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§ 0. Introduction. -

S. Tachibana® proved that in an n-dimensional compact almost-Tachibana space
with vanishing K an infinitesimal conformal (or projective) transformation is
necessarily an isometry. On the other hand, S. Tachibana® and H. Nakagawa®
discussed automorphisms of almost-Tachibana spaces under certain conditions.

In this paper, we shall consider an infinitesimal conformal (or projective or
holomorphically projective) transformation of an n-dimensional compact almost-
Tachibana space satisfying the equation R}; =aR;; + bg;; (a, b; scalars or con-
stanfs) and deduce Tachibana’s results and that in an n-dimensional compact
almost-Tachibana space of non-positive comstant holomorphic curvature an in-
finitesimal conformal (or projective or holomorphically projective) transforma-
tion is necessarily an isometry. Next, we shall discuss an autorﬁorphism of our
space.

§ 1. Preliminaries.

Let M be an n-dimensional almost-Hermitian space with almost-complex struc-
ture ¢! and positive definite Riemannian metric gii satisfying the relations :

1.1) Pr k= —01,
(1. 2) 8rs ¢;¢f:gjt'
From (1.2) it follows that tensors ¢! =¢7 g,; and ¢/ =¢ig" are skew symmet-

ric. Let{ ]hl}, R;; and R;;=R;; be Christoffel symbols, Riemannian curvature
tentor and Ricei tensor respectively. We denote be v; the operator of covariant
derivative with respect to{?j}. It is well known that with respect to the canoni-

cal connection®® defined by

h 1
ko= — — @hyg. 7
r,.,._{ﬁ} ViV,

1) S. Tachibana (6), 2) S. Tachibana(7), 3) H. Nakagawa (1) 4) S. Tachibana (5), 5) S. Tachibana (6),
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amiq?{! are covariantly constant. If we denote by K,,* the curvature
ff]"’j!,.- and put o .
R=2K,,'01, RY=(/2¢"R,,,,0
‘then §ve have
(1.3)  Ryu=401 RN —0iv, 0ty 01
If an almost-Hermitian space satisfies
1. 4) Vit Vi¢i=0,

then it is called an almost-Tachibana space. In an almost-Tachibana space, it is
well known that the following equations are valid®"®,

(1.5) | R}, 950;=R%, RE=RY¥,
(1.6) ' (R;;—R¥)v' v =0 for any vector field %,
amn R—R*=constant >0, where R =g" R,;, R*=g""R},,

(1.8)  V*N(v)»=0 for any vector field +", where N(v)y=9¢}(v,¢,,)V v".

§ 2. Certain almost-Tachibana spaces.
It is known that the followings are valid £
Lemma 2.1.” In order that the form K vanishes it is necessary and sufficient

Lemma 2.2.19 Iy an n-dimensional (n =4) almost-Tachibana space of constant

holomorphic curvature k, we have

8RY=—R,;+(n+2ke,;  (k: constant).

It is well known that in an almost-Hermitian. space the differential form K=
Kj;dx’ ANdx' is closed™. Now, we consider an almost-Tachibana space (every
eigen value of R;;5~R/n) satisfying the equation

2.1 Rf;=aR;;+bg;; (a,b: scalars).

In an almost-Tachibana space, from (1.3) we have

(2.2) : K;;=9¢;(4R%—R,,).

Transvecting (2.2) with ¢, we get

Py

9,K;;=—bR};+R,;= —5(Ri;—R;;)—4R,;,

6) S.Sawaki (2), 7) S.Sawaki(3), 8) S. Tachibana (4), 9) S. Tachibana (6). 10) H. Nakagawa (1).
11) 8. Tachibana (5), this form K is a generalization of Chern 2-form of Hermitian spaces.
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from which we have
V¥ (@iR;)=—(5/2)V,(R*—R)—2V;R.
If v:K;;=0, taking account of (1.7) and the last equation we get v; R=0. Hence

R and R* are constants.
If we contract (2.1) with g;; and operate v’ to it, we have

(2.3) (V'a) R+ (V'b)n=0.
On the other hand, if we operate v’ to (2.1), then we have
2.9 (V&) Rji+(v'b) g;i=0.

From (2.3) and (2.4) we get
(V'a) (-Rji_l(R/ n)gii) =0,

from which by our assumption, we obtain v'a=0 and v/6=0. Hence a and b are
constants. Therefore we have the following

Theorem 2.1. In an almost-Tachibana space (every eigen wvalue of Rj;==R/n)
satisfying the relation R};=aR;;+bg;; (a, b: scalars), if AzK;=0, then a and b
are constants.

§ 3. Infinitesimal conformal transformation.

Consider an almost-Tachibana space satisfying the equation R};=aR;;+bg;;
(a, b : constants). Then for a vector field +* we have

(8.1 Vv (R¥v)=aV/ (R;; v)+ bV v;.
Now let +" be an infinitesimal conformal transformation, then by definition

there exists a scalar function o satisfying £g;;=20g; and as is well known the
equation ‘

3.2) f{;;}zpj 0h+0,0%—0 g, O:=V,0

holds good, where we denote by £ the opera’cér of Lie derivative with respect

to a vector field »". From (3.2) Wevhave
0:=Q1A/m)Vif, f=viv',
and
(3.9 - VA, v"+ Rt o" =(2—n) 0",
On the other hand, transvecting (3.2) with ¢} ¢i we get
3.4 ?iv;(@iv; v+ N(),+ 2R}, v"=—20,.
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If we operate V' to this equation and take account of (2.3), 'then we obtain
(3.5) VI(RE)=—V'0,
Hence from (3.1) and (8.5) we have
(3.6) av’ (Rjiv')=—V'0,—bf.

Next operating v; to (3.3) we have V'v, f+2V (R,;v")=(2—n)Vv"0;, from which
we get Af=1f (A=nb/(na—a—1)) by virtue of (3.6). From the last equation, we
have

Theorem 3.1. Ina compact almost-Tachibana space satisfying the relation R} =
aR;; +bg;;, 1f A is mon-negative, an infinitesimal conformal transformation is
necessarily an isometry. )

Especially, in a compact almost-Tachibana space with vanishing K or of con-
stant holpmorphic curvature we have

A=0 or A=—nk.
Hence we have the following V

Corollary 1.'” In an n (5~6)-dimensional compact almost-Tachibana space with
vanishing K, an infinitesimal conformal transformation is necessarily an isometry.

Corollary 2. In an n-dimensional compact almost-Tachibana space of non-posi-

tive constant holomorphic curvature, an infinitesimal conformal transformation is

necessarily an isometry.

§ 4. Infinitesimal projective transformation.

In the same way we can deal with an infinitesimal projective transformation.
Let v" be such a transformation, then by definition there exists a vector field o;
such that

e{i}=o,01+0,01
From the above we have
| V'V, v+ Riv=20", 0,=1/(n+1) Vifs f=vwv-
In an almost-Tachibana space satisfying fhe relation RY;=aR;;+bg;; (a, b:

constants), we have -

Af=2f, l=2b(n+1)/(na—a—2).

12) S. Tachibana (6),
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From the last equation, we have th‘e following

Theorem 4.1. In a compact almost-Tachibana space satisfying the relation R}
=aR;;+bg;;, if A is non-negative, an infinitesimal projective transformation is
necessarily an isometry.

Corollary 1. In an n(s~11)-dimensional compact almost-Tachibana space with
vanishing K, an infinitesimal projective transformation is necessarily an isometry.

Corollary 2. In an n-dimensional compact almost-Tachibana spaec of mon-posi-
tive constant holomorphic curvature, an infinitesimal projective transformation is

necessarily an tsometry.

§ 5. Infinitesimal holomorphically pr(;jeective transformation.
In the same way we can deal with an infinitesimal holomorphically projective
transformation (we call such a transformation HP-transformation). Let " be
HP-transformation, then by definition there exists a vector field o; such that

£{]hl} =0,;0440,0t—0;0%—0b,0% 0;=¢%0,.

v

‘From this equation we have
V'V, 0"+ Riv=0, 0,=1/(n+2)Vif, f=V'uv.
In an n-dimensional almost-Tachibana space satisfying the relation R};=aR;;
+bg;; (a, b: constants), we have '
Af=2f, 2=2(n+2)b/(na+2a—2),
from which we obtain the following '

Theorem 5.1. In an n-dimensional compact almost-Tachiband space satisfying
the relation R};=aR;;+bg;;, if 2 18 non-negative an HP-transformation is.mneces-.

sarily an isometry.

Corollary 1. In an n(5=8)-dimensional compact almost-Tachibana- space with
vanishing K, an HP-transformation is necessarily an isometry.

Corollary 2. In an n-dimensional compact almost-Tachibana space of non-posi-
tive constant holomorphic curvature, an HP-transformation is necessarily an iso-

metry.

§ 6. Automorphism.

13) S. Tachibana (6).
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If an isometry is almost- analytic, it is called an automorphism. In an almost-

Tachibana space, if a vector field »* is almost- analytic then the followmgs are
valid :

(6.1) V' V,vi+R;v" =0,
6.2 2N(v); = (R}, —R;,)v".

In an n-dimensional almost-Tachibana space satisfying the relation R};=aR
+bg;; (a, b : constants), from (6. 2) we have

7

- 2N(v);=(a—1)R;iv'+bgjv'.
If we operate V' to the above equation we have
(6.3) (@—DR;; vV v'+bf=0, f=V'v,.
On the other hand, from (6.1) we have
(6. 4) V' V. f+2R;, Vv = 0.
From (6.3) and (6.4) we obtain
Af=1f, 2=2b/(a—1),

and hence we have the following

Theorem 6.1. In an n-dvmensional compact almost-Tachibana space satisfying

the relation R};=aR;;+bg;;, if A is non- -negative, an almost-analytic vector is an
automorphism.

From this theorem, we have the following

Corollary 1.' In an n-dimensional compact almost-Tachibana space with vani-
shing K, an almost-analyt’ic vector s an automorphism.

Corollary 2. In an n-dimensional compact almost-Tachibana space of mon-
positive constant holomorphic curvature, an almost-analytic vector is an automor-

phism.

If an #(>2)-dimensional-almost-Tachibana, space is conformally.flat, then we
have

and hence we have the following

Corollary 3. In an n(>4)-dimensional compact conformally flat almost-Tachi-
bana space, an almost-analytic vector is an automorphism.

14) S. Tachibana (5), 15) H. Nakagawa (1), 16) S. Tachibana (7).
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