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" A PROBLEM ON A RELIABILITY OF THE SYSTEM
WITH REDUNDANCY (1)
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§1. Introduction.

In this paper there will be given the formulae for the reliability function, the -mean
time between failure (MTBF), the variance or the relative improvement in reliability
of the system supported by many spare equipments such as machines, functional
circuits, components ect., wheré the equipment can be replaced as soon as an equipment
fails.

Suppose that the system consists of m-+n equipments independent to each other.
We assume that the failure of the system means the failure of more than n+1
equipments. In other words when m group with »n redundancy are given, m equipments
are used indeed as functional unit (main operating) and » equipments are used as
paralled or stand-by redundacy.

We shall treat in this paper two types of models. In model I, we assume that as
soon as an equipment failed, failure is detected, where in model II the failure is
detected only when the equipment is during the main operating, as the system is not

- equipped with the detecting functions on those which are in stand- by operating and
therefore it will never be repaired if it fails during the stand- -by operating. The model
I will be treated in § 3 and the model II in §4.

Throughout this paper we assume that reliability of the functions of detecting and
switching is one. We also assume that the time until failure and that needed for repair
are both subject to known distribution functions and all of those are statistically
independent.

The motivation of this paper is to evaluate how system reliability can be improved -

by introducing redudant units of two different fashions. The auther believes that the
formulae obtained in this paper are useful for the economical reliability designs of the
system. The author is now preparing a tables of the reliabilities in order make usefully
available at the disposal of those who are interested in the reliability design of electronic
system. The auther wishes to discuss the methods of economical reliability design in a
near for the coming paper.

§2. Structure of reliability probelm.

To characterize the model of reliability problem used in this paper, we may begin
first discussing the distribution of times to failure for the equipment. We assume that
the equipment is always in one of two possible states-good or failed.

The probability  R(#) that the equipment is good at time ¢ is called the reliability
function for the equipment. We assume that rehab1l1ty R(t) has the properties R(0)=1,
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R()=0, R(?) is twice. differentiable, and R ($)<0. B .

Suppose a compléx' equipment consisting of more than one stochastically failing
components, and assume the equipment is good only if all components are good, then
the ‘reliability function R(¢) of the system may be given by

@D  RO=Trw,

where 7;({) is the reliability function of the j-th part, as for the maintenance we

assume that equipment is always in one of two possible states-repaired and not repaired.
The probability M(#) that the equipment is repaired at time ¢ after break down is

called the maintainability function of the equipment. We assume that maintainability

function M(¢) has the propérties M(0)=0, M(oo)=1, M(2) is twice differentiable, and

M (#)>0. _ '

. We repeatedly use the easily verified relations

(2.2) R(D ____e—S:A(x)dz,

2.3 M@D—1—eSFO",

where
2.0 z(@:il%g‘l for R(x)>0,
2.5) poo:% for M(H<1,

and A(x) is called the failure rate. For the exponential failure and repair distribution,
we have

(2.6) R()=e™,
Q.7 M()=1—e",
where

2 and p are positive constants.

§3. Model I
- §3.1. Expoﬁential failure and repair distribution.

Let E; denotes the state that i equipments in the system of m+n equipments are
failure, and E,., means the failure of the system itself. The failure and repairment
are transitions from one state to another. The probabilities of transition from E; to
E;:, and E;-, during time interval (¢, t+h) are assume to 2:h+0(h) and w:h+0(k), and
those of the transition to other state are 0(h), where 2; and u; are positive constants.
This is nothing but a birth and death process as shown in Fig 1. Let Ri(#) denotes the
probability that the;: system:.lstalrting from the state E; remain within the states E,, E;,
------ E; until time ?. Among Ri(t) for.i=0,-=:-m, we have the following relations
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) (r . 2
3.1 Ri(t)=e‘("i+“f)‘+8 e M e PR, (t—7)dr
0 &

—SS Mk R,_ (IR (1—z—cDdede, | Geln e, *

T+T/ St
Ry(t)=e~2ot,

gy
Fig.

The first term is the probability that the system remain in E; until time ¢, the
second term is the probability that the first transition of the system is to Z;.; and this
occured between (z, 7+d<c) and then the system remain (E,, E,,---E;_;) until #, the third
term is that of the transition E;—E;_,—E; in the time interval (z, t+d7) and (<, /+d<")

and remaining within (E,, E,, -+, E;) afterward until #.
Let us put
@i ()= S e~*R(Ddt, G015 ),
(3.2) '
oz()={ "edRD), G=0,1,m).

By applying the Laplace transformation to Egs (3.1), we obtain

()=

1 it y — coe ~ )
s+2i+/li+s+)\i+#'£ (pi—l(s> S‘f‘z +/¢‘ 4)1 ;(9%(5), (l—liz’ ;n);‘

(3.3
@o(8)= S—i—l

As we have the relation ¢¥*(s)=—1+s¢;(s), we get from (3.3)

(s)= 1+ papi-i(s) _ 1+ 101 (s)
v S+ 2t pat par () SQH+ pspi1(8))+ 2;
_ Qin(5)—@u(s) . 1 -
3.4 - s Qin(s) ’ (=12,---,n,)
. : = —21: = —Q’L(S> ) — e
R R T O WO G=L2 e,
o (5= p
where ‘ .
(3 5>. - {Qo(5)=1,' 201(8)=(s4+ 2,
B . ZiQiH(S)5Qi(5>(5+2i+,ui)*—/«liQi—1<$>, A ) (1‘:1’2,"’7”)-

It is clear from (3.5) that the . polynomial sequence @Q,:+,(s), Qn(s), -+ Q:(8),-€(s): are
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modified Strum’s function. Hence, from. (3.5) -and modified Strum’s theorem, the
polynomial @;(s) has ¢ distinct negative real roots. Moreover from (3.5) it is clear that
(Qi+:1(5)—Q:(s))/s is a polynomial of degree . Hence

Qu(D=Qs) 1 Qu(®D=Qs) Ak
S

. i+1
Q1+1(s> S kH (_S—S};) ’
=1

(3.6 pi(s)=

where sp(k=1, 2, ---i+1) are i+1 distinct'negative real roots of Q;+1(s).
If we put i=n in Egs (3.1), we obtain the reliability function R.(#) of the system.
The impotant special case is when :

2J=(m+n—j)2, G=0’152y"'yn)’
@3.7
/.ll—’_—'l/l, (l=1,2,'“,7l-),

which means that the system consists of identical -equipments independent to each other
and the reliability of stand-by operating and main operating are equal. In this case we

have
Qo(S) :1,
(3.8 (m~+n)2Qi(s)=s+(m+n)2,
(m+n—:i)2Qi+1(8) =Qi()[s+ (m+n—i)A+inl—ipQi-i(s), (1=1,2,"-+,m).

By applying the inversion theorem to Egs (3.6), we obtain the following theorem.

THEOREM 3.1. The reliability function R,(t) of the model I is given by the following
Sormula

n+1
(3.9) Ru() =22+ An 2 _QCsm) &,
m=1 m(sm)

where

n+1
P(s)=T1(s—8:)=Ala" 2@ +1(S),

: "ﬁl(s—si)
P,(s)=-"= __PG) Q(s);.Qm(s%Qn_(sl,

(s—Sm)  (s—sSm) ’

ahd Q.i(s) aré given as (3.5) and given as (3.8) specially when (8.7) holds and s:.(i=1,2,
v, n+1) are n+1 distinct negative real roots of Qn+i(s).

Next we calculate the MTBF T+, of the system.
Let us put ’

T¢+1=S:°tfi(t)dt, il =FuH=1—RLOY)s

then
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(3.10) nH—S tf,,(t)dtu—S tR’,t(t)dtzlimgon(s)
_ ﬂn(Qﬂ(&) Q.-1(5)) ; . 1
1"1_1;1;1{ o [ +Qn(s)]} Qn+1(s>
R Y N . Y
- ;»n /27, " )n Il=1gJ=n—-(- l)#‘?]-n z d
where
T1=1im Q)(SD_Ql)(S) =i_
P A
@ o QE)Q()O‘ Qiii()—Qus) _ 1
—1: i+1(8) — & (S i+1(S (S Y27 4 i
T"“—li-rfol s lho el A & T G=12m).
From (3.5)
(3.12) 1limQ,(s)=1, : (1=0,1,-,n+1).
>0

Specially when (3.7) holds then

(3' 13) Tn+] :L2m+nPn—k 7l})k/lﬂ—k/lk/m+7z})ﬂ.+l)s””‘—1
) k

(m—Ha)'(n k)1 2k :

=(m—1)! nE

Our result may be sumarized in the following theorems.

THEOREM 3.2. The MTBF T of the model I is given by

1 7 1 n n
1 = e Mo 1 /T 2,
<3 14) T 1 ]Vn + /271 T /27; +Z-EI.7-1LH(Z 1)”{7-13 z &
where
1
Tl'_' 7\0_* )
1 i .
Tin=—-+41T, (i=12,m),

and, specially when (3.7) is true, is given by

k

(m+k)'(n DIV

(3.15) Thii=(m—1)!n! 2

THEOREM 3.3. The relative improvement AT ;.1,1+, in MTBF of the system when number
of spares increas from j to l is given by
Aj 1+ w7,

) Lo _ % 14+4Ty LAY e ey
(3.16) AT 11, 101= T~ 2 Tty . (U=j+1,n,j=0,---,n—1),
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and, specially when (3.7) holds, is given by

l k

kuo (m+kR)! (l k)1 2541

(317) ATJ+1,Z+1=1PZ—J’ *

= (m+k)'(J DIVas

where Tj.1 are given as (3: 11D).

In order to calculate the variance, let us put
(1= 0ADdL,  JD=FD=0-R®DY,
then
(3.18) E.,-H(T2>=—SjtzR;a)dt:—zEro@;(s)
——21im{[ Qi+:(8)—Qu(s) :l 1 R ORZONEYNO) }

S Qiri(S) S (Q;, (D)%)
(:=0,1,---,;).

§>0

Hence from 1lim@;.;(s)=1. and lim —@“—<s>~:&(s>—=7‘mfor i=0,1,---,n, we have
80 0

(3.19) Ein(TH)=—2[Bis1—Ti+1Asn], (i=0,1,---,m),
where

| A=, A= Au=1im@,, (9= e B (i=1,2,m),
(3.20) y - ‘ ’

] Bt (=0 )':o, B lizn (2= QU >’= mBetdc

(=1,2,-,m).

Specially when (3.7) is true, we get

A0=0: A1='(m—_iyl—)2_, A’i+1 [1+Z’U<A (ﬁ;‘_&j;ig;’;—l—n—z)AAl] <i=1y2,”'yn)9
(3.21) o
| Bi=0, Bun= 2B L (i=1,2,1).

(m+n—i)2’°

Thus we obtain the following theorem.

THEOREM 3.4. Variance V.1 of the model I is given by the following formula

(3.22) ‘V-n+1= 1L+1(2An+1_ n+1)_23n+i

where Aivr, Bisr and Tis are given as (3.20) and (3.14), specially when (8.7) holds they

are given as (3.21).

neafil
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EXAMPLE 1. In case when m=n=1, since then A,=22, A=2, and =p,

WO=1,  Qo=-12D

U= s B 41, QD=0 _ s4224n

The roots of Q,(s) are

5= — B+ )+ VB 6aut 2 , = — B+ 1) — V4 6ut 2

2 2
Hence
_ S]+21+,Lé 87 SZ+22+/‘[ Sot
Rx(t)“ S8 et + S2—S; e
G, VR 6dut it 2ty o V624
_ ; 5 ! ; 2y ) M p
é [COS 2 s V22 4+62u+ p? s 2 d

On the other hand,

W _ 224p
Tz—l:_{’ol%(S)— o
AT12=1+2%,
2 3 1
Ve=T:(2A,—T>)—2B,= {2—4 + —2% + -

EXAMPLE 2. In case when m=2 and n=1, since then =32, =22 and =,

- $+32
Qo(s) =1, Q1<s>= T ’

Q) = [+ (524 s +627],

Q()—i(s) _ s+32+n
s - 622 :

The roots of Q,(s) are

_ =G24+ VR+102u+ 12 o =B+ 1) — VI TI0u+ 42
1= y 2= .

S 2 2
Hence
. _ Sl+31+/l . o8t 32+32+/.l 3ot
Bl == e e
ROEM VBT Atu VI 10Aut }
_ ot 3 AT M ¥ : £TH
=¢ {COSh 2 At R oaat e S 2 I

"~ And also we get
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To=lime(s)= SH;# ; 3

>0 62 )

i ;

AT12= 33_;# ’ ,

_ e op_ M 5p 1

Vz—— Tz(ZAz Tz) sz— 36)»4 + 1823 + 422 % g

§3.2. General failure and repair distribution.

In the previous §3.1 we considered the case when the distributions F(¢) (=1—R(%)), 1

M(t), are both exponential. Here we consider the case when |
—St)\(z)dx
F()=1—R(f)=1—e 7° ;

(3.23) { e )
M@ =1—¢ §#",

From the method as in §3.1

T T BTN AT R T

£ 2 (Z, iz, z 1 AT z, 2 (Z. z
(3.24) Riu):e—gomc )+ i@ +S il §rni@ +pi@a Ri_\(1—2)dr
. :

_SS /‘i(r)e_Sg[’\i(”)+“i(")]de;_l(f’)Ri(t—f-f’)dfdf/, (1=1,2,,m),

LT+

Ro(=e d,

Let us put
¢,~(s)=S:°e"‘R,~(t)dt, (i=0,1,---,%),
or={"e-aran), =01,
1¢<S’1i’#5:Swe‘""férxiwwi(znrzzdt, ' Ty :

0 3
2¢(s,li’ﬂi>:S:Q,ui(t)e—s!-Sé[/\i(z)ﬂhi(x)]dxdt’ ) G=0,1,7500 ?
where Hy=0 :

By applying the Laplace transformation to Eqs (3.24)

(3' 25) q’i(s)=1(p(§s2iyﬂi>+2(p<sv)\iy'ui>(pi—i<s)_2(0(3:}\15"[‘['5)90:_1(3)(?1(5)’ (z=1,2,,n),

. —l-s— I\ g2z
ao(s)={ e Sy

0

Hence from (3.25)
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o (S, Ant) +20(8, 20,4 01 (S)

(3.26) @i(s)z 1+2§0(S,)‘i;/‘li><ﬂ?_l<5>
008, 20 - 20(8, 204 031 () e
RGO A OES B cy G=1.2, 2
S'e(s. 26, 14) +20(s, 24, 14) — 1 .
* — —
o 1 = G I ) L2

( w:(s)fswzo(t)e""'S oDy,
0

It is difficult to obtain the exact formulae for Yo(s,2,#5) and 2p(s,2;,M), but we shall

obtain the approximate formulae of these by inserting the appropriate functions (e.g.

)ad: )(I
trigonometric series) into e ~§oricaas and g~ J i@

We omit the details. To obtain the MTBF, the variance and the relative improvement
in rehablhty of the system will be left to the reader.

§ 4. Model II.

§4.1. Exponential failure and repair distribution.

In this section we shall treat Model II. In this model there are two kinds of failures,
as explained in the Introduction, repairable failure and non repairable one. Let us
consider a system with m+#n equipments and the system is good only if at least m
equipments are good.

Let us Er+»~J denotes the state that i equipments in the system of m+n equipments
are in the repairable failure and m-+»n—j equipments are operating, and when the system
reaches one of the states Ep-(h=1,2,---,n+1) it fails. The transitions from one state to
another are caused by either the occurance of failure or the accomplishment of repair.
The probabilities of transitions from Em+n-d to Em+n-(i+D, Epi»=W+D and Er+t»-%- during
time interval (¢, t+4) are assumed to given by (2,— 2)h+0(h), 2.h+0(h) and #:h+0(h)
respectively, and these of the transitions to other state are 0(h) (Fig 2), where 2 2.
and u; are the positive constants. Let Rp*7=9(¢) denotes the probability that the system

starting from Em+n=d remain with the states Eptnt (I=k+j—i, k+j—i+1--j; B=0,1,---7)
at time {. Among R7**9(¢) (j=i, i+1,--n; i=1,2,-- ‘n) we have the following relations

, - =e_()\j+,4,i)t+Stﬂie—()\J%’l‘i)TR:Iin_tﬂ'(J‘l)(t-_.T)d-[
0
+ \\ - @g+uor
wn rirrs :
[ng’??f D) (PRIt —r—/ )+ pid= ii:_lRZ‘f,"“j(t—r—r))]dfrdr’,
U=ti+1,m;1=1,2,---n),
Rp+n=d(f)y=e¢—2¢, (j=0,1,--,n),

where pji is the conditional transition probability from Ertn=d to Ep+»-t (k={, {+1; .
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I=j+1; j=i, i+1.--n—1; i=0,1,---n—1) when the failure occured at the state E***~9 and
gm+n=d()dt is the transition probability that the system starting from E}**»~J remain

ih

with the state Ep+»~t (I=k+j—i, k+j—i+1--, j; k=0,1,--i) and are transition from
Ep#n=d to Eptn-UtD or Epin-W@+d (p=0,1,---,4) during time interval (¢, #+db).
Eélh“n
E;n&n—l E')rn-"n—i
Ez‘nn.—z E:an—z .

Ad .
. .
. -
.
.
.
.
. . .
.
N . Eptn=t-n .
. /li °
mtn—J
. E; Misy .
. =] A .
- m+a—(j+1) m k= (G+1),
. .
.
L]
. s & . ° L
L]
5 e o . .

Er  Er Er,_ Er Er, ' Er

down \E’" Er'e o o Epy EMO EY 6 5w wovw o« BxE
Fig. 2

Among gr+»-9(¢) (=i, i+1, ---n; i=1,2,---n; h=0,1,2,---7) we have the following relations.

m+n J(D__SS L e~ (/\ +p.7_)7[gm+n - 1)(,L_l>p27_ J m+n J(t_T_T/)
T+1/<E
+ 33 (i gD+ BRI (gt~ e e ded,

4.2) (j=i, i+1,--,m; i=1,2,---n;h=0,1,---i—1),

g;’;"'"—‘i(t) __—:Z&ie"()\d‘*l“‘i)t.{n SS /lie—(Aj+p.i)7g17:71+1:&:i(J—1) (T’)p{:]1ggﬁ+”_j<t - ‘L'l>deT’,

T+7/ S8t N . . .

G=i, i+1,--n; i=1,2,-n), 1

gg(;.-{-n-j(t) :zje—)\jt, ' (]30, 1, o 'n).

Let us define
@rni(s) = S e~Rp+ni(Ddt, =, ity B0len)

‘ . A - ]

(4. 3) , (p:m+n—j<s>__=s —"th;""H'_j(t), 4 U:z, i+1,ﬂ; 1_—:0,1’n> :
mrnmd(s)= S e-stgmin=d(f)dt, (=i, i+1,--m; i=0,1,---n; h=0,1,---0) {

B :

i
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¢7t"I(s) and ¢mn=9(s) are the Laplace transform of (4.1) and (4.2), and are given by

“.4)

mt+n—g — 1 Hy n
NS S P I I oy B 4 ot e lx(S)

/‘[1_ o 4
S B B e )+ . XA O))

=i, i+1, -n; i=1,2,--n),

-+

1

(p:)n+7z—j<s)= s+2j s <]=0,1, -..,n),
VRIS = RO p n(s)

i_l . . . .
B B+ A O],
U=i, i+1,--n; 1=1.2,n; h=0,1,--'i—}),

; i 7
m+n—g _— J Z m+n— (.7 1 J—1J m+n—Jg
‘/’ii (S) S+2j+/li + S+12j+/l' ¢1, 19— (S)p1 1% \L <S>»

=i, i+1,--n; i=1,2,---n),

m+" J(S)— +1 ’ (j:()’ 11"'”)-

As we have relation QFmInmI(8) = —1+spmtn=d(s), we get from (4.4)

4.5) |

m+n J(s) .

i_l . e o
LA OO0+ 3 (WP 9 (1 9+ gD -(s)
S O e e

grrnI(s)=
K3

QUHO-PIN 1 o
- 5 N OR (J—l,_z—l-l, n; i=1,2,n),

. . 1
<P;'~+n—4($):_2jQ{+1(g>, (= 0 1 )

P = (= 2 AL O+ S U O Asipg  4 gtm-pliDe )

+ 3 R OB PO T s+ ZgH =TT (s)

— Po+1
- Gty i+Lem; i=1,2,m),
q08|<7n+n—.7(s>:_QJ_'H($>, <]=0,1,"'n>,

e D O R O )

¢3+n—d<s>_

S+ A+ My — s pd Z )¢ =0 (s) ’
=i, i+1,--n; i=1,2,-n; h=0,1,---i—1),
ARG N A oo (=4, i41, ;e §=1.2. 0
Qmn=d(s)= ST 2 =1, R T O o U=t,.i41,n; i=1,2,---n),

-1

'=0’1’... .
QJ-H(s) ’ (-7 n)
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where .. S . :
I9=0, QIF(H=Pj*()=1, G ()=(s+2; (j=0,1,n),
n9()=0, limggm/()=Lf, (=i, i+ 1y i=1,2,n; k=0,1,-1,),
2QITO =LY (s 2+ Hem BB O (RIS TL G479,

(4.6) | (=i, i+1,-m; i=1,2,0),

AP =LiAU— s 3 (W 9B 9+ 9ramf ORI T QE(S)

i+1

+ 1T PHST GO QTIPS T O 0RO B+
(G=i, i+1,n; i=1,2,--n).

The reliability function can be obtained by putting i=j=n in (4.1). The case when the
following hold is impotant. )

2J=Cm+n_’j>2, :ul'——‘—'l/", (.7::0,1’71'1 l=1’2,"';n>1
i (n—j+1)2 n—j+1 .
J—1d = B = = . =
(4. 7) k—1k—1 (m—}-n——]'-i—l)l m+n_]+1 ’ (J k’ k+1; 375 k 1!2: n);
o - m2 _ m e e B=1,2,--
pz—l% (m+n__j+1)2 = m+n—j+1 ’ (J k: k+17 N5 k 1’2; n)-

" This is the case that the system consists of equipment identical and independent to each
other and the reliabilities in stand-by operating and main operating are equal. In this
case we have

$i25=0, Qi+ 1(s)=Pi*()=1, (m+n—7IQL"*(s) =[s+0m+n—52],
(].:O.l,"‘n),

grin=i(s)=0, limgg+"=I(s)=L}, (j=i, i+1,--n; i=1,2,-n; k=0 1,--3),
s>0
C(m+n—7)(m+n—j+1)21QI ()
=Li-;-{Cm+n—j+1)ES+(m+n—j)2]+iu(m+ri—j+1—mL{:,‘,._1)}Q,{(s)Lﬁng“(s),
=0
: o (=i, i+1,-n; i =1,2,-n),
4.8 Con+n—(m+n—j+1D2IPIL(S)

L COm+ n—(m n—j+ Da—itt 5 (=i DP9
+m m+n—(.j—1)(s>)]Q_£(s>éoQ.zﬂ_i_[iﬂ(m_{_n'__j_l_1)P{(s>kﬁ[‘)Qi+1(s)

i—1k-1

FQIIPIFIS) T Qs
=0 Exl+1l

- ((n—j+ 1)¢’2"_+1’['(j")+m¢2"_‘§225""")(5))]} »
(=i, i+1,-m;i=1,2,---n).

Consequently we have proved the following theorem.
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THEOREM 4.1 The Laplace transformation ¢*(s) of the reliakility function in the model

II is given by the following formula

o QEEO-PIE 1
S)= = .
s 5 T

where Qrr1(s) and Pri\(s) are given as (4. 6) and spectally when (4.7) holds true they are

given as (4.8). The reliability function can be obiained by the inverse Laplace transformation
of the above functions.

Next we calculate the MTBF 77:! of the system. After some simple calculation
we may derive the following identities

m@fr(=1, (=i, i+1,-n; i=1,2,---n),
(4.9 .
EmPiHe=1, (=i, i+1,--n; i=1,2,--n).

Let us here put
Téti=limgm+n-d(s),
8$—>0

then

T9:1=1lim

T+1
>0

[foi‘(s)—Pﬁl‘(ﬂ 1 ‘l=1im QI —Piti(s)
S Q‘ZL‘(S)_J 550 S
J

=1g§1 /:;s {Es+ui—#ipi:yc/x;"_*,;?:fﬂ‘”(S)+ﬂ3§(¢;"_i7“““’(3);7;”

-1
T—1l-1
=0
(4.10) (GG gD )
—lim [Qg: 1T Q3+1(s)+ 24 11 Q4+(s) (M)
A; k=0 k=0 v S

>0

=1 j+1 —PJ+1 i
+uiQ-g(s)l§O‘, (M)L 1;[+1Qi+1(5)(¢?_§7—<d—1)(3) ﬁz—u_;_ ¢Z"_J§?:fj"0(5) j;.li_—ll

Y . -1 . . . . . :
LATL+ AT+ 48 T LI A 5L D)
_ =

where
1 ) .
= Lt G=0.1,--m),

A
ZJ+#1—/1.,]§{_”L‘7_1

=12 ~¢—-1i-1

T9+1(s)=Ilim

J=limgm+7-9(s)=
30 $>0

Q{“(@—PE“CS)’ I
s T

La=limemen=i(s), G=i, i+ i=1,2,m; k=0, 1,--,i—1).

FOE T ONICUN T CL (O —IP (D@L D+ QIS TPI(S) T 045
= = b l+1

3
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Specijally when (4.7) holds, we have’

: j+1— _—1._ =
(T{ (m—i—n—])l ’ : (.7 0: 1, n)x
(4.11) Li{(m+n—j+ 1)(1+iuTg‘)+i/!:z}—1 Tl n—f+ DLz, +mLiZ} 0}
=0

’

Tdr1= . -
vl (m+n—(m+n—j+1)2

(=i, i+1,--n; i=2,3,---n).

Hence we obtain the following theorems.

THEOREM 4.2. The MTBF Tr*! of the model II is expressed by

n—1
Lo+t T+ 2 LR Gt P 5 ) Bt PRON
4.12) Trii= o :

where T+, L3, and T3t} are given as (4.10), and given by

n—1
L3 T(m+1)A+ntT) +nk ]Zz Tri(Le,+mLesy, )]
n+1l_— =
(4.13) e m(m~+1)2 i

where TI*, T4+ and Ti}! are given as (4.11), when (4. 7) is true.

THEOREM 4.3. The relative improvement AT jiw in MTBF of the system when the

spare increase from j to I is equal to

-1
Tre BLUCVFAT i 3 TP Lt P L)

<4-14). ATJ+XZ+K= Tfyill = ] K J-1 . . .
v QLI L1+ #T+ My z% T‘Z:}(;{l"JL§:§,+jJ;’:1’;’LjZ}l_l)] ’

where TI+1 is given (4.10), and equal to

i+1

-1
e LiLmADA+ETH 14 3 T (Lt mLiZ )]
(4.15) AT jr1p01= T.lyilx = ] k-J'-—O\ = ; ]
I LI on A DA+TD +i# 2 TSm0

where TI*', T and Ti;} are given as (4. 10), when (4.7) holds true for n=I and n=j.

i+1

Now we calculate the variance.
Let us put

ER(T= Swtzf:‘*"‘*’(i}di’ (fprr=d(®)=F -3 =1—Rp9()",

then it follows that

PRICH

Rttt

st

o
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J E{:;(TZ)=ZSNtR;"+"‘-7'(t)dt=—211m<p’m+""~i(s) :
o 520

(4.16) :_mim[(Qﬁ;(s)—Pf:;(s))' 1 (@QHE—PRI) Qé_it’(s)]
520 S QZI%CS) S <Q-;.'7:11(s))2
=—2LCHH~TIHAL;
- where
. . 7+1 _Pi+l
A =1imQ9*1(s)= L » BIM'=1imPy+1(s)=0, T{“=1im<w)= 1
350 A5 $0 s3>0 S Aj
(j=0,1,--~n),
j+1 o j+1 ! i . Y s
=i (FOTHON o, pymtimggrrmsco, G=0, 1),
>0 . 8
1 .
| Dgy=limgip-s(s)=— -, (=0, 1,---n),
8> 'J
i ZJ J —1; m+n—J P P 'm+n-g
| e g, D e (9, Di=limulp =405,
; G=i, i+1,n; i=1,2,m; k=0,1,-i—1)
: i a i i~
Df=limg/pn-i(s)=—L PR DAWY (G, i,y i=1,2,0m),
$0 g .
) - e S (1—npd=¥9pd-1
Affllzlllei+1’<5)=(Af+ EAiI})“f‘ L"<1 p‘[, 12— 4-11 1) ,
80 k=0 2,_7'
=i, i+1,--n; i=1,2,---n),
(4.17) ' '

| Bin= HmPE () =L (LQ—Hatizif LIl DA+ 1 Bi—pi19Dd),

’ i+1;
< i-1 . . .
FLA AL DT 5 ARt 5 LS BY L DB - ALDT 2

. . i—l . . . . . Py .
o (@I Pisi(s) | LIHATI S T 9L+ 49T
T =1im ( ) = ' 7 2

520 s
G=i, i+1,n; i=1,2,-n),

i+1

i+ —Pi+ ! i .
Citi=lim (M@“l(s) £ 5“1(5)) —LE{ AT+ ACI+ (L4 #TD 31 A"

$>0 N
i_l . . . . : .
2 J—1 £d-1 -1 d~3
+ 4 g (L-z—npu ~7+L;?_”_1131_1;7

@ . . -1 . .v : *3 . . . .
PO TR (33 AL+ AD I+ 3 T DIz b9+ Dz 4470} 2

U=i, i+1,n; i=1,2,---,n).

Specially when (4.7) is true we have .
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1 1

bl — = j+1 — S j—
Ll s Bi+1=0, T9 Ry (4=0,1,--n),
. . . 1 .
+1— J — J = " ... SRR L, LT = ees
Ci*'=0, Lj=1, D}=— ¢ =, =57 (=0, 1,--n),

J— (m+n—7)(m+n—j+1)2
w (m+n—j)(m+n—j+1)2+i#(m—f—n—j—f—l—mL{:}‘i_l) ’

(j=i+1,-n; i=1,2,--n),

L

Di=— (m+n—j+1—imtDiZ} DL

i (m+n_]><m+n“‘]+1)2 ’ Ozl’ 1+1,7l, 1=1;2,"'n);

L{;(m-l—n—j—!—l—imﬂDf—_f«:—x
(m+n—7(m+n—j+1D2  ~’
(G=i,i+1,-n; i=1,2,~n),

i-1 .
Afn=(Ai+ ZALD
=0

Bit1=LI{[ (m+n—i)(m+n—j+1D2—imuLiz}_ A+t (mtn—j+DB]

i+1

s —mD{:}i_lj—l—[(m+n—j)(m+n—j+1)2+i#(m+n—j+1—mL{:{i_1)]k§ Ag+

- i-l o . o . - -

+ i E[(n—j—k1)Lt3_‘1‘,+mL-{:1‘,_1[(B;’:}—Ai:l‘)}/(m—i—n—])(m—i—n—]—l—l)z,

(G=i,i+1,-n; i=1,2,--n),
-1
LY, ((m+n—j+ DA+irTH+ir ST (n—j+ DL +mLIZ) )
Jtl— 3 = .

T (m+n—7)(m+n—j+1)2 ’

(j=l: 1'+1’n; Z=27 3,7’1),

Gt =L, (Omh m—j+ DAL HECD + (mdn—i DA+ AT 2 AL
=0
i-1
+in 3 [(n—j+ DLz +mLiT ]
=0
i -1
CTCHA TR AP+ AD+is S TIRI(—j+ DDz,
t LI+ -

+mDi=,_ 1/ (m+n—i)(m+n—j+1)2
(G=i, i+1,-m; i=1,2,-n).

We have obtained the following theorem.

THEOREM 4.4. The variance V! of the model Il is given by following formula

n+1l

(4_ 19) V’n+1:Tﬂ+]

n+l n+1

(2An+1__T’n+1)_2C;r::{’

n+1l n+1

where Ti+:, Ad+1 and Ci*3 are given as (4.17), and given by (4.18) when (4.7) holds true.

i+1? i+1 i+1

EXAMPLE 3.

' . ; 1 »
For the case m=n=1, since then 2=22, k=2 and p="Py= "5, we have
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Qi(s)= 5+070 _ s+27 , @(s)="T4 S+)1 =~s_+i,

2 ’

Q)= (s+D*(s+22+44) ) —Pi(S)  (s+2D(s+1+4)
£ zI+E) s R

1(s) = Q) —Pi(s) . 1 (sH2D(s+2+4)
= s Qi) ~ (s+ DN st224 1)

which leads to that

iz A
1 —= 5N -\t k A p—(A+w)2
Ri(#)=e~*+ FETRL A R [e~+me_17,

20+ 2048
222+ TR T2 )

16 2(11—4Dx  2(1—2)m
@07 T e TRy

Ti=

Vi=Ti(24;-TH—2Ci=

_§4.2. General failure and repair distribution.

In the previous §4.1 we considered the case when the distributions F() (=1—R()),
M(t) are both exponential. Here we consider the case when (3.23) holds. By the same
method as in §4.1 we get

. — (e i(@)1a : = {TIA j @)+ @) ;
R:."”_"(t):e' So J@ +pi(@] z+ S 2(e So G@) + g (2) zR;,,j!n_(J—x)(t_z.)dT
0

4 P (T>e—gg[/\j(x)+p.1;(x)]dz
%
T+7/ St

3 SO UBHRE ™9 e )+ B Rt dede,
<]=Z, z+1,n, i=1, 2,"'71),

- (2 j(@az .
Rm+n=d(f)=¢ firs@a ] s L,
(4 20) :7/:+'n J(t)_ SS l’%‘(f)e“ o[)\j(z)+#i(x)]dz[gzn-;-:; 1(.7 I)CT/)pJ: m+7L—J<t_T_T/>
T+1/ <t

+ E(pg 1.] m+n - 1\(T/>+pJ 14 mtln_—l(j I)CT/))gm+n J(t_,z._r/)]dz.dfl’

lll

U=i, i+1,--n; i=1, 2,---n; h=0,1,---i—1),

—(Za e (7 a0 .
gg*"‘-"(t)=lj(t)e Sot}\J(Z)+F1\l)]dZ+ SS /“iCT)e SD[)\J@)ﬂL,(x)]da:

T+7/LE
- grir N pIn i gm it — 7~ ded,
=i, i+1,--n; i=1,2,-n),
. -2\ s(@az )
ErtmI()=2;(De §orge (j=0,1,-2).

Let us put
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m+n JCS):S —stRm+n J(t)dt ¢:m+n_j(s)=S""e_sng;ni-n—J'(t)’
0
(=i, i+1,~-n; i=0,1,--n),
gmrn=d )=Soe—“ men=d(p)dt, Gmiy i41,m; §=0, 1),
® _st—( L\ sz i(2)1dz
.21 Yo(s, A1) = Soe =S ima i, GG=i, i+1,n; i=0,1,n),
© —st— (2 (2 i(x)1dz
2(s, A ) = Sﬂt(t)e st— (A 4@ +pi(@1a a1, (=i, i+1,--n; i=0,1,--%)
0
3(s, g, h) = Sl (e —st— SD[AJ(Q:)+P~L(2)]rizdt (G=i, i+1,-n; i=0,1,-n)

where #,(x)=0
By applying the laplace transformation to Egs (4.20) we obtain

(4.22)

Q-1
(s, Ag,14)+ 2(s, g, Ma)pr = =)+ 2e(s, 2j,u¢)\,3( mn=(G-D(g)pd 10 gmta= G-Dpd =W jgmrn=d(s)

O zo, J¢:"i¢:§j'”<s>
(]__z’ z._*_]_ RN 7S i-_::l’ 2,...7‘)’
@rmrn=d() = {—14+2(s, 5,45+ (s, 25,11+ @fm = I72(8)

¢;"+7L-j(s) —

+ 2<¢m+n G- D(S)ﬁ" 194 :’[4;:—-(‘7 1)(S)pJ 14

=+ ,§°C¢2’1iif‘”“’(s)pz.';‘“r¢;’:ﬁ;:$"”(s)pi:}£)w min=3(8)} /1—pi= 8% (s, 24, MO,

_ (=i, i+1,,m; i=1,2,-n),
3 ="0(s,25,0), (=0, 1,1,
¢3‘"‘+”_j(5)=—3(0(5»2j,0) (j=0, 1,+-,m),
*o(s, mwzw R R OR S i avetl ON Al

1—pi717%0(s, 25, D722~ D(s)

A O
G=i, i+1,m; i=1,2,-n)

3
mn-d(g) = (s, 24, H4) o
rmIs) T 377005, PP TS (=i, i+1,--m; i=1,2,+, 1)
gmrr=I(8) =3(s,250), (j=0,1,-, ).

And we obtain the ga""‘*""’(s) by applying the same method as in the §3.2.
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