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§ 1. Introduction.

The purpose of the present paper is to show a generalization of a theorem related to
the reliability of a system previously discussed by the author [7]. It is assume that the
system we discuss is supported by several spare-equipments and an failed equipment can
be switched on. a spare as soon as the equipment fails. . In such a case, a reliability
function is defined and the mean time between failure (MTBF), the variance, and the
relative improvement are extensively obtained. A problem concerning a mulitistage
allocation of the reliability is also discussed as an application.

Suppose that a system consists of m+# equipments independent to each other. We
assume that the failure of the system means the failure of more than »#+1 equipments
and the m+n—i equipments are operating at {=0. In other words, when m group with
n redundancies are given, m equipments are used actually as. functional unit (main
operating) and z equipments are used as paralled or stand-by redundancy. The above
mentioned system is called the system with group redundancy.

We shall treat in this paper two types of models. In model I, we assume that as
soon as an equipment failed, the failure is detected, where in model II the failure is
detected only when the equipment is during the main operating, as the system is not
equipped with the detecting function on those which are in stand-by operating. The
model I will be treated in § 3 and the model II in §4.

Throughout this paper we assume that reliability of the function of detecting and
switching is one. We also assume that the time until failure and the time needed for
repair are both subject to known exponential distribution functions and all of those are
statistically independent.

'§ 2. Structure of reliabﬂity problem. .

To characterize the model of reliability problem used in this paper, we may begin
first discussing the distribution of times to failure for the equipment. We assume that
the equipment is one of two possible states-good or failed.

The probability R(#) that the equipment is good at time ¢ is called the reliability
function for the equipment. We assume that reliability R(¢) has the properties R(0)=1,
R(=)=0, R(¢) is twice differentiable, and R/(#)<0.

Suppose a complex equipment consisting of more than one stochastically failing
components, and assume the equipment is good only if all components are good, then the
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reliability function R(#) of the system may be given by
2.1 R(H)=T7r;().
J

where 7;(£) is the reliability function of the j-th part, and on the other hand as for the
maintenance we assume that equipment is always in one of two possible states-repaired
and not repaired. ‘

The probability M(#) that the equipment is repaired until time ¢ after break down is
called the maintainability function of the equipment. We assume that maintainability
function M(?) has the properties M(0)=0, M(eo)=1, M(2) is twice differentiable, and
M'($)>0. . :

We repeatedly use the easily verified relations '

2.2) R(D=¢ §r@=

(2.3) Mt=1—e$ s

where

2.0 2x)= _éilii‘) for R(x)>0.
(2.5) "C")=1——% for M(H<1.

and A(x) is called the failure rate. For the exponential failure and repair distribution,
we have

(2.6) R(t)=e ™.
@.7 M) =1—e,

. where 2 and # are positive constants.

§3. Model L.

Let E; denotes the state that i equipments in the system of m+#» equipments are
failure, and En.+: means the failure of the system itself. The failure and repairment are .
transitions from one state to another. The probability of transition from FE; to E;:+: and
E:-1 during time interval (¢, t-+h) are assume to 2h+0(k) and #:h+0(k), and the probability
that during (¢, #+A4) more than one change occure is 0(k) and the pfobability of no
change is 1—(2 ~+#)h+0(h), where 2,>0, #,2>0. This process {X(#), £=0} is nothing
but a birth and death process. Let :

3.1 F;;($)=P{X(z)=j for some 7, 0<z<t| X(0) =i}, i,
(3.2) | Fu(f)=P (X(c)i, X(c,)=i for some 7, 7, 0<r,<7,<t| X(0)=d]}.

Hence, Fyu(?) and Fyu(f) are the first passage time and recurrence time distributions,
respectively. In words, Fy(f), i==j is the probability that the system starting from the
state E;, visits E; at some time before #, and F;(#) is the probability that the system
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starting from E;, leaves E; and then returns to E; some time before 7.
Let

(3.3) u(D=P{X(H)=Fk, X(s)+j for all s, 0<s<2| X(0)=i].

It follows from the stochastic continuity of {X(#), =0} that ;pua()=0 if i=j or k=j.
These probabilities are well defined on account of separability of the process. We
observe that

B4 Foy(D)=1=33 spu(D), i,

For fixed j, the matrix (jp) is a substochastic transition matrix; [1]

3.5 23 spar(Dibm($)=sPu(t+$).

-It is unnecessary to exclude j from the summation since corresponding term vanishes.
It follows at once that

(3.6) - Fiy(s+D~Fif) =5 sba()Fas(D), i,

Hence an application of lemma 2 in [1] shows that F,j(t) has a continuous derivative f;; ()
satisfying

@7 fils+ =31 (D fus(D, #€(0, o).

It is clear that F;(#) has a continuous derivative fy(#) on (0, ), since the recurrence-
time distribution is

.8) Fu = () Pt (2 ) FuFeniD).
where

Fu(f)=e~Qivmor,
and * denotes a convolution.
It is clear that
(3.9 P{X(s+1)=i for all ¢, 0<c<t|X(s)=i} =g~ Cu+ror,
we define the reliability function. Let us put »
(3.10) - PR=P(X(DEO,1, -, n) for all 7, 0<e=<t| X(0)=i}.
(3.11) BR()=P{X(z)E(0,1, ---,7) for all =, 0<r<¢|X(0)=i},
(3.12) OR,)=P{X(2)EW,i+1, -, n) for all z, 0<c<¢t| X(0)=i}.

In other words VR;(¢), ®R;(f) and ®Ry(#) denotes the probability that the system starting
from the E; remain within the states Fp(k=0;1;---,%), Ey(I=0,1,--,%) and F;(j=4%,i+1, -,
7n) duning time #, respectively. The probability ®R;(f) is called the reliability function
of the system for the model I. By a standard enumeration of path it is found that



108

(8.13)

(.14

(3.15)

(3.16)

3.17)

where

(3.18)

M. KODAMA

t . . t :
‘1’R¢(t)=e’(”+“)’+5 ﬂie‘“““)’m}ei_1<t—f)df+S dvj”uie—<*i+“f>*ﬁ_1¢(v—f)<l>ze,~<t—v)df
0 0 0
t . t n
+S xie““““’*@?zem(t—f)dr+j dﬂS e~ QIEITE () D) DR(1—M)dr
0 ° . - Jo 0 .

b3
=(1)mi<t>+j (DRZ(t—??)f‘l-‘b(n)dv’ ‘ i=1, 21 ) n_ly
0 =

. (I)Ié(’(t) — (3)R0<t>,

(I)Rn(t> — (Z)R”( t) 2

. t z
<2>Ri(z)=e-<*i+w>t+j uie-oiwﬂﬂﬂ&_lu—f>df+j dﬂrﬂie‘("i*"i”ﬂ_u(v—r)“)Ri(t—??)dr
& 0 0

=@y <t>+j @p. (t)(”fn(v)dﬂ ' i=1,2,,m,
DR(£) =g~ M,
t t
(S)Ri(t)ze—(xwm)t_'_j lei_('\“"'i)"”Riﬂ(t-—T)dT'{-j dvjwlie"O‘”'Li)"ﬁﬂi(ﬂ—-T)(?’)Ri(t—-’?)dr
0 0 0

14 A
=<3>mi<t>+j OR (=D fu(MdT, =i, 1 gL,

0

AN®R.(D =g~ QAn+pn)t

fii+1<t>=zie-<*i+w>f+j a1 im0 o (T = s =,
=)\ie—()\i+ﬂ-i)t+j ﬁz+1(i 7?)(2)]‘;,(’7)6177 i=1, 2, m,

Sor(£) =g~

fii_1<t)=:uie_0‘i+"'i)t+ dvjﬂlie‘(“*“‘i)’f}ﬂi(??——r)fﬁ_1(t—77)dr,
0

=uie-w+wt+§ o (I— D) (DT, P

ﬁzn—1<t> :une—(ln+}l~n)t_

. t t
(l)mi(t)_;e—(xii-ui)t_i_j uie—()\i+p.i)'r(2)Ri__1(t__z.)d,z._{_j‘ zie—(Ai+;L,;)7(3)Ri+1<t__T)dz.’
0 0

¢
@y () =e" (Ai+ui)t+j #ie_O‘““)T(z)Ri_l(t—r)dr,

0

z
(S)Mi(t) =e—()\i+p~5)t+j‘ Zie—()\i+[.L1;)‘r(3)Ri+1<t_T>d.L_,

0

O R o= (i )(F*ﬁ (1)

(G4 ) Feenon,

@fry={ e tsowirf == (3 5) Prfernm,
0

g |
®F, (N =\ Lo QitrdTf, L (9— = Y #fies(D),

= onfur—edde= (3 ) FesfeonD) (»
Fi(f)=e~Qirpoe, 2

AR

B e ol
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and fu-.()dt and fi;+.($)di are the probability that after the system starting from E;
remains within states Ex(k=i,i+1,--,7), an transition occures from F; to E;,, during
time interval (¢, £+dt), and after the system starting from E; remains within states E;
(I=0,1,--+,7), an transition occures from E; to FE;.;, during (¢, {-+df), respectively.

The equation (3.13)~(3.17) are renewal equation. By a theorem 9 of [2] P 178, we
deduce that ®R;(t) exists and PR,()=>0(1=1,2,3), since Pm,;({)=0(I=1,2,3), by induction
on the number of the states. By induction on the number of the states, we see that “R;(0)
=1, ®Ry(?) is twice differentiable and PR ()<0 (I=1,2,3). Moreover, we know that
WR.()=0, since §7fu()dt<1 and lgﬁ Dy (=0 (I=1,2,3) by induction.

The first term of the (3.13) is the probability that the system remain in FE; until

time t, the second term is the probability that the first transition of the system :is to

E;_, and this occured between (z, t+dr) and then the system remain (E,, Ei, -, E;-1)
until t, the third term is that of the transitions E;—FE;.,—E; in the time interval (z, =
+dr) and (7, 7+d%) and remaining within (&, Ey, ---, E,) afterward until t, the fourth
term is the probability that the first transition of the system is to E;.; and this occured
between (z,z-+dr) and the system remain (E;i1, Eits, -+, En) until t, and the fifth term is
that of the transition E;—E;:1—FE; in the time interval (z, 7+d7r) and (%, 74+d?%) remaining
within (&, Ei, -+, E,) afterward until t. The third term of (3.14) is that of the transition
E,—E;,_,—E; is in time interval (z, t+d7) and (7,7+d7) and remaining within (&, Ei, -,
E,) afterward until t. The third term of (3.15) is that of the transition Ei—E;.,—FE; is
in time tnterval (z,c+dz) and (7,74+d7) and remaining within (F;, E;4, -+, E,) afterward
until t.

Let us put
Dpy(s) =j“é—sf"’zeict)dt,%;*(s)=j°2-“<l>Rs<t>dt, 30,1, v, 211, 2,3,
(3.19) o ’
¢7’J‘(S>=S e~ fi($)dt. j=i—1,i+1,i=1,2, .-, n—1.
0 _

By applying the Laplace transformation to Eqs (3.13)~(3.17), we obtain
14+ 220 1(8) + 2:L@s41(s) 1o(s) = }‘i<¢i+1ics>+(3)<p:+l(s>>

1p(s) =
vi(s) S+ At Mi—Hihi—1i(S) — Aihi+1a(S), S At Hy—Hihi—1i(8) — Aithi+1:(S),
(3.20) i=1,2, -, n—1,
D () =Ppy(5), Ppn(8)=Pn(s), Por()=Ppk(s), Pex(s)=Dp*(s).
1+ 4Pp;_1(s) * —A .
@), — ] @))% = —
(8.2 20 S+ A+ M — i _14(S), ¢ () S+ 2 Hs—Hapi—1:(S), =12,
' . 2
Pe =517, TREO=-F3E
14 2:%p;41(5) * 2i(i+1:(8) + Pofia(s)) —#s
@ - @ ¥ =
2O S+ i+ Mi— i 1:(S), ¢i () S+ 2+ #s— Aipi14(S)
T R e A A TR AR A L C)) rot
o | =TERIETGEES i=0.1, w11,
; 1 Ant 2
[€) S S [P — e T DT
O =sraTm, O Ts.
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/ /'l Q" "(s) . . . - ' ¢
Diso1(S)= 1=1,2,-,n—1
_}_Z +/’t1_/21 16 7 — u 1) i s Ly ) )
(3.23) s ¢ 1(5) Q (s)
Dnn-1(8)= m
)' = Q‘L(s> )
G (S)= 1=1,2, .-, n
+1 +/‘e1. i —11 ’L+l ) > »
(3.24) s Mgy 1(3) S Qin()
A
s+2"
where 7
Q()=1, 1.Q"(S)=5+2n+Hn,
’ : /“iQn‘(i-l)CS)=(S+li+p1;)Q";i<S)——XiQ"—(qu)(S), Z=1, 2, Geiey n—l,
3.25)
. Qu(s)=1, 2Q:(s)=s+, . .
2iQ:+1(8) =(5+ 2+ £)Q:(s) — #:Q;-1(s), i=1,2,--,m

F;om (3.21), (38.22), (3.23), (3.24), (3.25)

DpX(s)= | 2P +3:(8) +Pi1(s)) — Aivr2n@:(S)
(3 26) - N S+2 —I’/uq, #1&02—-1""(5) 21¢i+1i<s> ﬂi+1"'ﬂn[Qi+1<S)Qn 1(3) Qz(s)Q"—(i+l)(s>]
h G Qi(s)

T e L@ (@0 (5 — Qe @ T HT T Qar(s), O
It is clear from (3.25) that polinomial @,+.(s), Q.(s), --@i(s), Qu(s) are modified Strums
function. Hence (3.25) and modified Strums therom, the polinomial Q;(s) has distinct
mnegative real roots Moreover from (3.25) it is clear that (Q¢+,(s)—Qi(s))/S is polinomial
of degree i. Hence

Qn+1(8)—Qi(s) ) 1 .  Qur(8)— Q,_(s) ]oxl...jn n+1 Akl
W)= 5 4
(3 27) e | ) S o Qn+1(s) S kgl (S—Sk) k=1S—Sk
where
A]c= Qn+l<sk>_Qi(Sk) . 1 z-_____O 1 e

Sk Q;;+1(Sk> s

and Sx(k=1,2,---n+1) are n-+1 distinct negatlve real roots of @,::(s). The important
special case is when .

2.7=<m+n_.7>2; ' (7.:0’ 19""”)
/’tlzl'u’ <l=1;2)"'sn)-

(3.28)

which means that the system consists of identical equipment independent to each other
and the reliability of stand-by operating and main operating are equal. In this case we
have "
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Q0<s> =1,
(3.29) { (m+n)2Q:(s)=s+(m+n)2,
(m+n—10)2Q;:::1(s)=Q:(S)[s+ (m~+n—i)A+ir1—itQ;_,(s).

By applying the inversion theorem to Eqs (3.27), we obtain the following theorem.

THEOREM 3.1 The reliability function PR,(t) of the model I is given by the folloioing’
Jormula

(3.30)  Ri(D= 3 Anem,
N m=1

where

— Qn+ 1(sm> '.—'Qi(sm) . 1

An on QG

and Q(s) are given as (3.25) and given as (3.29) specially when-(3.28) hold and S:(i=1,2,
---,n) are n+1 distinct negative real roots of Qn+:(s).
Next we calculate the MTBF 7., of the system.
Let us put o
Tou=| 1001, G=Fio=a—>R»,
then )

@3 Ten=| thi0di=tim @eio
0 >0

e [ 1 [#a(@n(8) —Qn—1(5) + 2:(Qn(s) —Q:(s)) L1
—l:i’};l{ 2n ,: s . +Q"<S>]} Qn+1(8)
=:v_: Tk+1k
k=i
n 1 k k k
=E-(T+Z I u/0 2.7')
k=1 3 I=1 J=k-1+1 J=k-1
where
Tlo=l;m Q1()—Qu(s) _ 1 ,
>0 S )4)
(3.32)
Tovu—tim Q=0 _ 1 | o 7 (i=1,2, -, n.
>0 S A A
From (3.25)
(3. 33) lji’}")l Qi(s)=1, <i=0, 1; ] n>'

Specially when (3.29) hold then

=y I ! B .
(3.3  Tin l§[<m+n =D S (m+n—l+k)!(l—k)!2"“:, (=, 8, e, 2D
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Our result may be summarized in the following theorem.

THEROM 3.2. The MTBF T;.., of the model I is given by

k

n n k 3 k
(3. 35) Tv:+1=k§.‘[ Tree=2] (i + 23 II ﬂj/H '2.7'> )

k=1 zk I=1 J=k-1+1 J=k-1I

where

T10= %01

1 ¢
Ti+1i=7i+ /j Tsizn.

‘T

and, specially when (3.28) is true, is given by (3.34).

THEROM 3.3. The relative improvement AT hi1,+1 in MTBF of the system when number
of spare increas from h to v is given by -

r 1 k k k
E' (T—f‘ 2] I #J/H /20‘)
k=1 3 I=1 J=k—I+1 g=k-1

(3.36) ) AT hi1r1= 3 1 % 3 %
2 (3 + 23,0, a0 %)

k=1 zk I=1 J=k-1+1 J=k-1

where 2; is depend on the number of the equipments, and specially when (3.28) hold, is given
by

r ' k
3 [(m.+r—z—1>! I3 £ J
2 St r— IR (I—F)1 25
(3. 37) ATh+1r+1= lh kl . (m 21: ( )
I
E[(”‘” ! D'l',§o<m+h—l+k>1(z—k>!zkﬂ]

In order to calculate the variance, Let us put
B TD= BfcDdL, FD=FD=QA=PRDY,
5 v
then

(3.38) E;(T®)= —S POR(di= —2limPp;(s)
0 >0

=—2lIim
8§>0

{(Qnﬂ(s)_Qi(S))l . 1 _Qnﬂ(S)“Qi(s) . Q;+1<S> }
S Qn+1(3) S (Qn+l(s>2 3
(i=0, 1, ) n)

Quni(D=Q)
S

Hence from lIim Q;(s)=1, and lim ;41 for =0, ---,m, we have.
$>0 >0

. 39) Ei+1<7‘2>= _Z(B?+1_Ti+1An+l), (2=0, 1, <, u)-

where

BTy
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1
%

(3.40) Bi=lim (Ql(S)-s—Qo(S))I:O’ By =lim (Qin(S)S—Qi(S))/ - #iBiZ‘."Ai , (1=1,2, -, n),

(S) - [1 +/11.'(Ai'_‘f4i—1) +2iAi] 5

A0=O, A1= 7

Ai+1=lin;LQ;;+1 (i=1r 2y ~dy ﬂ),

$>0 $>0

Br—lim <Qn+1(é)s—Qo(SD>’=2 <uk3k+Ak>’

550 J=0 Ax
n 12 Qn—f-l(s)'—Qi(s) /_ & #LBk_l_Ak ’ . ]
Bi+l'——ls1'_zl (_ﬁs_> —Ez ( % >’ (1_1: 2: ? sn)
Specially when (3.28) is true, we get
AG—Oy Al_ (m—H’l)l’ A’L+l_ (m-*‘n—‘Z)z , (1—1, 21 ’n),
_ _ tuBH+A;
(3. 84) BI—O’ Bz+l'— (m*f‘ﬂ_Z)l’
B;u,_ n kﬂBk+Ak B," =§ k/lBk‘,_Ak (i=1, 2, e n>.

Tia(mtn—R)2, T o (m+n—FE)2,

Thus we obtain the following theorem.

THEROM 3.4. Variance Vs, of the model I is given by the following Jormula

(3-42> Vi+1= i+1(2An+1— i+1>—23?+1

where Asvi, Bivi, Tis, are given as (3.40) and (3.34), specially when (3.28) hold they are
Siven as (3.41).

EXAMPLE 1. In the case when m=n=1, i=1, since then =22, =2, and ¢ =4/,

Q=1 Q=12

’

1

Btp 1 QO=QS) _s+20+4p
27 ;

—_— 2
Q=" 5+ 52 s 2F

The roots of Q.(s) are

=AWV Bt 2 —(Ba+p)—V EFblut i
S1= D) Sp= 5

’ ’

Hence
_ A2 1/_—22—}—62/.1—!—#_2 2+ p . 1/22+62;1_+,uz
=e * | cosh : h
; [Cos : e - t],

On the other hand,
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22
T z—lzm¢1(5)— 2;“ ,
EF =l 2
VimTo(2Ae T —2Bim Loy + 24 4
2 2 2 2 2= 412 225

EXAMPLE 2. In the case m=n, i=0, since then =22, =1, and M=,

1 32+
Qu(s)=1, Q:(s)= CYal Sz-’r—ﬁzﬁ - s+1,

Q2(5)—Qo(s) _ s+32+4
s 22,

The roots of Qx(s) are

I € R et A YT €2 ) b A S YT R
g —

’ ’

Hence
WR($)= 51+37+ﬂ slt+52+32+/" o5t
Sa—S1
A Ve mwS PR STR-S P
R v/ #46putp +p . VFE+6lutp ]
=g~ 2 \:cosh B i+ Yy sinh S i ’
And also we get
32+
1—lzm¢o(s)— 272"‘
_Bitp
ATe="3;
3 5
Vi=T:1(2A,—T,)—2B}= 24 + 2# =+ v

§4. Model II.

In this section we shall treat Model II. In this model there are two kinds of féilures,
as explained in the Introduction, repairable and non repairable one. Let us consider a
system with m+»n equipments and let us assume the system is good only if at least m
equipments are good.

Let us E™ ™ denotes the state that i equipments in the system of m+n equipments
are in the repairable failure and m-+n—j equipments are operating, and then that the
system reaches one of the states Er~*(h=1,2;,n+1) means the failure of the system
itself. The transitions from one state to another are caused by either the occurance of
failure or the accomplishment of repair. It is assumed that the probabilities of transition
from EPT™ to EMnUD pmiac@edand EpttYTY during time interval (7, #+h) are
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given by (Zj—2)h+0(%), 2,h+0(h) and #:2+0(h) respectively, and the probability that
during (¢, ¢+4) more than one change occures is 0(%), and the probabitity of no change
is 1—(A;+#)h+0(h) (Fig 1), where 2,>0, #,2>0.
E
/R
Em rn—lE"

+n—2 Gd
E; R\ !‘\\ v E\(

a1

m+7lx/ - %
Eq e
TN, .
E;’"'*nj.("_:l_) ___________ M= (F=1)e s vnnan E{n_«t»n-(.}'-l)
/\\ t{_l {‘\P-i 't (\1
L e Epd
X . .)\J ‘)\" AN : / R\
(;,,H,,_(.{“) ............... Em+1=/C;‘:BEm+n (J+1) "\E;s:ln-—(jﬂ)
.,/\\ v A\ /\\. /\\_
£ % S
B T ST S 1\:+1:—J ....... » %
...................................... = a e s e0 s s e i
EP! down g EVH
Fig. 1

Let
(4.1) FE™ I (D=P{X(e)FEr*", X(e)=EI*" for some 11, 70, 0<r:ea<<t| X(0)=EP*""9),
(4.2) FEmI()=Plah<t| X(0)=ET),
(4.3) *GE " Y()=P{An transition occures from EF*"™ to S§ at some time r(0<r<f),
and X(s)EESH for all s(0<s<z)|X(0)=Er*"9}, -
(4.4) 3G IH=P{X(c)=EM"9 and X(s)&SE for some , for all §
N (0<s<e<t)| X(0)=Ep+»~9), .

where
A= sup T ah= inf ) ot
XEO=EPT ™ Iror anl £ € 0.7, X =EPH" XO=EPT" 7 for anl s\ I<e<z
J +n-(J+1 +n—(J+1
Sk={E;c”+1n @ ), E;;n i )}, 1 USha,

Su={(En™""; L=§+1,74+2, -, m h=0,1, -, i+1},
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“S={En """ b=hstj—i+1, hstj—it2, i m, ha=it2, i+3, -, n+i—7},
S[l;i': {bw;::*’n_lé; l4=h4+j_i) h4+j'—i+1y tty j—]-, h4=0; 1: ) i_l} .
By the same method as in §3, it is easi lyseen that Frin=d(p), WFEmn=d(), OGRI(4), and

@Gn=I(p) have a continuous derivative f3"" (#), © frmen=d(), @ gmin=d(t), and. Pgptr (D),

respectively, we define the reliability function.

—

Let us put

(4.5) ORP(H=P{X()EDVSy for all 7, 0=<r<t|X(0)=EF""")
(4.6) @RM™I(H=P{X(c)EPS;; for all 7, 0<c<t| X(0)=E7*"")
(4.7) ©RMI(H=P{X(2)EDS;; for all 7, 0<c<t| X(0)=E7*")
where

WS, = (Ep™ 1 h=ki+ji—i, bitj—i+1, =, 0, b=0,1, -, nt+i—j}.
@G = (B2 L=kytj—i, beti—i+1, -, j, k=0,1, -, 3,}.

Oy (EL™5; L=, G410 1y ke=0,1, -, 3,).

©S, = {Em™ " Li=kit+j—i, katj—i+1l, -, 0, ke=i+1, i+2, -, n+i—j.)}
(3)313.7' = (4)SiJU(5)SiJ'

In other word, ®RF " 9(¢), PRI "), @pm+n=J(f) denote the probability that the system
starting from the EPF**™7 (j=i, i+1, -, n;i=0,1,-, n) remains within the states Erin-h
(h=ki+j—i, bi+j—i+1, -, n; k=01, nti—j), M=kt j—1, ketj—it+1,--j; k=0,
1,--1), and ERt"B(l=j, j+1,-,m; ks=0,1,---,1) or Epm(L=ki+ji—i, bt (G—0)+1, -, n;
By —i+1,i+2, -, n+i—j) until time t, respectively. The probability WRTI(4) is called
the reliability function of the system for the model II. By a standard enumeration of
path it follows that

3 ; :
W patn=d( f) =g~ Ad +w)t+j #ie—-(kj +“”‘”R{"ﬁ"““"”(i-—r)dr
2 -
0

k3

' n ; L. .
_*_S d?}j ﬂie"(kjﬂ‘-i)f > (Z)gini—:z:l(a—l)(v_T)Epi:i%(nm,ﬁ,,__,(t_ﬂ)
0 0

k=1

) ) ¢ ) )
+pizy_ ORmIn-I(t—7) ]df—i'j' Jdg~ A rOT( P IO prin-GrD(f 1)
0

+PERORy I (I—1))de

(4.8) 4 7 i+1

+j d’?j Aje= A +rdT(pddi g—w_,lmgﬁ»;:—<j+1>(77_f)c1>R;cn;+ln—J(t_n)
o =

0

+P{f“é‘3’gﬁ.”””‘”“)(”—r)“’R;"‘_"{"J(t—v))dz-

z
=e-(>\.i+w)t+j me—(>».i+m)7(2>R;n_+1n—(J-l)(t_z.)df
0

t
+S Zje—()\j+pi)7<p.gg+:(3)Rz»+n—(J+1)<t_z.) +pgq:11(3>Rﬂ4;n—(.7+1)<t_T)dT

1
0
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¢ n P .. < 5 i ; ~
+j dvj Gyt e @7meor 20 | \% = ) GLoiPgrasy > (—o)
0 0 Ha

L s e r>+\ )(ﬁif:ﬂ“’ LI (=)

)+,U

+P,-’¥““’gm:"““>(v—r>}(“R;:M—J(t—v)df

k=0,

_(l)mJ<t>+ Zj (1)R-m+'n J(t v)(l)f m+n—j(7)>dv
0
(.1:2) 1+1, "ty n_l; i=0, 11 Tty n—"1>y
B Reeradiegy.. caypmens=iip), (G=0,1, -, n),

ORM(H=DR(Y), (=0,1, -+, n),

(Z)R;rl*-n—j(t)=e—(>\j+pi)t+.[tluie_()\j—i—}hi)‘r(Z)R-r_n_-(»ln—Q—l)(t_z.)dT
jva e (Aj+}1-.‘)72 (Z)gm+n - 1)(77_T)Cp,]z:}i(z)RzL+n—j<t_v>
0
+pizld_ ®Rmin-d({—7))dc

. .
=e—(/\.i+w)t+J me—(f\.i+M)7(2)R;n_4;n—(.i—1)(t_r)df

4.9) )
j ‘”j Qitwde ‘““"‘”Z( )w;“‘” oGl B
0 0 J+ﬂ
pj—ld(z)gm+n W- 1)(7)_T>>(2)Rm+n—.7(t_v>d.‘-
_(Z)mjct)+ Ej‘(Z)Rwﬂn J(t n)(Z)f ‘m+n— j(v)dv ‘
- =i, i+1, -y n; i=1,2, -, 0),
(Z)R?+"—j<t)=e—)“it, (j=0) 1, oy 70)s
: .
(E)R?+”"j(t)=e_(>‘j+“i)t+j )\je—(AJ+;L,;)7<1;;'7‘;:7‘:11(3)R?:17;—(j+1)(t_,z_)+p;.7'1.:j+1
0
X(S)R‘T+n_(j+l)<t’_7>)dz‘+jtdnjnlje_()‘j+“i)7<ﬂgij:1l %1(3)g;"+§;_<j+1)(7?—-1)
0 0 k=1
x(3)Rm+7L J(t 77) +p.7.7+12(3)gm+n—(g+1)<77 1)‘3)R"‘+"'"j(t——7?))dr
=e—()\j+ui)t+jz o~ ()\J+p,,)1(p7j+1(3)Rm+n (.7+1)<t r)—{—p‘”“
(4.10) °

x(3)Rm+n (J+1)<t z.))d.[_l_f d);j‘ (2_,—&—/11)3 (AJHLz)rZ} ( +#> <piii:11
g A

x(3) m+1t—(.7+1)<7] T) +p;7;7+1(3)gm+n Q+1)(‘7) T))(S)Rm+”—‘7<t ﬂ)dz-

i+1k+1 k+1

=®md () + kzi}J (3)th+n—j(t_ﬂ>(3)fj;cm+n—j(v)d7]y
0
(=i, i+1, =, n=1, i=0,1, -+, n—1),

®Rm(f) =g~ Cntudt, (=0,1, -, n).
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f‘”g;’;,*"‘j(t) jdvj )72 e—('\awar{pa 1.7(2>g;m-+1—:t 1(4—*)(77_T)a)g;nkm—d(t_v)

0

+ Z(pa 1_7(2)gm+n - 1)(77 T)-I-P, ;l.7(2)g;m1;ln 1(; 1)(77 r)‘”g’”*"“-’(t——??)}dr

j d??j Qg+ pa)e= Ka+ror Z‘. (

=k

o ) CZamval vatme b C o))

4.1D) + PP gt n= G0 (9 — o)) P gnrr=i(¢—7)dr

= l% ‘Z)g;’f""j(i——\'f?)‘”f;;’"*""j(v)dv, (7'=i,i+1,~--,n;i=0,1,---,n;k<i),

0
(2)g$+n—j(t>=Zje—()\j+#i)t_f_jt(z)g:,;-i-n—j(t_v)(Z)f;E;m+n—j(7)>d77’
0
(j:i, i+1: N i=1y 21 ) n)'
(2)ggg+n—j(i)=xje—)\jt (j:_—(), 1, -, n)’

. 4 n L LS .
‘S’gi'i*"'d(t):j dvj lje—(k‘]#'}ltl)‘r(p;?i*;ll ¥H(3)g;r:1;;»-(J+1)<77_T>(3)g;njz-.7(t_77)
0 0 =k

+}r;t.;'£7'+1 é (3)gm+n (,7+1)<77 —:)“’g;’“‘" J(t 77)>d1_

l=k+

= [ a1[ Gt moe-osmmor (AN ptr gm0
(4.12) FO S g B WO S S — el
=,éj:‘”gﬂ*""@—:’_YD‘_”fZ-’Z""*"‘J(’?)dv, (G=t,i4+1,,m;i=0,1,,m; k<3,
‘”g:':*""(t)=uie—<M+M>’+Jt<3>g:;+"—i(t—v)m frmen=d(9)dy,
0 =i, i+1, -, n—1; i=1,2, -, n)

(3)g;rut+n-—.j(t>=0, (S)g::r;(l):ﬂie—()\j+ui)t’ (j:(), 1, -, n; i=1,2, -, n)
where _ .
#0_0 pa—m_ L (Z)g;rf_-:?—(j—D(t):O’ (3)g::1-n—(.7+1)(t>=0’
,(l)m;:i(t)___e—()\j+y.i)t+j\tﬂie—O\j+#i>1‘(2)R;n_+1‘n—‘(J’—l)(i—r)d‘[
0
t
. _}_S Xje—-()\j+}ki)1<p;‘7';:i+1(3)R;n+n—(j+1)<t_1.>_*_p;?'g+](3)Rﬁ-i;n—(j+l)<t_‘L_>>dz_
0
‘ (=i, i+1, -, n; i=0,1, -+, n),
(Z)m.g(t)=e—()xj+p-q;)t+Stﬂie—(}\_j‘i-/.Li)T(Z)R;r:l—ln—(j—l)(t_z.)dz.’
0
=i, i+1, -, n; 1=0,1, -+, n)
(3)m;;7'.<tj=e—()\j+w)t+jtzje—(A+m)‘r(p.gzi+1(3)R::n+n—(J+1)(t__T)_*_p;'_ig‘H(S)Rﬁ-x-ln—-(jﬂ)(t_T))df
0
(=i, i+1, -, n; i=0,1, -, n)
@ gienson= Gt udeosmorl () (pigppme->r—o)
(4 13) +1;J 1;(2)gm+7:.—(.7 1)(77 T)+< )(p{f:ll(fi) n-l;:;l(.7+1)(77_1.>
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_*_p;j;iﬂ(S)g_Z::?—(Jﬂ)(v_r) }d?

= () R FHgr= -+ B P gpig==>())

+ ( ot )<P:’5:JFJ*‘3’g:"+§z:{J‘+1><v>+pdﬂ“FJ*<”g",:1? @),
J
(=i, i+1,-, n;i =0,1, -, n; k=0,1, -+, )

(Z)fzi}:m+n—j<v>___S”C'zj__‘r_#i)e_(,\j-yw)‘r ()
0

J

)(p.}i ]J(Z) ;n-{-n J- 1)(77 T)
+ M IRg Y (- e)de |

(l +#)(1>i ’JFJ*(Z)g"”" (G- 1)(77>+pj IJFJ*(Z)gm+7z @-0(7))
J T
G=i, i+1, -, n; i=0,1, ---, n; k=0, 1, ---, 7),

id+1(3) m+n—(.7'+x) e
>< T+l Bit1k+1 ¢ T)

(a)f;:;mm—.i(p)=j’7<2j+ui)e_(>\j+w),(
0
PRI (1—))de

- (x +#) (P P gD+ P F @ gpia-9+o(n)
(j=i, 1+1, Tty NG z:O, 1’ NG k=01 1’ Ty Z),

Fi()=e-a+pox,

"where pf! is the conditional transition probability from EP*"79 to EF*" U k=i,i+1; I=j+1;
j=t,4+1,---,n—1;i=0,1, --,n—1) after the failure occured at the state EZ***™,and @gn+""9(#)d¢
the transition probability that after the system starting from E?"¢ remained within
the state ER"" "“(Lb=ky+j—i, kot+j—i+1, -, j; k=0, 1, ---, i), there occure a transition
from Ep*"79 to Ep** Yt or ERTYTY(R=0,1,--, i) during time interval (¢, #+df), and
®gn*""I(£)dt the transition probability that after the system starting from E7*"¢ remained
within the state Ef"" %(ls=ks, ks+1, -+, n; k=0,1, -, 4) or Ep " “(L;=ki+j—i, katj—i+1,
<o, my ky=i+1, i4+2, -+, n+i—j) and there occure a transition from EI*""¢ to Epir-@-v
(h=1, 2, ---, 1) during time interval (¢, t+dt). -

The equations (4.8)~(4.12) are system renewal equation, the result concerning
existence and uniqueness of solution extend in a routin fashion. Moreover it follows by
induction on the number of spare that PR7""77(0)=1, PRI " () =0, PR I(¢) is twice
differentiable and @R 79(£)<0 (I=1, 2, 3). This shows that ®R?*"~9(¢) has the properties
assumed in previous §2.

Let us define

(l) +n J(s) j —st(l)Rm+n J(t)dt (l) m+’n-—-J(s> j —at(l)RwH-'n J(t)dt
0

0
(4' 14) i (j=i) i+1’ NG Z=0, 1’ NG l=1: 2’ 3)
Wymen-i(s)= j e OgR Ity Gy it Lo 13 i 0,1,y k=01, i 1=2,3)
0
By applying the Laplace transformation to Eqs (4. 8) ~(4.12) and by using the relations

(l)(pﬂm+n J(s>___1+s (€3] m+n J(s> and @ \m+n—-.7(s)_____ E(Z)¢m+n j(s> we obtaln
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(4.15)

(4.16)
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e ORILT e Ol B e O e il & (O
R A =N Sl OV WZ I G A SR RENE S B B
el (et 2 Rl
APPSO [y G i L, 1 i, 2,0 ),

; 1 ; A :
@ ,m+n-g — @, Fmtn—J - J .
@ (S) 3 2 N (2 (S)—— S zj , Q—O, 1, , n),

(2)¢;1:1;c+n—j<s) {u (2)¢::+n J(s) Z (2)¢m+n J(S)(ﬁ" 1J(2)¢m+n— -1)<s>

+ B P ‘)(S)) Y/ (=i, 541, m; i=1,2,, n),
o A s i o y
@ymin-d(g) = o T o 1]‘;,(2) =G0 (s) (=i, i+1,--, n; i=0,1,-, n),
| @gmin=d(s) = s—I;—JI Dt n=d( )= Dymin- 9(s)=0, (j=0,1, -+, n),
J
#o=0, Pgpr-I(s)=0, (k>1),
@gzrrmi($)=0, G>n).

) 'm+n J(s>_{(3)¢m+n J(S)[l-{—l.,(ﬁ‘”“(?’) m+n—(j+1)(s)+pfg+1(3)¢;n+n—(j+1)<s))

2i+1

+1.7 Z <P27;’++11(3) T++17I; (J+1)(s)+p;7;7+1(3)¢m+n—-(j+1)<s)>(3)¢m+n J(S)]} /#i’
(j=i, i+1, -, n—1; i=1,2, -, n—1),

(3)¢;5<m+n—;j<s>= {‘3’44';*””'(3)[ s+ b(p”““’gofﬁ"*”U““(s)+p{;?+“3’<p:""+"'““)(s)

t+1

+p‘?-j+1(3)¢?+i7+1(d+l)cs>)+'2 E (pﬁ:f(a) :r:_-:;:—(j+1)(s>

t+1
+p{g+1(3)¢ﬁ+n—(,7+1)<s>)(1+(3)¢k 1+n .7(5-))]}/#”
(]’:Z, Z+1y “ty n—l; z=1, 2, EEy n'—l),
@ e .j(s>__{1_*_2‘7<p.7.7+ 1(3), m+n—<.7+1)(s) )
+pu+1(3) m+n— (‘7“)(5))}/S+ZJ—)qp‘j‘iﬂ(3)([1m+"—(j+])<3), (]'__:0, ]_, ey ‘ﬂ),

(3)<p;:<m+n-j(s> {)J(pdd+1(3)<p1ln+n .7(5>+ij+1(3) m+‘n.—(.7+1)(s>
) +1557;’+“3)</)§’,‘+"‘("“)CS))}/S-I-Z.;—l.,pgg’*“”(l};’;*" (‘HD(S), (j=0, 1, ey n)’

—(Qnt#) (1=0,1, -, n),

®pm(§)= @)% —
)= s+,z Ty eSO

(3)¢'m+n i(s)= {2.7(3)91’"'”—‘7(9 2 ( J+1(3), ’!““”’(j*‘)(s)+ﬁfij+1(3)¢$+”'(j+1)(5))

it+1 i+11

XOgmin-d()} /1y, (=i, i+1, -, n—1; k=0,1,-+,i=1; i=1,2,-, n—1),

11k
2y e ; ’

@ymtn=J(¢) — B - e, n—1;1=1,2,---,n—1),

(pu (S) s+ 2j+ﬂi—2jp;?i’_:;l(3) :,L,:-_::l:l(d+1)<s>’ O Z,1+1, n 1 n )

(3)¢;n+n-j(s)=0’ (s)d)z(s):s:;_:—? (j=0,1, -+, n; i=1,2, -, n),

=0, OYrn9(s)=0, ‘ (>0,

@ymn-d(5)=0, G>n).

ik

AR Sk s ¥
2 s P PRE TR A RIS A RN

L) ok
ALR
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 Dren=d(§)= (L4 1P gin=GD ()4 2, b 1P prn=GHD(s) 4 pHIDgmin-Ga0(s))

+ 3 (st A OGO i) [ zj+ﬂi><1—<1>¢;f;m+"-d‘<s>>,
G=i, i+1, -, n—1; i=1,2, -, n—1),

417) | OgFmini(s)= {u¢<z>¢;i°:q+"-~f<s>+zxpz'gﬂ%:‘m—U+l><s>+pszr“<3>¢“ men=G0(s))

oo At BTG m=3(5)+ 5 g men=d()ADGEmn=3(5))) /(- Ay )

(A—@gimen=a(s)), =il e e 1,2 1),

P nI(8) =P nd(8), V() =P, (G=0,1, ==, m; §=0,1, *+, 0,

where
(s+25+H) PP men=d(s) =, (pi HPYRRz O+l @gpin-U-0(s))
FA(DH T PPRRi IV + I Ogmrn-Gn(s)),
(G=1,1+1,:,m; k=1,2,:--,1; 1=0,1,---,7),
Hy=0, Pgprn-I(s)=S¢gm+m=I(s)=0, G>m,
Dgmind($)=0, Pymin-d(s)=S¢gm+n-I(s)=0, (B>1).
The case when the following holds is importants.

2J=<m+n_])'zr #l=l‘u’ CJ-:O ’1; N l=1) 2’ Tty n)y

pim = (n—j+1D2 __n—j+1
(4.18)  (TFHRT Gt n—j+ 12 mAn—j+1,

(J=Fk, k+1, -, n; k=1,2, -, n),

J-14 — ma m § — . —
I G DA i 4D, U=k B+1, - 15 k=12, -, m),

This is the case that the system consists of equipments identical and independent to
each other and the reliabilities in stand-by operating and main operating are all equal.
Consequently we have proved the following theorem.

THEOREM 4.1 The Laplace transform VCer+»=9(s) of the reliability function in the model
11 is given by (4.17). The reliability function can be obtain by the inverse Laplace transform
of (4.17).

Next we calculate the MTBF 7Y;! of the system. After some simple calculation we

i+1

may derive the following results
hm (l)d}::mi-'n—j(s):_l’ (j=l, i+1, MG t=0: 11 Ry N l=1’ 2: 3):
$—>0

DT I = lzm Dgmrn=d(s), =i, i+1, -, n; i=1,2, -, n; 1=2,3)

Hence from (4.15) and (4.16), we obtain
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(4.19)

where

Specially

(4.20)

where
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i-1
(Z)T.iirlx___ {(2)Lfi[1+/"i(2)T‘Z+ﬂik§ (p.z‘_;lj(z)Lg_—llk_}_p]{:;i(Z)ngk_D(Z)Ti::}]} /xj,
=i, i41, -, w5 #=1,2,5, ;),

z
DTI+1— (D id 3 j id DI jG+13D T J id+13) T J
OTY= (Ll L+ RO TE+ P OTID+ 29 B (PES L+ pF P OL™)

XOT) /t, G=t, i+1, -, m5 i=1,2, -+, ),
(3)T.1i+1= [1+XJCpaflj+1(3)T.27'+2_{__p.oia]'+l(3)T{+2)}/zj(l__pg'f'+1(3)L\l7‘l+1>’ 2T{+l=—;';’

(j:o, 1, .”’ n)’

A4
2 —pspd sl BPLITL

-1z i-19—1,

(j‘.__-"z.’ i—*_]" ”.’_n; i=1’2’ “', n)’

@Dri-1 — @2 — T741 (2 +n—J o
Lizl =0, PLI=lim®¢m+n J(s)—x.
8—>0 "J

) ) ) i-1 . | T
CLy=lim®gyem=I()= OLL B B O L+ P O L 0) /%,
(G=i, +1, -, n; k=1,2, -, i—1; i=1,2, -, n),

(S)T?_:—ll: 2n+#i (S)L?iz an:/,e@ (3)L“go=(2)L“oi°=01 (j':oy 1; MG i=0; 1’ T n)’

OLi=lim®¢g+=i(s)= 2 W =it 1, m—Li=1,2,n—1),
iz poh ¢7,7. < ) )'J+/1i_2jﬁ{7:11(3)l‘i:1.1i+1, (] ’ > 1) ’ 1 . ) )

7
OLy=lim®gpnI()= (LY 31 BEROLEA B OLE O L) /e

(j:i,i+1, Y k=1s 2’ ,i_l’ i::]_’ 21 ",‘,ﬂ),

20=0, (3)T2:0, (Z)Lg‘k__:ngk:O, (h>n—F1; >,
(2)L.1jk=(3)Lgk=0, ; v (B>1).

when (4.18) holds, we have
OTg 1= (PLILOmetn—j+ DA+AOTD +i 3 (1= j+ DPLI
+m®LI~L OPTN) fmtn—j+ D n+n—D24 G=i,i+1, -, n;i=1,2, -, n),
OTI = (OL{1+ AT+ (= DT+ 23 n@ L+ (DO LT fise
(=i,i+1, -, n;i=1,2,---,n),
‘3’T{+1= (14 2m®TY 2+ (n—PHOTI+D)DTI*? J(m+n—j)2—mS L, PTIT

1 s
- (m‘*‘n‘—‘])l, (]_0: 1, s n);

OFd-1 =0 DL — (m+n—j+)(m+n—7)2 i
i=1m1m 5 G O — j+ DU+ n—A+ipl—imp®LiZ),

(G=i, i+1, -, m; i=1,2, -, n),
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®
£
E

. . et . . z 5 N

OLd = {{pu®Ly Z_Ek‘”L{k[(n—_]+ D®LIZY_  +Am®Liz]_ ) /m+n—i+ 1D (m+n—7)2,

i

=i, 841, e, 13 k=0,1, -+, i—1;i=1,2, -, n),
’ @ n+1 - 1 (3)L’{l_=i—/’t ®Fd =D 5 = (G=0,1, -, n; 4=1, -

| =i, Ol g, O L 7,=0, L1, e, w5 0=150, ),
I BT I — iy i—f L1 e p—1 1= : e
L= Gt n— P2 in—mI® LI, G5 L, s L=l T e,

(S)L{k—; {2(3)1:‘{1' ,_‘?H[m(g)ll{:llz‘*‘(n_j)(g)szjz+1](3)L2i+k/i/"’
=1, 341, % 33 B==0, 1,005 315 1=1, 2,5, 7},

so=0, ®TL=0, @LI=®LJ —0, . (h>n+1, i>n),
@L§ =®L3 0, (B>1),

moreover from (4.17) and (4.19), we get

(I)Tg:ll =lj_)’?(1)<pvg+n—.7‘ (s)

i-1
(4.21) 14 p@TY + 2,0 T I+ PEHOTED + Qg+ w0 B CLECTI
- ‘ Qted(A="L ,
<j=i, i+1; R ﬂ_‘l, i=1,2:"'9 n)y
(I)T{+1=(3)T‘f+1, (I)T,’;':;:(Z)T;':ll, (j=0, 1, n;i=1, -, n),

where
(1)L..Zk=lfz?(1)¢:;m+n—j<s> — {lui(pi':;i(Z)L.g:]lk_l_*_p.;;]j@)Li:ilk)

FAPEE O Lt PEPPLER) s
(=i, i+1, -, n; k=0,1, -, i;1=0,1, -, n),
L4 =0, (B>1).

and where ®TY and ®TY are given as (4.19), and equal to

-1
1+ip®TY+ L (= PDOTIEA+mO T+ Lot n—) i) 3 CLECTYS

(1)T.7:+1=

T+1 £ A v _rJg
(4.22) [Lm+n—7)2+ipl(A—LLI) ,
(j=i, t+1’r n'—l: i=1)21"" n)’
WO, BT T (G=0,1, -, n;§=0,1, -+, n),
where

O L4 (GUImP Lz} o 1=+ DPLIZ I+ Gnt n— it DAmOLIT
+r=POLH) et A Dot =2+

(]:i, l+1y ey N k=0, 1) '“,i —1; i=0’ 1: % n)’

wLs—0, (B>1).

[ S
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and where ®7TY and ®TY are given as (4.20), when (4.18) ‘hold true.
Our result may be summarized following theorem.

THEOREM 4.2 The MTBF OTIH of the model II is expressed by (4.21) and given by
(4.22), when (4.18) is true. Moreober the rélative improvement AT w1741 in MTBE of the
system when the spare increase from h to r is given by (T4, /LT,

Now we calculate the variance

Let us put

(Z)Ej+1<T2>= 72(l)fm+n—j<t)dt, ((l)fm+n—j<t)___(I)F"m+7z—.i(t>=(1_(I)Rn+n—j<t>)’>’
t+1 2 7 7 K]
0

then it follows from (4.15) and (4.16) that
@EI(T?) = —ZZi'm‘z’go;?‘*"'j(s)
3—>0
— (u(PLTPBHTD+ TP L+ pEP L DB

~2(pf5 DY+ PO DI, DO T = 22 DEO T /4L

Tiy

=i, i+1,-, n;i=1,2, -, n),

(Z)E{HCTZ) — C}LY
(4.23) 90

7
(3)E.i:i<Tz) — _215_7,’;‘(3)‘/’?”4(3)

(7.:0’ 1’ Ty n):

= AL T PBRI I B VBT + DL PLL,

1T G 3 " . 13 . .
+p'_£7%7+1( )L’g]:l)( )Eia-l(TZ)_chgg::d)Dg:llk_*_pg’zﬁl( )Dgg—l)(”]’\i—{-l]]

—2#”:(3)*01\‘7'1(3) f:l‘}/ﬂi(g)Liu (i:l: i+1y ) n_—]-y i=1’ 2; ey N 1)3
(3)E1j“(T2)= {pg‘ijﬂ(s)Eg'H(TzD_i_pg'g+1(3)Eii+2(T2)+2(1_2jpgi]‘+1(3)piil+l)
% (1_pbilj+1(3)LL]il+1>(3)T.{+1} /2j<1_paflj+1(3)L.17‘1+1)2, ) g=0,1, -, n),
. B . ;
.(3>Ei:11<T2)= = (=0,1; -+, n).

where
4 i_l . . . . .
@D = lim ()= P DEP Lyt i PLE B LB L+ P51 VLIS ) Dl
+ (PP DI+ pinf P DIz DL} /AP LY,
(j:i’ i+17 MG k:0, 1’ ) 1‘—17 Z=1, 2, n)r
@D = lim g5y == (1= meb{ D e YL /2

(j:i’ i+1; ) n;i =1s 2’ Ty n)’
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@D =i sy == — (=0,1, -+, m),
80 J s 3

’ 7 %
ING —1; —dQ) — 3) VG DT g (TN i +1GIT G+ 1T G+1\B) N
(B}ka“lf_’?(g)‘rl’g)‘;" I(s)= {uf "D SLE A+ 25( Lfi>l %1[(ﬁi’:11 LI+ b L) Di_x

+PERCDIEA B ODE DL ) /L,

ity

(j:i, 1+1, Ny k=0; 1: Tt 1_1; i=1y 2; Tt n))
@ D= ligs g5 =~ (A~ AP DI L)
$—=>0

=i, i+1,-, n—1;i=1,2, ---, n—1),

(B)DZ':lf'_”"o'l(a)(b;’g(S): - -uﬂj__t—tm)z <Z=0, 1; RP) n>7
®DJ =0, (j=0,1, .-, n).

and where ®LJ, ®T¢, ®LJ and ®TY are given as (4.19), and given by

: . t—1 . .
CEIETD = (ntn=j+ DinCLYTBITH+ 3 (= + D@L+ mPLI,
XPEZH(T)—2((n—j+ P D{z L +m* D=}, YPTit111-20m+n—j+1)
X (m+n—))APDEPTIEY /(mAn—j+1)(m+n—APLY,

G=i, i+1, -, m5i=1,2, -, n),

. 2 3
@ 12§z = oo
E{+1(T )— (m+n_j)222, (J O) ly ) n)r
CEIET = LY mOEL T + (=D BT+ D Lo L+ (= )OLi )
4.24 -t
( ) X(3)Ei+l(T2)_2<m(3)Dg':}k+ (n__j)(3)Dg']:—1>(3)T_;;+l]]_;21'#(3)Dgi(3)Tngl} /i/,C(B)LTZ‘:,
(j:i’ 1’+1,’ n—l; i=1’2:"'; n—]-)’
(3)E{+1<T2>= {m(3)Eg+2(T2) + (n_j>(3)E37'+1<T2>+2(1_m2(3)D._17'1+1)[(m+n__]')
_m(3)L.1i1+1](3)T{+]} / {(m-l- n_]) _m(3)L1j1+1} 2 2, ) (]=O, 1, ., n)’
, 2 :
(¢)) 2N s = e
E::‘+1(T>'_ (ml-l—i,u)"’, ) (Z Os 1; ’ n)*
where

(2>ng;__, {(m+n—*]'+1)(m+n—j)l(”D;?i(”Lfk-!-i/«t((”L.‘Z,-)zgz[(("_-H‘ D(Z)Lf:{z
+m®LIZ, DPDj+ ((n—j+D® DI, +m®Diz},_ )
XPLEY /mtn—j+ 1D m+n—7)2LY,
G=i,i+1, -, n; k=0,1, -+,i—1;i=1,2, ---, %)
@Dd = — ([(m+n—j+ D—imp® D=L W(PLIH?Y /m+n—i+1)(m+n—iA,
' U=, i+1,-, n;i=1,2, -, n),

! )
mtn—p32, G=0,1, -, n)

[€2) p ¥ ——
Doo_
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’ i
3 i o3 — 3772 3 v ; - .
C )D;gk__ {z,u( )Dl"z‘( )Li"k+ 2(( )L§i>2l§+1[<m( )Lg1—111+<n—]>(3) gzﬂ)(?')D‘Z—lk_l"(m(S)Diﬂz

+n—H®DEHPLY_, 1} fin®L

iy

(G=1,4+1,-,m;k=0,1,---,i—1;i=1,2, --,n);

(3)D1~_7.i:=— {Cl_mz(S)D{:;£+l><(3)L'{i)2} /z,u, <j=1, Z+1, Tty n—lyi:]-’ 2) T n—1>
(€)) 5 | T i/‘t V A ) — s

Dy, (ma+ip)?, (G=1,2,, n),
®pi =0, N ©(j=0,1, -, n).

and where @Lg, ®T¢, ®Lj, and ®TY are given as (4.20), when (4. 18) is true.
Hence it follows from (4.17) and (4.23) that

DEII(T?) = —2limPpp+n=4(s)
§>0
: , 3
— P BT+ A BT+ PERCBT + D0+ )
=0
X (PLEBITH —2DY0 DD — 2L TE N+ 201 VL~ Qot 1) VD4

(4.25)
XOTIH/(Q+ p)A—PLLY, (=i, i+1, -, n=1;i=12, -, n—1
WEI+ (T2 =®Fi+1(T?), » (G=0,1, -, ),
CERSTH=PERNT, (=0,1, -, n.

where

’
S R o . —y s s S
(I)ka———hmmd’:kmm $()= {p( PP DIzhy_ + D1 DIz + 2 (PFH P DIk
>0

+BEODEL) /Gyt 1), Gmiy it L, o, m3 k=0, 1, -, 13i=0, 1, -+, m),
=0, ®Di =0, ®DJ,=0, ‘ (k>1),

and where ®L{,, ©TY, PEI(T?) and ®FEI(T?) are given as (4. 21) and (4.23), specially
when (4.18) holds true, we have

DEFH(TD = (i@ B (T + L (=D BT +m@ B (TH1+ 3 [(m+n—12

k+1

420 1= PL— ((m+n—A+i) P DEICTIE /Lot n—2+inl(A— LY,

+i/.l> ((I)L{k(l)EJ+l(T2) _2(1)ng(1)T_}7;ii> __2(1)L:Zk(1)T‘L7:ii]

(4.26> (j=1! i+11 ) n—l; i=1’ 21 ) n_]-)’
<1)E-1"“(T2)=‘3)E{“(T2), ) ) (3=0,1, -+, n),
CERTDH=PEr (T, (4=0,1, -, n),

where

®Dgi= (il m® DY+ (n—j+ D@ DI+ (mt+n—j+ DA DI
+(n—H®DiL T} /m+n—j+DIn+n—ji)2+inl,
. Gi=iyit1, -, m3k=0,1, -+, 13i=0,1, -+, %),
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=0, ®Dj,=0, ®D3,=0, | G,

and where LJ, PTY, PEI(T?), and ®EI(T?) are givenvas (4.22) and (4.24).
We have obtain the following theorem a '

THEOREM 4.3 The variance Vil of the model II is given by the following formula.
“"V{i}= {(PTIHI2Q—PLY— (A4 2P DE) — Qg+ ) A= PCLCTIHIF L@ EH T

+1

k+1

-1
+2j(p;?'g+1(3) ZI%(]‘Z) +Pf;’:1“3)EfI§(T2)]+ Z} [(7~j+/li)((DL‘ZL.(DEJH(TZ)
k=0
_2(1}Dg‘k(1)T}Zii>_2(1)Lgk(l) i:%]} /(25“*‘/17) (1_(1)L»{1;)7

(4.27) ' G=i,i+1, -, n—1;i=1,2, -, n—1),
(I’Vf“=(3)V‘1"“=(3’E;?':11(T2)—(‘3)Tj:1‘)é; o (j=0,1, -+, ),
(1)V;n++11=(2)Vz,:s;1=(2>Eg:11(Tz>_ ((2)T;_7':11>2, (iz(), 1, -, n),

where L, PES, ®E4, and VD, are given as (4.21), (4.23), and (4.25), and equal to

DY 1= (OTIH20—CLi,— ((m+n—A+im) P Di— (m+n—a+is)
X (1_(I)ng)(l)T;’:]l]+[z/‘l(2)Ei<T2> _{_x((n_,]‘) (3)E_?'+2(T2) _{_m(3)E;71—22(T2))]

i+1

+ :é:[ (<m+ n‘_‘j>2+ 2/“) ((1)L;jk(1)E%'ii<T2) e 2(1)D{k(1)T.’{Ii) _ Z(I)L;?'k

(4.28) XOTY) [LmAn—D2+ird(A=CLE, G=i,i+1, -, n—1;i=1,2, -, n—1),
CH=V =BT )= (P TE Y G=0,1, -, n),
(1)V;n+1____.(Z)Vg:w;l:(Z)E{;r—ll(TZ)__((Z)T;:i:} 2’ . (i=0’ 1’ ey n),

where LY, PTY, PEI, OFKS, and PDY, are given as (4.22) (4.24), and (4.26), when (4.18)
holds true.

EXAMPLE 3. For the case m=n=1, i=1, since =22, =2, M=, and pi= 31:%
we have T

D10 (2,1 _(S+22)(S+Z+/,t)
PO =R = T s 2at 1)

which leads to that

. ‘1’R}(2)=‘2’R}(t)=e‘*‘+ 2':/:'-# te~ML (2—){:#/,52 e~M{g-+mi_1)
| 20+ 20+
W2 T2 =
T="Ti=eitw, 2T Girw
(DV§=(2)V§= 4 10# 2u2 2

@t T 1@+ T Bt )

D A S e e e S e e
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EXAMPLE 4. For hte case m=n=1, i=0, since 2=22, h=2, t=H, and pu=py=

1
5 we get
24 (42 A(32+2

<1>(p§<5>=<3><p§(s) =. +ES+_;§1()SS—:22(+/;; =
then

<1’R§(t)=‘3’R§(t>=3—M+ )i{l te- M4 —2 (2_‘_ )2 e—M {1—e~(x+;i)t},

32 3
(1’T§=(3)T}= X_Zj_—fz—j AT = Zjiz
5 8u 242
DO/ 2 =1 =
Vi=OVi= @ity T 1@ty T Bt .

§5. Multidimeﬁtional allocation process. -

We first calculate the reliability function that will be needed in the analysis in this
section. In the system stated in §1, we assume that the failure is not detected when
an equipment failed and therefore it will never be repaired if it fails. The reliability
function R:(?) can be obtain by the same method in § 3. After some simple calculation,
we get

(5.1)  RD= kﬁ Aze M,

where

Ak=é-—,,:‘L4 ’ (i=09 1’ ) n)‘
I (=2

Specially when Az=(m+n—Ek)2 holds, then

n !
62 RO= B TRt B

Consider a multi-stage electronic system in which the reliability may be taken to
be product of the reliabilities of the each stage and jth stage consist of identical m;
equipments. To improve the reliability of a particular stage, we can put a number of
units in parallel or stand-by. Suppose that we have a choice of types of equipments to
be used at each stage. We could, if we wished so, allow combinations of types of items
at each stage, without affecting the validity of the following treatment. Let R;(my, nj, I, )
be the reliability of the jth stage when z; units of 1 type are put in parallel or
stand-by at the jth stage and let the quantity Ri(my #ns 1, ), Ri(mj nj 2, 1), and
R;(mj, nj, 3, t) are given by (5.1), (3. 30), and theorem 4.1, respectively, where m; and
¢ are fixed paramer and m;=0,1,-; 7;=0,1,; j=1,2,-,m; 1=1,2,3. We shall further
suppose that we have two types of constraints, cost and weight. Let c;(D), w;(1D(U=1,2,3)

B B N RS M 0 i X A ol bk sl
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denote the unit cost and weight for / type equipment at jth stage.

Given the overall restriction on weight of w and cost of ¢, we wish, as before, to
determine which type of and what quantity of equipment we should use at each stage,
so as to maximize the reliability of the devices. We can now introduce a Laglange
multiplier and proceed as to obtain a one-dimentional version. Let us fy(c) denotes the
maximum reliability of an N-stage device where ¢ is the upperbound of cost admited- to
expence over the system. Then we have the recurrence relation from the principle of
optimality. -

(5.3 fN(c)=mcfx{ max  [Ry (my,ny,l, t)e’*"zv”’zv(l)fy_x(c—nNcN(l)]}

0<n < [eley (D]
N=2,3, -+ with

fl(c)=m§zx{ max [R1 (ml,nl,l,t)e’*"l’”lcl)]}_

0<n; <[ecley(D]

where 2 is a Laglange multiplier, to be determined so that the constrains of the weight
is met. Once a again, let us note that each »; and / are constrained to assume only the
values 0,1,2,--- and 1,2, 3, respectively.
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