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In a recent paper Frank W. Anderson and Robert L. Blair gave some characte-
rizations of C(X) for X an arbitrary completely regular space [1]®,

In the paper, the theorem 4.1 states that if A is a regular algebra, the condition
My=R, is sufficient that A is isomorphic to a regular boint-determining subalgebra of
C(X) for some topologically unique compact space X.

But the converse is left open. We shall give in this note an example answering
the question negatively.

§1. Some preliminary notions and notations.

We adopt the same notions and notations as in [11, but recite here some of
them. -

Let A be a subset of C(X), A is regular in case (i) A contains the identity e
of C(X) and (ii) whenever ¥€X and U is an open neighborhood of %, there is an
FEA such that f(x)=0 and f(¥)=1 for all yeU.,

If A is any ring, then an ideal I in A is said to be 7eql in case A/I is iso-
morphic to R real. i

We shall denote by M4, Ry the set of all maximal ideals of A, and the set of
all real maximal ideals of A respectively. '

If X is a topological space and A is a subring of C(X) then we shall set

M.={fed; f(x)=0}.

We say that A is point-determining in case MEM, if and only if M=M, for

some unique x€X.

§2. A counter example to the converse of the theorem 4.1.

We define a compact set X and algebras A, A, A as follows.

X: 0,13 ‘

A,: the algebra of all functions fE€C[0,1] such that for finite partition 0=
a,<a,<-<a,=1, f(x)=p:(%)/q:(%) for x€[a, @;+,], where p; and ¢; are polynomials.
(The partition depends on f, and q:(x) =0 for x€[a, ai+1]ypi<ai)/Qi<ai>=pi4 1(@i11)/
Qi+:(Q;41). )

M[1] Frank W. Anderson and Robert L. Blair: Characterizations of the algebra of all real-

valued continuous functions on a completely regular space. Illinois Jour. of Math. vol. 3
(1959) pp. 121-133. '
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A,: the algebra generated by A, and €.~
A : the algebra of all functions f(x) of the form g(x)/P(e®), where & is an

element of A, and P(e®) is a function of the form kfill (F—ay), €A, €—a+0
on [0,11. .

Under these preparations we have following propositions.

(1) A, is a regular subset of C(X).

Proof. For any X,€X and any e>>0, the function defined by

for |x—x|=e

f(x)=1

| x—2,|/¢ for |x—x]=Ze,

is evidently contained in A,.
(2) A is a regular subset of C(X).
This is evident from (1).

(3) Let I be a real ideal of A. Then L=ANI and L=A,N\I are real ideals.

Proof. A,/ A,/LCA/L On the other hand, 1€A, and €I Since A,
is an algebra, RCA,/I. Hence RcA,/I,CA,/ILZA/I=R, which implies that R=
Ao/Ioz-A1/I1-

(4) For the ébove ideal I, there exists a point %,€X such that L={f€A; f(x)=0}.

Proof. Let g€A, Then g has no zero point in X if and only if 1/g€ A, Hence
if g€1, then g has at least one zero point. If g, h€Il such that g and % have no
common zero point, then g*+ €1, which has no zero point. This is a contradiction.
Since X is a compact set, the ideal I, has a common zero point. Since I, is a real
ideal, the common zero point are at most one.

(5) The ideal I, contains €—ct for some &, where loga €X.

Proof. au*+a, "'+ +a,+b-Q(u) €L, where u=e", a€A, and a&lI, bEI,
Q(u) €A,

Since L=2A4,I, we may assume 721
AU+ G A+ b Q)= (XU Gy (X)W -+ @ (%) (mod. AuLy). Hence
A, (X)W + Gy ()W -+ 80(%) €L, @4(%) 0.

If F(X)=a,,(xo)X"+a,,_1(xo)X”‘1+~-+a°(xo) is irreducible, and if #>1, then a
root 6 of F(X)=0, which is not real, is contained in A,/I. This is a contradiction.
Hence #=1, that is, &(x)u+a,(x)€L. Since a,(x) =0, I€u+a,(x)/a(%)=u—a,
where az—aocxo)/a1<xo)- .

If loga€E X, then #—« is a unit of A, so u—a &I Therefore u—a €L implies
loga €X. - ' '

6) loga=%. Thatis, L={f€A; f(x)=0}.

Proof. Suppose loga=F%, for example, x,>loga. Then there exists g€, such
that £=>0, and g(x)>a for x= loga. Ilaez—a_+g>0. Hence a unit €—a+g of
A is contained in I, which is a contradiction.




A Note on Representations of Algebras.as Subalgebras of C(X) for X Compact 187

7y The algebra A is point-determining.

Proof. For a real ideal I, L=I(\A, determines a point %EX, Hence I=AI,
determines the point %,

(8) The maximal ideal of A containing €*+1 is not real, that is WM,==R .
Therefore we have the conclusion:

If A is a regular algebra, Ma=R4 is the “sufficient but not the necessary condition
that A is isomorphic to a regular point-determining subalgebra of C(X) for some topologically
unique compact space X.

Quite similarlly, the converse of the theorem 4.5 in [1] does not hold.
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