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R. BRAUER, in his paper (1), gave an important refinement of some of the ortho-
gonality relations for group characters.” He and M. OSIMA gave independently another

refinement, (9).® In (10), (5] ((4)) and (6), other refinements were discussed. In

the present note, we shall extend the results to a more general case.
The author wishes to thank Professor M. OSIMA and Professor T. NAKAYAMA for
their helpful suggestions.

1. Preliminaries.

Let & be a group of finite order &£ and let p,, p,, '+, P, be the rational primes
dividing &: g=p;" p;* P77, @;>>0. We shall denote by K, K, -, K, the classes of
conjugate elements in &; & has 7 distinct absolutely irreducible (ordinary) characters,

xl: x2; Ty Zn-

1. 1. We shall consider the subsets of the set {p,, p,, --, .} II,=empty set, II,=
(D000 0.}, Iy, e, T£ | J and () respectively mean the set theoretical union
and intersection, then the subsets I/, form a lattice with respect to two operations [J
and [ ), which has the maximum element /I, and the minimum element II,, We put
nf:piIGIprE‘" =f£2"-1) and =n,=1.

For each II;, we can find the maximum one, say Nn s, among the normal subgroups
of & whose orders are prime to m;. The following facts are easily seen:

1D Nu,=G, m={1}-

2) 11,211, implies mnf;mnh-

3 mnjunhzmnfmmnh, %nfnnhgmnf-mnh.

We shall call an element P of ® a 17 relement if and only if its order is not

divisible by any rational prime not belonging to /7 5 while we shall call an element R of
®all srregular element if and only if its order is prime to 7r. As is well known, an
element G of ®& can be uniquely expressed as a product of two commutative elements
P and R where P is a Il,clement, while R is a II regular element; we shall call P
the II,~factor of G and R the [l/regular factor of G. If Il; consists of one rational
prime P, then “II,~” will become “p-".

The Ilpsection of a Il;element P in ® is the set of all elements of & whose
Ily-factors are conjugate to P in &; we shall denote by &™(G) the I —section of &
represented by an element G. As is easily seen, each [I;-section of ® is a collection

1) Cf. also [2).
2) Cf. also (3.

17/
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of classes K, of ®. We choose a complete system of representatives, Pi/=1,P;7, -,
P/, for the classes K, of ®& which consist of II-elements. It is easily seen that the
elements of ® are distributed into the S; [I/-sections ©7=6"/(P}¥) such that each
element of & belongs to exactly one @ff. 1f II; consists of one rational prime D, then
the II/-sections of ® are the p-sections of ®. On the other hand, if I, consists of
7—1 rational primes, then the II-sections of ® are the p-regular sections of ®, where
p is the rational prime in II; not belonging to 1.

The following facts are easily seen:

4) Only Hysection of ® is ® itself, while the [I-sections of ® are the classes
K, of ©.

5) If I1,2211,, then each II,-section of ® is a collection of IIsections of ©.

1. 2. The IIblock B™ (1) of irreducible characters of ® which is represented
by an irreducible character Z; is the set of all irreducible characters Z; of ® such that
each X; is connected to Z; by a chain of irreducible characters of &,

x’i} x)\: Ty XPJ XJ:

in which any two consecutive X, and Zs belong to a p-block of ®, where P=DPowp is a
rational prime in II;. It is understood that each irreducible character X; of © itself
forms a II~block of &. We denote by B, B}, -, Bf}f the I1,~blocks of ®. If II,
consists of one rational prime p, then the Il blocks of ® are the p-blocks of ®. On
the other hand, if II, consists of #—1 rational primes and p is the rational prime in II;
not belonging to II,then the II,-blocks of & are the p-complementary blocks of (O}

The following facts are easily seen:

1) If 11,21, then each II,block of ® is a collection of II,-blocks of ®.

2) B™MY(1) 2B™(X) |UB™(%Y).

1. 8. Let N be a normal subgroup of & and let B2, BT, -, Bikmy be the N-blocks®
of irreducible characters X; of ®. It is well known that the classes of associated
irreducible characters 0x of N in & one-one correspond to the N-blocks of ®; we shall
denote by U? the class of associated irreducible characters of N which corresponds to
B, 1f we denote by @, the sum of all irreducible characters #, in U¥, then for each
irreducible character X; in B3

1(N)=50,(N) (NER),

where S;; is a positive rational integer.
The following facts are well known:
1) Two irreducible characters %; and X; of & belong to a same N-block of © if
and only if ZL(N)/%L:(1)=%;(N)/%;(1) holds for all elements N of .
2) If we denote by ¢® the character of ® which is induced by a character ¢ of
N, then
(G)= stLﬂ'x‘l,(G> (GE®),

X €B

3) Cf. (7). Cf. also (5] or [4].
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where 0, is an irreducible character in UZ. ,

3) If M2AN, then every N-block of & is a collection of M-blocks of @

4) If the order of N is prime to 7y, then every J-block of ® is a collection of
mnf—blocks of ©.

5 If II,=21l, then every u,block of ® is a collection of mnh—blocks of ©.

2. Il -blocks.

2. 1. Let £ be the field of g-th roots of unity and let Z be the center of the
group ring I” of & over 2. We denote by ¢; the primitive idempotent of Z which is
associated with an irreducible character %Z; of &:

o= SLOLGHE,
where G, is a representative element of K, and each class K, also denotes the sum of
all its elements.

Let p be a rational prime in I, and let 0, Dbe the ring of all p-integers in £,
where p is a prime ideal divisor of p in 2. It is well known that if, for each p-block
B, of ®, we denote by E, the idempotent of Z which is associated with B,, then the
idempotents FE, are the primitive idempotents of the center Z, of the group ring [, of
S over D, and that each E, is a linear combination of D-regular classes K, of &%

We denote by Es7 the idempotent of Z which is associated with a II ~block B3V
of &:

Ejr= >_e

X¢ € By 1Ly
We set
E;'=3) 61K,

(2.1.A) The I, blocks Bi” of ® are characterized as the minimal seis B of irre-
ducible characters X; of & such that (@) each B is a collection of q-blocks of ® for zmy
rational prime q in Il; (b) each B is not vacuous.

(2.1.B] ﬂan v can be different from zero only fér L regular classes K, of ® (. e.
classes K, of & which consist of II ,—regular elements). The [ multiplied by g/7; are
algebraic integeys. ’

PROOF. Since B;” is a collection of g-blocks of ® for each rational prime ¢ in
I f, B4 can differ from zero only for Il,-regular classes K, of ®. Since, further, the
/Ja » multiplied by £ are algebraic integers, the &/n,- Bs v are algebraic integers.

(2.1.C) If B is a set of irreducible characters L of © such that the coefficients B,
of

a - Z eL:E ﬁ,,K,,
%3 €B v

4) Cf. (8).
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are algebraic integers, then B is a collection of Il-blocks B3’ of ®, where a is a product
of powers of the rational primes in II, not belonging to I1,.

PROOF. If the [, are algebraic integers for an «, then B 'is a collection of
g-blocks of ® for each rational prime g in II;. Hence, it is easily seen from [2.1.AJ

that B is a collection of II,-blocks of ®.
As a special case, we have

(2.1.D) Only Il,-block of ® is the set of all irreducible characters X: of ©. Only
primitive idempotent of the center of the group ring of © over the ring of all rational
integers is the identity 1.

2. 2. Let I,={q, @, -, 4.} be an arbitrarily given subset of 171 and let P be a
Il,~element of ©. We consider the normalizer, @5 of Pin®. 1If Kl, B, = Kk are
the Il;-regular classes of ® (strictly speaking, the i ~regular classes of ® where 1 I
is the set of all ratxonal primes in II i ° which divide the order g of @5) then, for any
different a, g (1=Z¢, ﬂ<k) PK, and PKg cannot be contained in a same class K, of
®. Hence, arranging the classes K, of ® in a suitable order, we may assume that each
PKL, is contained in a class K, of © (a=1,2, - k) K, K, -, Kz are the classes of
® which are contained in the I,section &Y(P) of P in ©.

It is well known that P is uniquely expressed as a product

P:Q1, Qz; = Qu

where @Q; is the g~—factor of P (1<¢<w#t). First, for a II-block BiY of ®, we consider
the collection B (Q:) of g-blocks Bf* of the normalizer ®, of @, in ® such that
each B? is associated (in Brauer’s sense). with a ¢:-block.of ® which is contained in
B/, 1t is easy to see that B@{(Q:) is a collection of II/blocks of ®&,®. Secondly, if
we consider the collection B (Q,Q.) of g,-blocks B2 of the normalizer @5 of @€, in
® such that each B2 is associated with ‘a ¢:-block of ®, contained in B@(Q.), then
B(a)(Q Q.) is a collection of Il blocks of ®,. Continuing this process, we have finally
a collection B(a)—B(s)(P> of II,-blocks B of .

If we denote by E(a) the idempotent of the center Z of the group ring of ® over
£ which is associated with B(a), then we have

(2.2.A) For a=1,2, -k, we may write
e % -
K. B=3 ks
and

Zﬁ 2K

with the same coefficients BsLs.

5) Cf. (6].
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.. 2.8.9 According to [2.2.A), we obtain the following refinements of some of the
orthogonality relations for group characters.

(2.3.A) If L and M are two elements of ® which belong to different Il,sections of
S, then

> LLL(M™)=0
%X €B
for each I;~block B=B;” of ©.

(2.3.B) If X; and %; are two irreducible characters of ®& which belong to different
I ~blocks of O, then
2 1(G)1(GT)=0
éce

for each I-section =& of ©.

o

Combining 5) in 1.1 with Theorem 3 in (8), we obtain

(2.3.C) If B is a set of irreducible characters %, of ® such that
2 (LM =0
%;€EB
for any two elements L and M of & which belong to different Isections of ®, then B
is a collection of Il blocks of ©.

REMARK. Let & be a collection of classes K, of &. & is not always a collection
of Hrsecuons of ®, if

(GG =0

holds for any two irreducible characters X; and Z; of & which belong to different
IIblocks of O.

2. 4. Let X be the character ring of ® over £:
X=00 + 0L+ -+ 97,

The identity of X is the sum of # mutually orthogonal primitive idempotents d,, d,, e
d, of X:

1 (p=v)
0 (pd=)

where G, is a representative element of K, (v=1,2, -+, M). As is well known, d, is given
by

@ ‘ ;L= % Zn: '{i<G;:1)xi;

d;t(Gv) = {

where €, is the number of elements in K,.

6) Cf. Remark in [6).
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It is well known that if Si, S, -+, Si are the p-regular sections of ® for a rational
prime p, then the idempotents &y of X associated wilh the p-regular sections S, are
the mutually orthogonal primitive idempotents of the character ring

X°=DPX,+0;,X2+“'+D;,Z,,

of ® over the ring 0, of all p-integers in 2, where p is a prime ideal divisor of P in
o2.r

For each II,section &7 of ®, we consider the idempotent &y’ of X which is

associated with &37:

I
&l= 2> d,.
Ky;@,),f

(2.4.A) The Isections S of ® are characterized as the minimal collections © of
classes K, of ® such that (a) each S is a collection of q-rvegular sections of & for any
rational prime q not belonging to I, (b) each & is not vacuous.

If we set

3 - 6;1 I= 2 dﬁ{xh
then we have
(2.4.B] .af{ can be different from zero only for characters L; which belong to the
II ~block BY containing the 1-character L. The ayt multiplied by my are algebraic iniegers.
(2.4.C) If © is a collection of classes K, of © such that the coefficients o of B;zz;ed"
=Z ol are algebraic integers, then S is a collection of Ilssections @3 7 of ©, where B

is a product of powers of the rational primes in I,

3. Blocks with regard to normal subgroups.

3.1. Let N be a normal subgroup of ® whose order is prime to 7. We consider
the idempotents 42 of Z which are associated with the N-blocks BT of ©:

AE = Z ei-’
%€8%
We set
(4> d? =Z a?_va,

where a¥,€8£. According to facts mentioned in 1.3, we have

(3.1.A) @, can be different from zero only for classes K, which are contained in n.
The (N: 1)ak, are algebraic integers.

(3.1.B) If B is a set of irreducible characters L of © such that x%ﬁg e; is a linear
combination of classes K, contained in N, then B is a collection of N-blocks B of ©.

7) Cf. (11), (12). Cf. also (6).




&

| -

s

IR

CLNNIE

Some Studies on the Orthogonality Relations for Group Characters 117

Combining (3.1. A) with (2.1.C), we have

3.1.C) I f N is a normal subgroup of © whose order is prime to my, then each N-block

‘ BT of © is a collection of my-blocks Bs? of ©.

We set -
B . gl = Za, Wiy,

where @z ,€2." If M is a normal subgroup of & which contains N, then a¥, can
differ from zero only when either both K, and K, are contained in M or when both
are not contained in M. Thus we have

(3.1.D) If M is a normal subgroup of & which coniains N and if exactly one of
two elements L and M of ® belongs to M, then

2 L(L)X(M =0
, X €D
for each N-block B=BF of O.

3. 2. Let P be a IIelement of @ and N a normal subgroup of ® whose order
is prime to m;. We shall use the same notation, for this P, as in 2.2: @5; ff IN{Z, ey
K;; K, K, - K% Z; B@{ and etc. Since each M-block BE of & is a collection of
Il ~blocks Bsf of ®, we may define the collection %(g) of I1;,-blocks B 7 of & such
that each B 7 is contained in a B(,,) with BV B2, 1t is easy to see that each ?b?f,)
is a collection of Yi-blocks B of @5 where =N G. We denote by Af(a) the idempo-
tent of Z associated with 55(,)

Then, by [2.2.A] and (5), we obtain

(3.2.A) For p=1,2,---,k, we have
% .
K. 47=3>a; sl
v=1
and

~ ~ %
K. 4=>)a} K,
with the same coefficients a3, .
We shall say that two elements L and M of the II,section &7(P) of P in ®

belong to a same II ~subsection of P in @ with regard to M if and only if the following
two conditions are satisfied:

(@) For any normal subgroup M of & which contains N, “LEM” is equivalent to
“MEMm”,
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(8) For any normal subgroup M of ® which contains mﬂ @ “QEM” is equivalent
to “REM”, where @ and R are two IIregular elements of ® such that L and M are

conjugate in ® to PQ and PR, respectively.
Considering this construction for each P =PJY, we can distribute the elements of

® into a certain number of II,-subsections with regard to N. According to (3.2.A), we
can refine (3.1.DJ as follows:

(3.2.B) If L and M are two elements of ® which belong to different Il —subsections
of ® with regard to N, then

> L(L)L(M™)=0
%Xz €B
for each N-block B=TF of S.

(38.2.C) If X; and X; are two irrveducible characters of ®& which belong to different
Nblocks of O, then

(G (GTH=0
GEG
for each I subsection © of ® with regard to N.
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