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1. Let © be a group of finite order £ and let D be a fixed rational prime; &
=p"¢, (p,&)=1. Let us assume that >0, for otherwise our results will not give any
new information. We denote by X, Z,, -+, X, the irreducible characters® of & and by
K, K, ---, K, the classes of conjugate elements in ®; we select a complete system of
representatives G, G,, ---, G, for the classes K, K3, -+, K,. It is well known that

.1 S(COL(G)=0 G10)
and
1.17 31 e1(GI1(G: =0 (i)

where ¢, denotes the number of elements in K,,v=1,2, -, %

Let B, B, -, B; be the p-blocks® of & and let P,=1,P,, ---, P, be a full system
of p-elements® of & such that every p-element of ® is conjugate in ® to exactly one
element Ps of the system. It is well known that if we denote by &(P) the p-section®
of a p-element P in ®, then the elements of ® are distributed into I p-sections S(P,),

S(P,), ,&(P,). R. BRAUER, in his paper (1), gave the following refinement of some
of the orthogonality relations (1.1):9

(1.AY If L and M are two elements of & which belong to different p-sections of ®,
then

1.2 ’ ) %l L(DL(M =0

for each p-block B, of .

Recently, R. BRAUER and M. OSIMA have given independently a refinement of
some of the orthogonality relations (1.17):

(.B) If % and X; are two irreducible characters of & which belong to different

1) The term “irreducible character” will always mean absolutely irreducible ordinary character.

2) Cf. §9 in (3].

3) An element of @ is called a p-element if its order is a power of p.

4) An element G of § can be expressed uniquely as a product PR of two commutative elements
where P is a p-element, while R is a p-regular element. We shall call P the p-factor of G and R
the p-regular factor of G. The p-section G(P) of a p-element P in & is the set of all elements of
& whose p-factors are conjugate to P in @.

5) This result was announced in [1] and its proof has been printed in [2].
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p-blocks of ®, then
1.3 2, GH(GII(G ) =0

for each p-section S(Ps) of G. (9

Let Q be the field of gth roots of unity and let P be an arbitrarily fixed prime
ideal divisor of p in Q; pp will denote the ring of all p-integers in Q. In (11], P.
ROQUETTE considered arithmetically the blocks of the character ring of ® over the ring
of all b-addic integers; K. SHIRATANI has shown in [12) that, essentially, we have only
to consider the character ring Xp of ® over Op. The object of this note is to consider
the duals of some results on p-blocks and p-sections, especially the duals of (1.AJ and
[1.B), from a certain standpoint that-(1.1) and (1.1) are dual. In the duality, the
p-regular sections® of ® will correspond to the p-blocks of ®. In §3, we shall define
a new kind of blocks ( p-complementary blocks) of group characters which will correspond

to p-sections.

2. In this section, we shall sketch an outline of some well known results” on
Xp which will correspond to some fundamental properties® of the primitive idempotents
of the center Zp of the group ring of ® over op. In the first place, in order to see
“dual”, we shall refer to the definition of the primitive idempotents of Zy.

We denote by Z the center of the group ring of ® over . The primitive
idempotent ¢; of Z belonging to 4; is given by

v=1

@.1 o= éz": 2 X(G/ YK,

where x;=X;(1). After M. OSIMA (8], we set

v=1

(2.2) E= 3 ¢,=S\bK, (t=1,2,, ).
%i T

It is well known that all E, belong to Zp and that if, for a set B of irreducible charac-

ters 4; of ©, EE}ei belongs to Zy, then B is a collection of p-blocks B. of ®. Thus
X;€EB
we have the following:
(2. A) In the center Zy of the group ring of © over op,
1=E,+E,+---+E,

is the decomposition of the identity 1 into the sum of mutually orthogonal pn’mitivé idempo-
tents. ((8))

6) The term “p-regular section” has the same meaning as “p-Oberklasse” in (11]: The p-regular
section S(R) of a pregular element R in @& is the set of all elements of & whose p-regular
factors (See footnote 4) are conjugate to R in G. ’

7) Cf. [11), [12).

8) Cf. [8].

9) Each class K, is interpreted very often as the sum of all its elements.
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We now consider.the character ring X of ® over Q. Let di, d,, -+, d, be the
primitive idempotents of X: d,.(G,)=1 or 0 according as z=v or not. If we denote by
€. the linear character of X belonging to d,, then €.(X;)=X(G,) for all Z. Asis
easily seen, each d, is expressed as

12 . i
(2. 1’) d},,:-—z C,JQ(G,L )ll

i=1

Evidently the elements d,, d, -, d, form a Q-basis of X: X=Qd,+Qd,+--+Qd,.
Further we shall consider four subrings of X:

X, =PIl +Pt,+---+PL,
X=X, Xp=L1,+LX,+ - +Lx,
Xo=10+ T+ -+ 14,
E=1d,+1d,+---+1d,,

where P is the field of all rational numbers, 1 is the ring of all rational integers and
I, is the ring of all rational D-integers.

Let R,=1, R,, -+, R; be a full system of p-regular elements of & such that every
p-regular element of S is conjugate in & to exactly one element K, of the system. If
we denote by S(R) the p-regular section of a p-regular element K in &, then the
elements of & are distributed into & p-regular sections S(R,), S(R,), ---, S(R.). We
set

(2.2 S= 3 d=>al,
Ky Z5(Ry) i=1

where

2.3 == 31 al(GM).
& ISRy

As is easily seen, all «; are rational numbers: 6,€X,. Moreover 6, belongs to X,, as
is shown in the following.

Let B be a p-Sylow subgroup of & and let 6, be the 1-character of P. - Denoting
by 6;° the character of ® induced by 6,, we have 67€Xy[E; and

6:(G) {Eﬁf‘cn —g'=£0 (mod ) (GESW),
' =0 (G&ES)).

Therefore
(0;(:>¢(.7"UJEBX (mod pGEI) . (a:l’ 2, ...)’

where ¢ denotes the Euler’s function. Hence, by Lemma 2 in (12, we have
(657" — 5, X,NXp=X,

for sufficient large . Since 0;€X;=X,, we see that 6,EX,.
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In consideration of (2.2") and (2.3), 6,€X,, yields the congruences

@.49 S %(P)=0 (mod p") (i=1,2, -, n)

PESQ)
in L.

For an arbitrarily fixed p-regular element R=R, (1Zr<k), we consider the
normalizer @ =N(R) of R in ®. We denote by & the order of & and by 4y, 4, 1, y
the irreducible characters of ®; @; will denote the linear character of the center Z of
the group ring of ®~over Q belonging to X j=1,2,-,%. The idempotent ?R of the
character ring X of ® over Q associated with the p-regular section of R in S is given
by

2N

1 = oy A
= L(RTP™) Xy,
151 S LRPT)

1 pesa)

5}2:

where S (1) is the p-regular section of 1 in ®. 1 ¢ is an element of X, we denote by
sk ] # — 1 =
¢* the element of X induced by g1 ¢ (G)—E"EE"’%(X 'GX) for GE®, where ¢, is

the extension of ¢ to © obtained by putting $(G)=0 for G&®. By Frobenius’ theorem
on induced characters, we have

@5 C sen={Ramman,
where
T | = =
(2.6) ay== 2 L(PT).
PES()

Since all @} are rational p-integers, 6y belongs to Xp. Conversely if, for a collection S
of classes K, of ®, 6=3d, belongs to Xy, then S is a collection of p-regular sections
Bz .

S(R,) of ®. This can be seen as follows:

Suppose that S[|S(R,) is not vacuous and that S=£S(R,). Then we can select
two classes K, and Kp in S(R,) such that K.&=S but Ky==S. 1t is easily seen that
£,(8)=1, while £,(6)=0. On the other hand, in general, if Kx and K, are contained
in the same p-regular section of ©®, then £,(X)=¢£,(1;) (mod ) for all X;. Hence we
have £4(8)=¢4(3) (mod p), which yields a contradiction. T herefore S is a collection of
p-regular sections of ©.

We thus obtain the following:

(2. A) In the character ring Xp of ® over op,
1=b‘1+62+'+6k

is the decomposition of the identity 1 into the sum of mutually orthogonal primitive idempotents.

(a1, a2y

Since every oy belongs to Xp, there exist E but not more than % irreducible

s csidailedontialic
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characters 7; of ® which 'are linearly independent (mod p) ((5)). We see also that
two classes K, and Kjp are contained in the same p-regular section S(R,) of ® if and
only if £4,(%;)=£s(%) (mod p) for all irreducible characters % of ©.

3. Let ¢o=p, a1, '+, 4dr be the rational primes included in the group order £.
In the first place, in order to introduce the concept of p-complementary blocks mentioned
in §1, we shall give some characterizations of the p-sections &(Ps) of O.

(3.A) Tuwo classes K. and Kg of ® are contained in the same p-section S(P) of ©
if and only if therve exists a chain of classes '

(31) Kuyb Km ] Km KB

of & such that any two consecutive classes K, and K, of the chain are contained in a
Qv uny-regular section of &, 1=r(y, S

PROOF. As is well known, an element G of ® is expressed as a product @@:Q:
---Q;, where @, is the g,-factor of G,r=0,1,2, -, f. It is evident that Q.Q.Q, - Q,_, and
Q,Q,Q. - Q, belong to the g,-regular section of Q.Q.Q. Q... in 8,7=1,2,--, f. Hence
if we denote by K(Y) the class K of ® represented by an element Y, then the classes
K(G) and K(Q,) are connected by a chain as (3.1). Therefore if K, and K are
contained in the same p-section of ®, then they are connected by a chain as (3.1).

Conversely, if K, and K, are contained in a g-regular section of ® (1<Zr<f),
then the p-factors of them are conjugate in ®. Therefore if K, and K, are connected

by a chain as (3.1), then they are contained in the same p-section of ®. This completes
the proof.

We also have the following characterization of p-sections:

(3.B) The p-sections S(Ps) of © are characterized as the minimal sets © of elements
of ® such that (@) every © is not vacuous, (b) every & is a collection of q-regular sections
of © for each rational prime ¢, different from D.

Now we define the p-complementary blocks of . We shal.l say that two irreducible

characters Z; and X; of ® belong to the same p-complementary block of ® if and only if
there exists a chain of irreducible characters

(3.1 y Ay ARELENY Ny &

of ® such that any two comsecutive characters Y. and X, of the chain belong to a
@, cnyblock of ©, 17 (u, »)Xf. Then we can distribute the irreducible characters Z,
%y, -+, Xn of ® into a certain number of p-complementary blocks B, %B,, -+, B, of ©.

(3.B) The p-complementary blocks B, of ® are characterized as the minimal sets B
of irreducible characters L of ® such that (@) every B is not vacuous, (b) every B is a
collection of g-blocks of S for each rational prime 4, different from D.

We shall consider the idempotents of X associated with the p-sections of ® and
the idempotents of Z associated with the p-complementary blocks of . We set
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(3.2) “= 2 d= Z} B,
where

_ _1_ 1
‘(3' ) ﬁf— g lr;wu’,) ck(Go )

By (2. A] and (3.B], we have the following:

(3.C) All 5 are algebraic integers'® Conversely, if © is a collection of classes K,
of ® such that all coefficients 3: of

Py d,= S18.,

=1

are algebraic integers, then © is a collection of p-sections ©(Ps) of O, where a' is a
rational integer.

Similarly we set

‘ A= = <‘ o
(3.29 \ =xe=> K,
where
& 1
/ al=— 1
3.3) g x:X, (G,

We then have the following:

(38.Cy) All p“a; are algebraic integers. Conversely, if B is a set of irreducible
characters X; of © such that all coefficients @, of

7 n
P° %ei=§ayKv

are algebraic integers, then B is a collection of p-complementary blocks B, of O, where a
is a rational inieger.

Corresponding to (2.4), by [3.CJ we have the congruences
(3.4 > 1(R)=0 (mod g) (i=1,2, -, n)

in 1.

Let © be the normalizer N(P) of a j)element P=P; in (55 1<o<l i 2, o, Wny
7, Ep, ep,@(l) for © correspond to 2, ,{,, @, 7.6, 05, S(1) for ©=N(R) in §2, then
corresponding to (2.5) we have

(3.5) = dim {2 au<P-*>é;i,‘}"}

h=1

10) Cf. (8).
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where

(3.6 A=

REMARK. Every Osima’s block™ of & for p is a collection of D-complementary
blocks of &. If ® has a normal p-Sylow subgroup, then the Osima’s blocks of & for
P and the p-complementary blocks of & are identical as a whole. But, in general, both
concepts of blocks are not identical.

4. In the first place, we shall refer a result on the primitive idempotents FE, of
Zy, in order to see “dual” and to use it.

Let P be an arbitrarily given p-element of ® and let @ denote the normalizer
N(P) of P in ®. We denote by B® the collection of p-blocks B of & such that each B’
determines a given p-block B, of ® in BRAUER’s sence'®; E® will denote the idempotent
of the center Zp of the group rmg of ® over Dp associated with B(), i.e. the sum of
all pr1m1t1ve idempotents E of Zp such that each E is associated with a p-block Bp
of & contained in B®. Let RI,RZ,' Rk be a complete system of representatives for
the p-regular classes of @5 We denote by K(G) the class K, of ® represented by an
element G and by K(Ry) the class of conjugate elements in ¢} represented by R As
is well known, the p-section &(P) of P in ®© is the collection of classes K(PRJ,
K(Pl?z), e K(Pllég) We then have the following:

(A AY For @=1,8, 5, 1e hute
K(PR)E.= Bz b K(PRs)
and
R(RHE= 515K (Ry)
with the same coefficients bys. ((5))

Let g be an arbitrary rational prime different from p and let @ be an arbitrarily
given g-element of &. We select a complete system of representatives 713, 73, -+-, T, for
the g-regular classes of the normalizer N(Q) of @ in . We denote by B(Q) the
collection of g-blocks of ER(Q) such that each g-block of the collection determines a
g-block of & contained in a given p-complémentary block B, of ®; 4S(Q) will denote
the idempotent of the center Z(Q) of the group ring of W(Q) over { associated with -
523(‘7)(@) By (4. A] we may write

K(Q)de= 2, aB<Q>K<QTB>

11) Cf. (7], (6].
12) Cf. (1), (2). If a p-block B of ® is determined by a p-block Bp of @3 then B: is denoted by B,,
in the notatxons of [(2].
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and
A(Q) = é‘{ az(QK(Q; Tp)

with the same coefficients a§(@), where K(Q; Tp) denotes the class of conjugate
elements in N(Q) represented by 7p. Since all p"aj(Q) are algebraic integers, from
[3.C) we see that every B°(Q) is a collection of p-complementary blocks of J(Q).
Let R be an arbitrarily given p- regular element of ® and let @, be the g, regular
factor of R,7=1,2,--,f. Let further P, P, -, P7be a complete system of representa
tives for the classes of conjugate elements in the normalizer O= W(R) of R in ® which
are contained in the p-regular section S(l) of 1 in G; K(P;) will denote the class
of conjugate elements in @ represented by Ps For each p- complementary block B, of
®, we can define the collection B of p-complementary blocks %p of & such that each
B, determines B, , in the same way as in §3 of (7). In consequence of this, we have

the following theorems.

THEOREM 1. For a=1,2,-, I, we have
K(RP.)4,= 3,5 K(RP;)
and
R(P)F =3 ank(B)
with the same coefficienis a%s, where 4 is the idempotent of the center Z of the group
ving of ® over Q associated with B,

THEOREM 2. If L and M are two elemenis of & which belong to different p-regular
sections of ©, then

%xi(L)xi(M =0

for each p-complementary block B, of &P
4.B) If

Sa,K,d,=0 (a,€Q),

v=1

then
Z a, dev =0

Ky =S(Ry)

for each p-regular section S(R,) of ©.

13) This is the refinement mentioned in footnote 6) of (6].
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THEOREM 3. If %; and 7; are two irreducible characiers of © which belong io different
p-complementary blocks of O, then
> aX(G1 (G =0

Ey=S(Ry)
for each p-regular section S(R,) of .

It was shown in (8] that each FE, is a linear combination of the p-regular classes
K, of ®, i. e. the classes K, of ® contained in ©(1). Moreover, (4. A) shows that if
K, is contained in a p-section ©(P;), then K E, is a linear combination of the classes
K; contained in ©(P;). (1.3) shows that if X; belongs to a p-block B, of &, then X.&s
is a linear combination of the characters X; belonging to B,; especially &5 is a linear
combination of the characters Z; which belong to the p-block B; of ® containing the
1-character X;. Theorems 1 and 3 imply the corresponding results for the p-complementary
blocks and the P-regular sections of .

REMARK. Let II be a set of rational primes included in £ and let B, B,, ---, B,
be the minimal sets of irreducible characters Z; of & such that (a) every B, is not
vacuous, (b) every B, is a collection of g-blocks of ® for each g€II and let S, S,, -,
S, be the minimal collections of classes K, of & such that (@) every S, is not vacuous,
(b) every S,L is a collection of g-regular sections of ® for each rational prime g outside
of II (which is included in £); we shall call the sets By of %; the [T-blocks of ®& and
the collections S, of K, the Il-sections of ®. By making use of the II-blocks and
Il-sections of ®, we can generalize Theorems 2 and 3.

5. As an application of (2.2") and (2.3), we shall determine the primitive idempo-
tents of the character ring X, of ® over IL,."”

For an arbitrarily given p-regular element K of ®, we shall use again the notations
@5, 7, Z,-, ws a5 used in §2. Let Cx be the p-elementary class attached to K, i.e. the
collection of p-regular sections S(R,) of ® such that each R, is conjugate in & to R for
a rational integer Yy prime to Ehe order ¥ of K. We may assume that each R, with
S(ROSCx is a power of K; & is the normalizer of each R\ with S(EB\)EC in ©.
We see from (2.3) that if S(R\)ECx), then

(5.1) o= ?fl 7R

where the 7;; are defined by

(5.2) 1L(G)= Py 7l (G) (GE®).
Hence if we set
(5.3) Sw=_ 3 s=310c1,
S(ROSC(R) i=1
then

14) K. SHIRATANI has determined the primitive idempotents of Xp in his paper [12).
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(5.4) dE”)=inﬁz}{ > rﬁj(Riij}.
J=1 S(ROESC(R)

We denote by G the galois group of the field of g’-th roots of unity over P. If ¢€G,
then for each R\ with S(R\)ECr there exists a rational integer ¥, prime to # such
that o(w;(R\))=w;(R") for j=1,2,--, 7. By the above assumption, K’ is written as
Ry ;4(a) will be determined umquely From (5.1) we see that o(a}) =} for all %..

We consider similarly for each p-elementary class of . Then the substitutions
A—2(o) define a permutations group on £ linearly independent 7-dimensional vectors

— s i v k
al—(a%; a;.y ) a;): az— (ai agy ) aft y T ak— (ah Ay, "0y an)

bs; putting 0(@\) =0y, o running over all galois substitutions of G. For each p-elementary
class C of ©, the vectors G, associated with the p-regular sections S(R.) with
S<R/\)CC(R\ form a set of transitivity. Combining this fact with (2. A’), we see that for
a collection C of classes K, of ®, Zd belongs to - X, if and only if C is a collection

Ky=C

of p-elementary classes of &. Therefore if we assume that C(Rl); Ceryy C(x, are the
D-elementary classes of ®, then we have the following:

(5.A) In'the cCharacter ving X, of ® d'ver_ihe ring I,, of rational p-integers,
; : . - 1=0y Tyt TRy

is the decomposition of the identity 1 into the sum of mutually orthogonal primitive idempotents.

@zn
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