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1. Preliminary. In his paper [1], V. Klee has presented a conjecture on
weak compactness of subsets of separable Banach spaces: a closed convex subset
C of a separable Banach space E is weakly compact if and only if every contin-
uous linear functional on E attains a maximum on C. Hereafter, if a set C shares
the latter property, we say that the set C has the property (M) in E. The purpose
of the present paper is to give a partial answer of the conjecture under an addi-
tional condition, that i is, to show that the conjecture holds in case of C being a
- closed convex body. :

In this paper, [3] should be consulted with as far as terminologies are con-
cerned.

" 2. We begin Wi'tﬁ the next lemmas.

Lemma 1. A weakly closed and weakly bounded subset C of a reflexive Banach
space B is weakly compact.

Proor. Let (x,) be a universal net in C. Weak boundedness of C implies its
boundedness and hence (x,) is bounded. Consequently, a family (x,) is equicon-
tinuous as a subset of the bidual B** of B. Furthermore, there exists lim,f(x,)
for each fe€ B* because of weak boundedness of C. We consider a functional z
on B* such as %(f)=1lim,f(x,) for each fe B* .Clearly, z is a continuous linear '
functional on B* as a limit functional of a net (x,) of equicontinuous linear func-
tionals on B*. Therefore, » belongs to B**, consequently to B because of the
reflexivity of B. Thus the proof is completed.

Lemma 2. Suppose D is a bounded, closed, convew, symmetric and absorbing
subset of a Banach space. Then, the Minkowski functional p of D 1is a norm with
respect to which the set D 1s the closed unit ball: D= {x:p(x)<1}.

Proor. The Minkowski functional p of D is clearly a pseudo-norm because D
being convex symmetric and absorbing. Now, Let p(x) be equal to 0 and % be
an arbitrary positive number. Then, it is straightforward from the definition
of the Minkowski functional that there exists a positive number r such that
E™'>r>0 and x/r belongs to D. Therefore, there exists a constant M such that
M= ||x||/r =k-||x||, since the set D is bounded, where ||x|| is the norm of a point
% in the Banach space B. The number k& may be arbitrarily large. Consequently,
an equality =0 holds. Thus p is a norm. It follows immediately from the
definition of p that D is the closed unit ball with respect to the norm p. (4], p

(1) Numbers in brackets refer to the references at the end of the paper.
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Y The main result in the present paper is the foHowmg
T THEOREM If a closed” convex body :Cin‘a ‘separable Banach space - B has the - -

i property (M) in B, then the space. B is reflexive and C is weakly compact. ~In this
case, every closed convex subset which has the property (M) in B, is weakly compact.

Proor. Suppose a subset C of B is a closed convex body which has' the prop-
erty (M) in B. Then, it follows that every continuous linear functional f on B
attains a minimum on G, since -f attains a maximum on C, and consequently,
attains both maximum and minimum on the closed symmetric convex envelope D
of C. This fact implies weak boundedness and hence boundedness of D. Since
C is a convex body, D is also a convex body and furthermore it has the origin 0 as
an interior point by virtue of symmetricity and convexity, and hence is absorbing.
By lemma 2, it follows that the Minkowski functional p of the set D is a norm
and D is the closed unit ball with respect to the norm p.

Now, the set D is a bounded neighbourhood of 0. It follows that there exists
-closed balls S; and S, with center 0 such that S;CDCS,. This fact implies that
the original topology of B is identical with the topology generated by the norm
p, consequently the normed space with the norm p, denoted by B,, is homeo-
morphic with the original Banach space B and B, becomes a separable Banach
space. Therefore, by virtue of the James’s theorem ([2], p. 167), the space B, is
reflexive and hence the original space B is also reflexive. Furthermore, the set
D is weakly compact in B, and hence weakly compact in B, since B, is homeo-
morphic with B. The set C is a closed convex subset of B and hence weakly
closed subset of D. It follows that C is a weakly compact subset of B. The
latter half of the theorem is an immediate consequence of lemma, 1.

Cororrary 1. If a weakly closed subset C with non-empty imterior of a sepamble
Banach space B has the property (M) in B, then it is weakly compact.

Proor. Clearly, the closed convex envelope of C has the property (M) in B
and hence‘is weakly compact by the theorem. Consequently, the set C is weakly
compact because it is & weakly closed subset of D.

CoroLLArY 2. Let C be a weakly closed subset of o separable Banach space B
and let the interior of C with respect to the closed linear extension of C be non-
empty. 1f the set C has the property (M) in B, then it is weakly compact. _

Proor. Let E denotes the closed linear extension of C. The separability and
completeness of B is inherited by the subspace E ([4], p. 6) and hence E is a
separable Banach space. Every continuous linear functional f on E has a linear
continuous extension f on B which attains a maximum on C by the assumption.
Therefore, f attains a maximum on C. Thus C has the property (M) in E. Clear-
ly, the set.C is weakly closed in E, since it is weakly closed in B. It follows
from corollary 1 that C is weakly compact in E and hence weakly compact in B.

CoroLLarY 3. Suppose C is a weakly closed subset of a separable Banach space .
B and suppose a set D is the closed symmetric convex envelope of C and inf {|]|] :
% € exgyD—{0}} >0, where exyyD s the set of all extreme point in D relative to
{0}. If the set C has the property (M) in B, then it is weakly compact.

Proor. Let E denotes the linear extension of C.. We shall show that E is a
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closed linear subspace of B. ‘Now, let x» be a point of E which is different from
0. Then, it has the linear forrﬁ_ zn}a,-y,- of points y; of C and it may be assumed
that «;’s are positive numbers énlcl ¥’s belong to D without loss of generality.
Put r1=$3,~‘ and z=r] 12:,8,.9',-. Then, the point z belongs to D and x is repre-

sented by a multiple r;z of z. Since. D is bounded, sup {'>0: rz € D}, denoted
by ro=0, is finite. The point roz, denoted by y, belongs to D, since D is a closed
set. Furthermore, it belongs to exgpy;D— {0} because D is convex. Thus, any
point of E is a multiple ry of a point y of exq,D—{0}. Now, let (x.) be a net in
E converging to a point x of B different from 0, and let x, be r,y., wWhere yis
belong to ewgy D—{0}. By boundedness of D and the assumption, there exists a
pair of positive numbers e and M such that 0 <e<||y.||<M for all a. Since.
{x.} converges to x==0, we assume without loss of generality that there exists
a pair of positive numbers 7 and K such that, for every a, 0 <7 <||x.||=ra"] ¥4l
<K. This implies that 7- M '<r,<K-e¢7!, for every a. Let (rg) be a universal
subnet of (r,). The universal net (rg) of bounded scalars has a limit 20 and
hence the net (r3'x,) converges to r~'x. In other words, the net (yz) converges
to 5. Since. D is closed and yz € D, the limit point y belongs to D and hence
belongs to E. Thus E is a closed linear subspace of B. Furthermore, it has been
verified that D is absorbing and hence a barrel in E. Therefore, the set D is a
‘neighbourhood of 0 in E and has a non-empty interior because E is a Banach
space. It follows from corollary 2 that D is weakly compact and so is the set C.

We wish to express hearty thanks to Professor M. Inaba for his kindly advice
and guidance in preparing this paper.
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