I;UU

r—s—ct+k+1l-¢ (_/1>U+B }

B=o0 NBCR-S-(Jc—1-xUVe) CCIkUde)D (Tec—1-kVeNB)

€

: {é >, (_1>p+qA(IkLp)B(Jc—l—kTq)}]

Pp=0 LpCUg g=0 TgCVe

—1 [""" > (_1>d{A(IkU,i)B(Jc—l—k)—A(Ik)B(Jc—l—k)}

NIch—l-k a=1 UqCS-1;

C(IkUd)D(Jc-l—k)

s—k r—§—c+k+1 ' A B, __A B
s 1.0, Jc—1-Fk 3 To=1 =
+3 3 X P <—1>“°{ A T 2
d=1 UgCS-Ip e=1 YV CR-S-Jc-1-k (IkUd)D(Jc-l—kVe)

r—s—c+k+1

+ 3 s, o

e=1 VeCR-S—Je-1-k

AapBo,s-wo—AupBu,-1-n }
C(Ik)D(Jc—l -xVe)

AupBoer-wo—AapBu, }

C(IkUd)D(Jc—l—-kVe)

s—k r—s—c+k+1

SIS S VI S

d=1 UgCS—-1I; e=1 V.CR-S-Jc-1-%

r—s—c+k+1

S SEDIESS >

a=1 UgCS-1; e=1 VeCR-S-Jg—1-k

. { AdwopBere-s-wo—AapBore-ivo— AgopBorr-pt AapBoi- }]
C(IkUrI)D(-’c—l—-ch) 4

1 l:"" 3 (_1)d{ C(Ik)D(Jc—l—;{-)_C(IkU(l)D<-7c~1—,{-)}

=N Ceronl)
IpJe—1-k Ld=1 UgCS—1I LU Te-1-1)

C(Ik)D(Jc—l—k) - C(Ik)D(Jc—l—kVe) }
2} %
(’ (]k)D(Jc—l -iVe

r—s—c+k+1

+ X > (—D‘{

e=1 VeCR-S—Je—1—1

+"§‘j’: S "““z”]”'“ > (_1>d+e{ C(Ik)D(-fc—l—k)_C(IkU(l)D(-Tn—l—};Ve)}]

=
d=1UgCS-I; e=1 VeCR-S-Jc—-1-1 (/(IkUd)D(-fc—l—kVe)

T8
where N5, = llm, &1k
g=o .

And so we have
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_ 1 sek 1 1 }
(4.58) Krremsn= N1, [:12‘-1 UE 1,,< =13 {C(Ikvd)D(.rc 1-2 C(IpD(.rc-w.—k)

r—s—c+k+1 Z . 1 1
+ -1 { -
021 VcCR—S—Jc-l—kC ) C(Ik)D(Jc—l—};Ve) C<Ik)D(fc—l"k)
r—s—c+k+1

1 1
PRSI S
+(l§ U%S—Ik 62-1 VgCR—?-—JJc—l-—]‘< ) C(I]‘Ud)D(Jc—l—kVQ C(Ik)D(Jc-l"k)

1 [% 3 r—s—zﬂkﬂ (—1)%+° ]

NIch_l_.k d=0 UgCS—-Iy e=0 VeCR-S—Je~1-p C(IkUd)D(J};—l-kVe)

(iv) Solution for Xj.
The solution for Xy is obtained by substituting (4.29), (4.30) and (4.32) in (4.43):

(4.60) Xs{CeeD} = — [2 3 Xor{AwB™) +XOGSJ
=—_1——[TZ_S = {T_E‘_C S (;1)5}{2 > (—D"AwBer )}:l
ﬁnl—ﬁg e=1 V.CR-S| B=0 NpCR-5-V, C(S)D(VaNﬁ) 9=0 TgCVe !
¢=0
__ 1 [ AB—AsBy, }]
-7 (2,3, 3{“'C'<S>D<ve>
. N of CsD—CDw, }:l
=%; (2,3 Coilos bk
which gives us
(4.61) X [§E<1°{ L 1}]
) 5= Ns e=1V.CR-S - > C(S)D(Va) C(S)D
_ 1 r—8 (_1)‘ ]
CIiID nxg—sfé [Z"; v,czn"-s CsDw, J.

(v) Solution for Xz_g.
The solution for X5 is obtained by inserting (4.29), (4.30) and (4.31) in (4.44):

(4.62) Xr-s{CD_s}=— [Z E Xoz-s{A°Bn- s>}]

. _1 s —d ( 1) }
ﬁ 1-85, ,:dzq U%b,{g Ma,cz}s—vd CwprayDir-s)

. {é 2) (—DpA(zp)B(R—s)H

p=0 LpCUq

- N_l [ﬁ > (—l)d{ AwpBz-5—AB-s }]
R-S

=1 UaCs C(U,l)D(R—S)




28 ‘ ' N. FURUKAWA

1 [i s (_1>rl{ CDx-5—CwpDr-s H

Ne_s |4 UgCs C(Ud)D(R-S)

On the other hand it holds that »

(4.63) CD»y=Gup, ' L S
' since ' |
- 1 : £ P e
(4.64) D= fInl_s§ I:CD(J”)+;§ Lpzcs<—1> C@P)D(Jn)]—‘o’
g=0 ¢
and so
(4.65) CD¢,, zpz}l LZCSC—1>1’—1C(LP)DCJID =Gep-
- D'
Therefore we have
_ 1 2 d{ 1 __1 }]

(4.66) Xp_s= Nes Lz_‘{ zglcs( D CwpDcr-s G-

I S (D" 1 ]

- flnlg_sﬁe—s l:dz-l U},g;s CwpDir-s) - Gr-s .

Z=0

(vi) Solutions for X;,, LS, k=1,2,:,s—1).

(4.34) is obtained by mathematical induction in k in (4.45) and from (4.29),
(4.30), (4.31), (4.32), (4.33) and (4.61). ' : '

At the first stage we shall prove (4.34) holds true for all I,..(S. The equation

to be solved is

r—38

(4-67> XIs—-l {C(IJ—I)D} = [XS{Agz_—S—l)B} + 2—1 XIs—lve{AUa-—l)Bcve)

VeCR-S

——

+31 3] X {ASTS OB + Xk,

e=1V,CR-S

=-——1—(: HTZ—G > _—(:i} {Ay,-yB—AB}

T 1-8; B=0 NBCR-§ C(S>D(1\'5>

On, ©
=0 .
r—s . 1 r—s—e (;1)“*‘5
#3551 (s CoD
=1 VeCR-S|a=0 MyCS—Is—1 B=0 NBCR-8-Ve “Us—1Ma)L/(V.Np)
€
?
' {2 > (=D A(Ia—l)B(Tq)}
q=0 TqCVe
r—8 r—3s—e (_1)5
+>1 3] { 0 ph C-D }
e=1 VeCR-s| B=0 npcR-5-V. L) v.ng
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{E > 3 z<—1>””A<zs-wp>B<Tq>H

P=0 LpCS~Ts—1 g=0 TqCV,

1 [ - (_Dﬁ{ A(,,_,)B—A<S)B}

N 5:-(; NBCR-§ C(S)D(Nﬁ)

-1

T3 3 3 (—D*

@=0 MgCS—Is—1 e=1 VeCR-S

1 r=s { A(Is—l)B(Vc) — A(Is—l)B }

C(Is - 1Mm)D(Ve)

+é 3 ia K (___1>p+e{ A(z«-wp)B(v,)—A(,s_lL?)B }:I

<
P=0 LpCS—-Is—1 e=1 V,.CR-S C(S)D(Vg)

_ -1 [ Ag,_pyB—AB
Nfs—l C(S)D

\A(Is—l)B — Ay B, n Agy-nBwo— Ay, B ]J

3 oo
E 2 ( ) C(S)D(Ve) C(Is—l)D(Ve)

e=1VeCR-S

1 [ CiD—Cqy, D

N le—-l C(S)D
= ¢f CxDyy—Co, D Cuy-nD—Cy, Dy
4o (__1 { e 3 —1 o s —1 (Is-1)H(Ve) }]
gll "eCzR“—S 2 Ccs)D(m } C(Is—l)D(Ve) : s
Then we have
: 1 1 1
4.68 X, = [ _ -
( ) 1s—1 ﬁnz_a}i_l C(I,—1)U C(s).D
¢=0

r—s . 1 1
+a§1] Vg§—5<_> { C(Is—l)D(Ve) C(S)D(V_e) }]y

which completes the first stage.

At the second stage we shall prove, assuming that this holds true for all I, LS
when k=c, c+1, -, $—1, that (4.29), (4.30), (4.31), (4.32), (4.33), and (4.61) hold, this
also holds true for all I,.,(_S. The equation is to be given by

(4.69) XyoxlCo,- 5D}
=¥, 3, Xl AG2B 4S5 X Aa, 0B}
d=1 UqC8S-1Ic—-1 e=1V.CR-S

8—c+1

* 2 D 2,5 Ko ASE B + X

Ad=1 UgCS-1I;-1 e=1 V.CR-S

_ -1 l:a—c+1 {s—c+1—d r-s 3 (—1)%+ ]

o 1-85

H n; Ic-1
{=0

— 2
a=1 UgCS-Io-1\ a=0 MyCS-(T.-10Uy) B~0 NgCR-5 C(lc—1Ud1lla,)D(A'ﬁ)

: {é 2 (—DpAup—le)B}

=0 LpCU,
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r—s s—c+1 ' ris_jc (_1)“+ﬁ
x { ; (=)
§ VeCR-S| a=0 J',[,,‘(:‘5'7115_1 B=0 NBCI?:IS—-Vz C(Ic—le)D(VcNB)
< q
. {E > (—D"Age-pBas
9=0 TqCVe,

s—c+1 T

3 3

d=1 UgCS—Ic~1e=1VeCR-S

. {s—m-d ros—e S O i }

a=0 MgCS-(Ic-1UUqg) B=0 NBCR-8§-V, C(Ic—lliaMw)D(VeNﬁ)

{i > Z“: > (’_1)p+q'A(1c—-ILP):B(Tq)}:|

P=0 LpCUqg =0 TqCVe

s—c+1 4 C(]C_l)D_C(Ic-lUIl)D}
[ 2y <_1> { C(Ic—lud)D

d=1 UgCS—-I;-1
z{ Cia,-yD—Cy,_»Dw, }
. )
Cue-nDwo

1
Nlc—l

+3 3 D

e=1V.CR-S

VE BB 5 o] GamPCapmbea |

d=1 UgCS-I.-1e=1 VeCR-S C(Ic—lU,z)D(Vc)

Hence we haye

(4.70) X, = L_j’ SECVNS J  C B
e Nzc_l a=1 U,,(:Ast'ICq C(Ic—1U,l)D =1 VCR-5 C(Ic—l)D(Ve)
s—c+1 r—s ( 1>d+8 1 }
+ +
E1 U,lCSE-—Ic -1 ; V,CZRJ -5 C(Ic-lﬂd)D(Ve) Cu.-nD
1 $—c+1 r—3s (_1)114"
=T { 2 CororopD
Hnl Tp i d=0 UgCS-Ic—1 e=0 VeCR-S Te-10D (Ve
(o ¢

which completes the second stage.

(vii) Solutions for X, (JA=R—S; k=12, 7—s—1).

(4.35) is obtained by mathematical 1nduct10n in 2 in (4.46) and from (4.30),
(4.31), (4.32), (4.33) and (4.66).

At the first stage, we shall prove (4.35) holds true for all J,_.-(CR—S. The
equation to be solved is

(4.71) D SR { ISy

- [XR_S{AB(Jr—s—l.)_AB(R_S)} +r§ UdzC]SXUdJr—'s—l {A(Ud)B(JT"J'l)}

+E Eden s{AY’B;, _,_y— AP Bix- s)}:l

a=17,
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_ -1 : Gt }
B f[n 537-;_1[{;; v'dzc‘is CwpDir-s) * G(R—S) (4B, -s-»~ABaa-s)
g-
s s—d 1 (_1>a+8
DI D Y I Ot R
a=1 UgCS\@=0 MaCS-Uy B=0 NpCR§-Jr—s—1 COattay ) sy —s_15p)
a
. {Z > C—'1>pA(Lp)B(Jr—s—1>}
=0 LpCUg
s s—ad ( 1)
PP { 2 W‘}
d=1 UgCS\ =0 MyCS-Uq (Uad) (R-8)
a 1
. ‘[Z ¥ 2 >) <—1>p+qA(Lp)B(-Tr—S—'qu)}]
{570 25CT4 §=0 TgCRZF-Tr—35-1
e [é it~ 1){AB<JT-,-1)"AB<R—S>} AB;,_,_y—AB s
NJr—J—l d=1 UaCS C(Ud)D(R—S) G(R—-S)
: < 5+d{ A(Ud)B(Jr—s—l)_ABCJr—s—l) }
+ -1
BZ% NBCR-S~Jr-s-1 dz-l UES e C(Ud)D(J‘r—s—lNﬁ)
_*_i} = (__1)ri{ AwpBer,—y-y—ABs, _,_ 1)}
. d=1 UaCS C(Ud)D(R—S)

__z": > (_D.z{ AwpBr-5y—ABr-s H

a=1 UsCs C(Ud)D(R—S)

1 [i = (-—Dd{ CawpDip-5y—CDys,_, .y

N-Tr -s-1 Ld=1U4Cs§ C(Ud)D(R—S)

+ CD(Jr-s—-l) - C(Ud)D(-fr —s-1) } CD(R -8 CDkJr—s—-l) ]
C(U(z)D(J’r—s—D G(R—S)

1 l:i 2 (_1>d{ C(Ud)D(R—S)_G(Jr—s-l)

NJr—s—l ad=1UaCs C(Ud)-D(R—S)

n G(Jr—a—l)_C(Ud)D(Jr—a—l)} Ger_s— G(Jr-,-o:l
CwpDisryery Ger-s

And so we have

B 1 1 1
4.72) Xrpr="% 1g 65,_, l[rg v,,Zc:JSC L { CwpDr o C‘(Ud)D(R—S)}

1 1
+ Gir-s-y Gaes) ]

At the second stage we shall prove, assummg that this holds true for all /,CR—S
when k=c, c+1, -, 7—s—1, that (4.30), (4.31), (4.32), (4.33) and (4.66) hold, this also
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holds true for all J... TR —S. The equation to be solved is given by
(4.73) X so-s{Gere-n}
r—8s—c+1 3
=[5 5 XuwdABE) + 3 3 Xour (AT B}
= !

e=1 Ve ,CR-S§S-Jc-1

r—8—c+1

+E 2 XUflJc-lvﬂ,{A(U(ﬁBg;:)—l) }

A=1UaCS e=1 VeCE-S-Jo—1

—1 [r—-s—cﬂ { r—s—c+l—e
LA 4 e=1 VeCR-S-Je—1\a=1MayCS B=0  NBCR-S-(Jc-1UVe)

Hng Je—-1
Z=0
(__1)0‘+5 r—s—ctl-e (....1)3
T gy
M) (To-1VeNg) B=0  NBCR-5-(Jc—1UVe) “ (Jc-1VeNB)

. {i > (_1)QAB(JC-1T,]).}

9=0 TqCVe
s s—d r—s-c+1 (__1)“‘*‘5
+31 5 )
MDY mz-]o HiCE-Us =0 NECE=§-Te—1 C(UdMa)D(Jc-ws)

d=1 UqCS

{g”] > (_1)”A<L,,>B<Jc_1>}

p=0 LpCUq

r—8—c+1 s—d r—8—c+l-e

13 =

A ULCs et Vcc}z—s—.rc_l{u-onracs—v,z B=0  NBCR-S§-(Jc-1UVe)

o o = 5 5 (-~ AcpBerniro

C(UdﬂIm)D (Jc—1VeNB) p=0 LpCUqg q=0 TqCVe

—1 [ : > (_Dd{ A(U,»B(Jc-x)"‘AB(.rc—w }

NJ'c—l C(Ud)D(Jc—-l)

a=1 U,Cs

s r—8—c+1

+31 575" 5 o

d=1UgCS e=1 VeCR-S-Jc-1

'A(Ud)B(Jc—ﬂ’c) - AB(JC- 1) }
C(Ud)D(-Ta—lye)

AB s, yvpy—AB—y }]

G(Jc—-lVe)

F5 s e

e=1 VeCR-S-Jc-1

_ 1 c a G(Jc—l)_c(-ﬂri)D(Jc—-l)}
= Ny, LE_I U%s(—1> { CwpDe—r

s r=8=c+1

T3S D N CRo i

A=1 UgCS e=1 V(CE-8-Jc

G(Jc—l) _ C(Ud)D(Jc—lVe) }
C(Ud)D(Jc—lVe)

G(ch—l) i G(Jc-—lyc) }:‘

G(Jc—lVe)

r—8§—c+1

+ 2 > <—1>‘{

e=1 VeCR-S-Jc-1

Therefore we have

s sl b i
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1 s r—8—c+1 ’ (_1>d+¢
(4.74) Xrom= g [2 > D oF )
H ng’ Je—1 LA=1UgCS e=0 V,CR-S—-Jc-1 U (Te-1Ve)
¢=0

r—8—c+1 (_1)5
T 2 e Corrs
e=0 V,CR-S-Jc—1 T (Jec-1Ve) -
(viii) Solution for Xe.

(4.36) is obtained by inserting (4.30), -, (4.35), (4.61) and (4.66) in (4.47).
After inserting them in (4.47), we have

(4.75) Xo(G}=— [z S X5,{A7B)

r—8

RIS S Ko (AB7) + S 5 X (4B |

d=1UgCS e=1 VeCR— e=1 VeCR-S

=] s—a 2 r—s (_1)w+ﬁ }
o ﬁ n, L-1 UdCS{m-o MyCS-Uq B=0 NECR-S C(Ud}{a)D(NB)

a
: {Z P (—1)pA(Lp)B}
p=0 LpCUg
3 r—s s—d r—s—e (_1)¢+3
a3 s 5 3 s ]
d=1UaCS e=1 VeCR-S\a=0 MgyCS—-Uqg B=0 NBCR-S—-Ve (UaMy) (Vgl\’ﬁ)

{é 3 2(—1)p+qA<Lp)Bch>}

P=0 LpCUg g=0 TqCVe

r—8 s r—s—e _ at+fB :
SRR DI I G e

e=1 V.CR-8|@=1 3xCs B=0 NpCR-5-Ve C(m)D(mvg)

3 5 S S C14B,)

B=0 NBCR-S-Ve (VeNB) q=0 ToqCV,

Aw,B—AB }

_ —1 r—3 s . Bid
i [E 2 2 2(—1) { C(Ud)D(NB)

11 7, B=0 NBTR-8§ a=1 UsCSs
Z=0

r=8

IS g

d=1UaCS e=1 V.CR-S

AwpByo—AB (Va}
CapDwy

A [ AwpyB—AB
255 5 o del A)
A=1.U3CS e=1 VeCR-S C(Ud)D(Ve)

s r—=3 Gre AB . '—‘AB
+3 35 5 e Al dB )

. a=1 MyCS e=1V,CR-S C(Mm)D(Ve)

{ ABy,,—AB H

+3, 33 (o

e=1YV.CR-S
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L G C U, )D
= 1 d{ (Ua }

IR/ [dz-l U%( ) C( d)D

¢=0
s =8 G—CwpyD }

d+e O (Ve)
T Zj;. UdZCS E VeCzR;"SC —1> { C(Uz)D(Ve)

+5 = <-1>°{£%f%}]_

e=1 V. CR-S
Hence we have

- O o O~ (1)
(4.76) Xo= fime [G T 2 s Ga

=0

R gy

=1 UgCs e=0 VeCR-S C(Ud)D(Va)

Finally the proof of Lemma 4.6 is completed, and also Theorem 4.2 is proved.

4.3. The joint density function.

The joint density function in Type II is given in the following,
THEOREM 4.3. The joint density function of all observations in our case is given by

.77 F(X) = (2m) "2 G2 T 1 {ch J} =D g0z

a=1 U3CR-S

. H I H I {CeasDigs) ~T2 P tit-0-Sup-ae

k=1 I;CS h=0 J,CR-S

- {2} ~ComDmne 2

T,
cexp| = LI X-wyg+3 5 2
=1 UsCR-S (<))
s r—s S, S
PSS 5 ey ]
k=1 I;CS h=0 JRCR-S C(Ik)D(J‘h) g, ]
where
r 1—65
(4.78) j}Ud): gH 7n; @
=0
d a-B 3y : z
) tul.ztud{gl: Iﬁgl'/d(_l) thltlzmtlﬁ*a(uh i gy s t”d) }1
(Us=R—S; d=1,2,,7—s),
s . k+h ) P 2
4.79) S(Ik.)'h) H n I"J" > P {Z ~—1)L+h_ X, ...tlﬂ}
4y, vy, 2y tdp \ B=0 ZBCZRUTR) 1 ,

(Ix=S; JiCR—S; k=1, ,s; h=0, ---, 7—s),
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" (4' 80) SO= g tz : (xtotl"'tr_‘?’112"‘:4*)2:
081, B
and
(4.81) 'thltlz"“lﬂ: s 236,0,1,,_,,, (LﬁCR, B=0, -, 7),

oy, Fup—
;H ng e erll-st;,{—/:sﬁ ¢
=0

where in (4.81) Xy ..0p0=X when B=o.

PROOF. As it is obvious that the type of the density function is the normal
distribution, the constant factor in (4.77) is easily derived from Theorem 4. 1, and there
remains only to derive the quadratic form of Kooty

Now, let us introduce new variables defined by

r—8 .
(4.82) Yegtyt, = Xegt o, — pp— >, > Gy = Gns Lags - 34) s
i=1 5,CR-5
(4. 83) Ytlltlz"-tlﬁz s Ztv tzytotl"'tr’ (L§CR; B=0, -, 7),
VieeR A
and
Y M Y LeCR; =0, -, 7)
<4. 84) tlltlz'"tlﬂ— po 1_8§ 2118521 ( BC sy P=U, 0 7),
M, 2
¢=0

and when 8=0 we ‘shall use the same convention for Ytlltlz...tlp and Ytlltlzu-tlﬁ as the one
stated in this theorem. Furthermore, we note that (4.84) is expressed in terms of an..‘n,s
and &y, -+, vp; fuy, =+, top) by the assumptions (2. 2), as follows

(4.85) £ 3 < .
Yzil...zikt_,'l...zjh—Xt,;l,..tiktjl...tjh’—#— > > a(vy, 5 Up; fup, v, bop),
R p=1 VpC-T/L
(I:=S; Jx=R—S; k=0, e, S3h=1, -, 7—s5),
(4.86)

Yt‘il"‘tikzxtil'"tik_#’ (I]cCS: k=0, -, 5)-

- Using the inverse matrix derived in Theorem 4.2 we have the quadratic form in
the joint density function:

(4.87) S=Xo(, 2 Sss,)
2o, by, by

+32 25 > X,

k=1 ;C8 h=0 J,CR-8§

2
’ {‘ix.z-,‘ik ‘Jl.g‘jn (tm,'gps—k fol.-",‘zar-a~h %]ytgtl’”r> }

Ps—kCS—Ik Qr-s-hCR-S-Jp

e 2
2,250, (0 D5 )]
h=1 JCR-S t41, -, tJ/; tql. o lQr—g—h 20,2y, =, ts
Qr—s—hrCR-8S-Jp
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+ X, 2 yt sty

2o, 2y,
1 [1 + 5 IC=OLNE s (1) ]YZ
ﬁn G B=1 NECR-S G(.Z\ﬁ) a=1 MyCS B=0 NGCR-S C(}f(;)D(Nﬁ)
=0

S =38 1
+3 3

1 IxCS h=0 JRCR-S H n §Un

[s -k r—-s —h E ( 1)‘“’;3 :,
@=o Mmcs—lz. B-o NBCR=S-J3 C(ILllm)D(th\ﬁ)

A )
( fz}c t71 gy O 1%dn

E 1 s r—3—h (_1)¢+ﬁ

+ ———[ A

im1 pCR-8 ﬂ nl—5§h @=1 MyCS B=0. NBCR-5-Jj C(}I“)D(JhNB)
¢=0

VB T G | (B Yiae)

B=0 NBCR-S-Jp G(thvg)

+ '_‘< M yfotl...t,)

a; oty 2y

The calculation of (4.87) follows the similar line to that of (3.43), which is given
by .

(4.88) S= gfl n, ¥*

]

r—38

1
G
ﬁ 5 3 o ? }z 1
T Z}z Z=0 ¢ ~1§tjh {sz-':l) Lﬁ%.]’h( - g G(J,,)

h

- v g
P Mn,
1iCs hm1 JCR-5¢=0

5 {8 5 oo
Dl €79 }
Fig 1y ot | =0 ZecCUT v CoapDiay

"M M

4,

3 §k L :-By/ 2_._1__
+2 > Hng 2 {2 (-1 Y”l"'”ﬁ} CuapD

k=1 1;CS ¢=0 24y, -, tip \ B=0 LBC I
= 2 q
> Vegtyt,— Yo 0,0, )~
‘o T ( 0f1 b R o‘<2, .

In virtue of (4.85) and (4.86), (4.88) is equal to
r —_— . 1
.89 n, (X—p)'—~
(4.89) gI-Io ((X—=)'

r—8 1
tJln"'-tJh (Jh)

h=1 JCR-§ {=0
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P=1VpCLg

Rk — B 2
- Lz = <_1>h-ﬂ{X,l,...,,ﬂ—,l—~z S il 5 fvl,--.,w}]
=0 h

s r—38 T 1—55 2
+ Hn; L Z
k

=1 I;C8S h=1 J,CR-S {=0 til...._tq;k tjl»"',t-fh
£ 2 k+h=-r—-v| v
33 5 s b A—
X=0 AX\CIx v=0 B,CT,

v 2 1
—>1 > ey, -, vp; toy, tvp)}]

p=1 VpCBy C(Ik)D(Jh)

s r _5§ k
33 A 5 [
k=1 I;CS {=0 By, Ty,

- 2 1
Z (—1>k~B{thl---t13“ #}]

B=0 ZgCI; C(Ik)D

= 1
+ 0 (Kegyet, — Xty )’
P

2
o .

The three formulas squared in the second, third and forth terms are simplified in
(4.90), (4.91) and (4.92), respectively.

h —
(4.90) g zg (=" P Xyt — @G s By s 13).
= h
¢ L £ k+h vy
(4.91) 23 2 3 Lyt D O
A=0 AXCI; v=0 ByCU), ;
k
22 (G DR O A PR

S AT,

k+h

—2 E (*1>k+h211---t13-

B=0 LBC(ZzUJ)

k

(4.92) DIEDINCE DLad A

B=0 zpC1;

A

74

Finally, as (4.89) is equal to the quadratic formula in (4.77), the theorem is
1 proved.

4.4. Estimation.

Also in this type we need to have the analogue of Lemma 3. 3:

LEMMA 4.7. The joint density function of KXrgtyot,, (4.77), is equal to
(4.93) F(X) =K@t o

. [T 1,20
exp Lgo s G

r—s Tutlfgol Pugsl roo 8 o :
U7 ® (a1, -+, vta; by *+y bug)
+ 23 D0 0 2 (g, 1 ot
d=1 UgCR-8 tu;=1 tug=1 ‘fug=1¢=0

GCU)

37
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1 7 1)4\2 = (® -
_ij‘Ionj(ZO) _5“ 7 Z(Ud) G(U)

18 r—s 1 _ 1 So]
2 E 2 ESS(Ith) C(Ik)D(-Th) 2 dg :

2 %3 1,Cs k=0 ;R

where
(4.94) Z9=X

@ = =
(4.95) Z (U3 tuyy s tug) =K, ,,‘d+21 P%'Z‘]d( —1)" Xip,tngmMogmysr Mogs

(Usc=R—S; d=1, -, 7—s),

) d e 2

(4.96) Z(:;]rl) Hng Udt Z (2 E (—].)d BXtﬁ.-ﬂg) .
2y, tuq \B=0 LBCUq 1)

(Us=R—S; d=1, ---,7—s).
This lemma can be easily proved in virture of (3.53).

Now we shall consider about the functional relationship among (4.94), (4.95) and
(4. 96).

At first let us observe that )?n,,,l is determined uniquely by determining Z" and
{Za;tul); t,=1,2,--, #,—1}, which implies the unique determination of Z&)Q and
Xnuz is determined uniquely by determining Z% and {2222;tu2); b, =1,5; sniy, Bag—1}w
which implies again the unique determinatibn of Z((?tz), and the analogue holds true for
all sets u,_R—S.

Secondly we observe that X’n,‘lnuz is determined uniquely by determining Zw, X_"'up
X, and {ZE?]Z; tup bi) 3 By =1, -+, My —1, t,=1, -, M, —1}, which implies also the unique
determination of Za, u,), and the analogue of them holds true for all sets (u;, %;) CR
—S.

In general it holds that Xmjnj.ms (JCR—S) is determined uniquely by
determining Z°°, {X"ul”nz---"ud; U T d=1,2,--, h—1} and {28',;; i, > B8 B Le =5
75,—1, ¢=1,2,--, h}, which implies also the unique determination of Z(J,). Thus it
can be seen that {ZE?]d); UR-—S, d=1,2,---, r—Ss} are determiﬁed uniquely by
determining Z and {Z‘E?;d; tug) S UR-S, d=1,2,--, r—S, t,;=1,-, B,;—1,
7=1,-, d}.

by, s

Now, in our mixed model of Type II, the random variable X and the sample
space B¥ are the same as those given in Type I, and the family B* is specified by

the parameter 0= (g, AUy s thy = 1an)s O%ap 055 LSS JLIER=S, t5c=1, -, nj;—1, c=1, -+ b

h=1, ., 7—s, k=1, ---,s), whose space is of (2’—2"’%— I ni—!—l)—dimension, where — o< p

i=8+1
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<Leo, — 0Ly s ins tiy -+ tin) <0, 0< o570, 0ot 0.
We shall consider the transformation of the original parameter such that

(4.97) = Tn; &
J=0 y
r 9 )
1-§ (s, -+, t4a; b, ooy b )
(4.98) TP Ua; tugy s tug) = Iy 02 1 G 1 a
g=o ' wa )
(UdCR-—-S, luc=1, e, nﬂg_]q)
c=1, -, d; d=1, -, r—s, ;
- I;:S; JA=R—S,
Q== =S5 Ja .
(4.99) [€55/5) 2CupwDap (k=1, sy h=1, -, r——s>,
(4.100) o= _ 1
' 208 .

After observing the independency of the class of parametric functions {C(_'r@D(_f,l); LS,
Jy=R—S, k=1, 5, h=1, -+, r—s}, it is seen that the transformation (4.97), -+, (4.100) from
6 to =0, 1@ ptuy . tuyy ™y T; LSS, ,CR—S, Us=R=S, tu=1, -, tug—1, ¢=1, -, d, d=1,
v 78 k=1 s =1, 7—s) is one-to-one. There fore we can say that B is specified
by 7, where— 00 <zW<0, — 00 <t} 1, .. tugy< 0, — 00 <2 D<) <7 <0 for any pair
(M, N) such that M ON, MCR, N_R. (We should notice that G and Gwyp in (4.93)
are the functions of CypyD,): see Definition 4. 1).

Then, under the new parameter 7z, by using the above-mentioned result about
ZE?d) we obtain the probability density function of X as follows,

r—3 Ry =1 Tyg-1
A (2) @
4.101 Keomex [T(IZ >0 T yituy, oty (Tt £ oo
¢ 2 PerexD a=1 U,CR-§ t"lz‘l t"(%l Waitra, )& Uy tg, =, bug)

r—38

T2 23 3 @ SUnin) + S,

k=1 ,Cs h=0 pCR-8
1 2,
+E (<) hi(Z°, Z2, ]
i=1 .

Hence the sufficient statistic for B is U=(Z%, ZEZ[)]'d; bugs s tug)r S(InJ)r Sos LSS,
J,CR—S, Usi—R—S, k=1,2,--, s, h=1, 2, ---, r—s, tue=1,2, -+, Mee—1, ¢=1,2,-, d, d=1, 2, ---, 7’—-5‘)_
As for completeness the result reviewed in Section 3 cannot be applied directly to the
family of our probability density (4.102). In order to show BY in this type be complete,
we need to generalize a result due to Gautschi [3], which is given by Lemma 4. 8.

Let U® be a k-dimensional Euclidean space with the point #®=(u,, u,, ---, u).
We shall write the first j components as #“” and the remaining components % so
that we write #® in the following different fashion uP =P, uM)=(u*" 3,) etc.
And let UY be a j-dimensional Euclidean space with the point #“=(u,, u,, -, u;),
U, be the j-th component space of U,

In the following lemma, T%® denotes a k-dimensional Euclidean space with the
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. 75— . i .
point t®=(z;, 7, ==, 1), and the notations such as 9 T; etc. are to be understood in

the way above stated. Further, L with a subscript or a superscript denotes the Lebesgue
measure, where the subscript 7 indicates the space U; or T; on which the measure is
taken, and the superscript () indicates the space UY or T on which the measure is
taken.

LEMMA 4.8. Let
Be® — (PiB | < Pew},

where w is a Borel set in an Euclidean space containing a non-degenevate k-dimensional
interval, be the family of measures P8 on the additive family of subsets in the space R’
of point U, having the density

(4.102) PP =C() h(u®) exp | 33 wanct £(=2, 1)

with respect to Lebesgue measure. Then BB ;s strongly complete.

PROOF. We shall assume, without loss of generality, P.ar(u®) be defined for all
7% and #® in the k-dimensional Euclidean spaces T® and U® respectively such that
if it is not originally defined it is assumed to be equal to zero. Let f(a“™>, ui) be
$B-measurable and integrable with respect to the Lebesgue measure.

Suppose that

iy Uf('u(k—l)y ) Pry(u™®) d(m*P xmy) =0
XUk

(4.103) I= S
) (a.e. L*-D x Ly=L%®).

Let N be the set of parameter points (+%V, 2;) for which I 7-0 and N&., be the
2%0_gection of N®. Then Li(Ng-n)=0 except for ra-nENS, where LA D(NPY=0.

Hence, by Fubini’s theorem, we have

(4. 104) IZS e-rkuk{S - f(u(k—l), uk) C(Z‘(k)> h(u(k)>
Up (k=1

i=1

. exp [2 et + 89, u((’”)] dm<'--1>} dmy=0 (ae. L)

holds true for all A VEND where integral of inside exists except for uiEM; such
that L,(M,)=0.
By the unicity of the Laplace transform, we obtain
k-1
4.105)  Li(%* ™, up) = S @ )f(u("””, uy) h(u®) exp [E a4+ 22, u“’”)] dm*=»
A5 i=1

=0 (a.e. Ly), r(""l)ENSD.

If S© denotes the set of points (%77, #z) for which [ {(z®7°, u,) is neither exists nor
- . &) ¢ QC
equal to zero, almost every = “-section of S® has Ly-measure zero. Hence L 2(S™)




The Point Estimation of the Parameters in the Mixed Model 41

—0. As this implies that almost every #-section of S® has L¥ “_measure zero, it
follows that

(4.106) I (%, u,)=0 (a.e. L*D), ur&M.
(4.106) is written by

(4.107) L%, u)

k-1
S, 600y YD) e | Szt 8, w) | dm®=> 5 me-)
=1

Sv(k—z)x Tie=1

=0 (a.e. L(k—?‘)XLk_1=L(k—_1)), ZlkeMk.

Let N be the set of parameter points (z%=®, 7;-,) for which L(z%™, u,)= 0, and
N&._, be the 7% -section of N ®  Then Ly (N&»)=0 except for {#DENP, where

L*2(NP)=0.

Hence, again by Fubini’s theorem, we have
(4.108) Iz, uy)

:_—S e”“‘"""{g Fu®, wtyy, ) h(u™®)
Up—1 p(k—2)

k-2
- exp [2 it +&(Tes, u“’”)] dm““Z)} dm_,

i=1

=0 (a.e. Lr-1), ur&My

holds true for all [FDENP where integral of inside exists except for #pEMis

such that Ly_,(M;-,)=0.
By the unicity of the Laplace transform, we obtain

(4.109) L(* D, wyy, ty)

I

k-2
Fu*, wups, ur) b (u®) exp [2 i+ 2=, u“‘”)} dm*=2
i=1

vE=-2)
=0 (a.e. Lz-1), ﬁk—ﬁeNé”, 1, & M-
B ] . o . -2
If S&, denotes the set of points (¢*®, u;_,) for which [,(z*, uy_y, Uz), corres-
ponding to some fixed 2,6 M,, neither exists nor is equal to zero, almost every 58
section of St has L, ,—measure zero.
Hence we have

L(k—l><S((12c)k)> =0, wr & Me.
And we obtain
(4.110) L%, sy, #x)=0 (a.e. L), w1 &Mymr, &M

In this way we can proceed inductively and obtain finally
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(4.111) Loy (29, 2

X s
:ey(«r(S),u((s))) S f(u(-’), u((‘v))) h(u(@, u((-!))) exp [Z Tiui:l dm®
U(s) =1
=0 (a L. L(">), Us+18&Ms+1, s+2Ms+e, -+, urpSMy,

where L'(M)=o0 (j=s+1, -, k).

On the other hand, as was mentioned in Sectioﬁ 3, the family of measures whose
density is given in the form A () exp [i riui] is strongly complete. Therefore
(4.111) implies that -

(4.112) Fu®, u)y =g (@.0.899), ws&M; (j=s+1, k),

which again implies

(4.113) Ja®D, i = (a.e. B, w;&M; (j=s+2, - k).
In this way we finally obtain

(4.114) fu®)j=9 (a.e. BB,

which completes the proof.

Now, as the probability density function of the sufficient statistic U for B in
our case is written in the form (4.102) in Lemma 4.8, also in the case of Type II
we have the same conclusion about the estimation problem for the unknown parameters
as we obtained in Theorem 3.4 in Section 3.

5. Remark on the random effect model.

At first it should be remarked here that the result of the previous paper of the
author concerning the point estimation of the variance components in random effect
model can be improved to the level of the generality of this paper by applying the
Lemma 4.8 of this paper. The author would like to mention the work of L. H. Herbach
[5] concerning the problem of testing in the same model, which seems to be restricted
to the case of one and two way layout only and about the testing of variance components i
belonging to a certain group can be generalized to the case of multi-way layout by
making use of the joint density function derived in the previous paper of the author,
while there exists no exact F-test of them belonging to another group.
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