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§1. Imntiroduction.

In this paper we consider an n-period, one-commodity dynamic inventory model
with non-stationary stochastic demands, and with & (constant) period-lag deliv-
ery of regular orders, and with £ “emergency” orders, characterized by delivery
lags 4, =0, t,=1, ... tpy=k—1. Let m{ ,_;,,,G=1,2, ..., m; j=1,2, ..., n; r =0,
1, .., k—1for n=k,r=0,1, ..., n—1 for n <k) denote the emergency quantity
of the time lag r for the period j, at the begining of which the demand density
is given by ¢; and let m} ,_;.1 (n=k) denote the regular quantity. The cumlative
demand in each period is non-negative random variable whose distribution may
change from period to period by a Markov transition law with matrix P= |pisll
Gi,j=1,2, ..., m.) where p;;=>0 and ﬁ]_p,»,-= 1 for each i. It isassumed that the
demand density does not change du]ri;g one period. In other words, when the
demand deneity is ¢; during a period, one of the following period changes to ¢;
with probability p;; (i, j=1,2, ..., m). We shall show simple and more explicit
properties for optimal policy, with assumptions a little bit changed, than those
discussed previously the general case in [8]

The inventory periods I, L, ---, I,, are numbered from left to right. At the
begining of the jth period (j =1, 2, ---, n) two action have to be taken (i) placing
k “emergency” order, (ii) issuing a regular order to be delivered at the end of
the j+k—1 period. The delivery lag A=k is constant throughout the rest of
the paper. We impose the following conditions on the model.

1.1) The interval in ordering is k-period.
1.2) There is backlogging of excess demand.
1.3) The known distribution function of demand is absolutely continuous with

respect to the Lebesgue measure. The density will be denote by ¢;(£) (i =
1,2 .., m). :
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(1.4)
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The holding cost function h(7) and the penalty cost function p(m) are
twice differentiable, positive convex function for positive arguments.
There is credit function v(7) defined by

7 7=>0,

11(77)2{
0 7<0.

The reduced penalty cost, the net penalty cost, is defined in the follow-
ing way. If at the begining of some period the order of size z to he
delivered at the end of the period, has been known and a demand D — &
occures, then the net penalty cost for this period is

PE— y—v[min(z, £ — 5]

where y is the starting stock level of that period.

There is a concave, twice differentiable salvage gain function w(7) that.
is increasing for 7 > 0, and is zero for 750

The ordering cost function cx (1) for regular orders to be delivered %

period later is given by
. Crlk e 2 O:
cr (M) =
0 7 < 0.

The ordering cost function c¢ ;(1;) for emergency orders to be delivered
J period later is given by
¢;l; 7;>0,
c;(n;) =
with ¢g>¢;>...> ¢, > 0.
(@) alimw’ (9) = a:"l'mg:u)'(ﬂ —6):i(§)dé < c; < al o,
7o 7o
Md) w'(0)< . (e 0<a<Ll, (G=1, 2, k;i=1,2 ... m)
L, ¢;) — vS: (1 —&)p;(&) de is convex.

where L(7, ¢,), the expected one-period loss arising from penalt_y and

holding costs, is given by

Jha-00@ds+ [ pE—ne@d 130
L(% ¢i): - 7
(“pe—mea 70,

1=1,2, ..., m.
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we shall assume that all integrals occuring in this paper exist and are finite, and
all integration and differentiation where needed can be interchanged. This impose
certain restrictions on the class of demand densities.

Let f.(x, ;) denote the total discounted expected loss an n-period inventory
model, where the demand density in first period is'¢;, x is the inventory on hand
after the receipt of prior orders at the begining of the first period, and an
optimal ordering policy is followed in period 1, 2, ..., n. We obtain for n =k from
the principle of optimalty

GBI fulw, @)=  min {zc,m, + L(x 4 mo, 0) + az:p,,lﬁ Tle-F g

MmeZ0,m1Z0,.0,maZ0 =0

m m m

tm—ne)e@dit @3 3o (L

tmitdme =t =t —tpg, 95 )P () - Pir_,(r_2)dt - dig_y

+ LV (w4 mo+ my, ©) — V(x + mo, 2]+ aﬁpiilg:[V(x + mo + my + my
11=1 -

- gﬂil) V<x+m0+m1 t, ¢11)]¢1(t)dt+ +ak IZ 2 anl

i1=1 i,=1 1];_1—
"'Pfk—sz—lgo So (Vx4 me+ my+.odmp—t—t;— .. — ty_g, qo,.k_l)
—V(xt+motmit A mpy—t—t1— . — 4y, Pir_ )10 (0)---@;,_ (t-2)dt

cdtnat @ SY SV S pu, Py iyl (- faoa (e b mo bt

01=1 i;,=1 ip= 0

Tmr—t—t— . — iy, PRI AOIZAGY @iy (tro1) dedty - g}
= min {2[(07 1= c)ujr+ Lisa(ujog, 8+ Vi (uj_g, 95)

upZuk 1 Z.ZuZuZx j=1

— ,-_1(u,-_1, )]+ crur+ Vioa(us, @) + foor 1(tr, )} — cox

where

io=i,x+m0=uo,x—}—mo—}-ml—_—ul,..., x+m0+m1+"'+mk:uk

Li(x, ¢) = az"‘lp,.,-S:L,_l(x — 1, 0)), 0:(5) de i=1,2, ..., m,
Vl(xa (0,-) = azm}PijSO V1_1(x — ¢, (ﬂj), ¢,~(t> dt 1= 1, 2, ey T,
i=1 .

Wi, 0) = a3ipu Wi —1, 0)0.0) ds i=1,2, -, m,
i=1




46 Masanori Kopama

Sr-r1(x, 95)= “Jépiig:fn—k,z—l(x —t, 9)¢:(2)dt i=1,2..,m,
Srr0(2, @)= fos(x, ), L1 (%, 0)= V_1(x, 9) =0 i=1,2 . m,
Lo(x, ) = L(%, 92), Vo(x, ¢)= V(x, ¢;) i=1,2,...,m,
Sfo(=, (o,-)=—. Wolx, ¢;)=—w(x) 1=1,2 oy,
e s {—vx+ of - oe@a | %=0

—vx x<0

i=1,2, ..., m.

It is noticed that fy.(x, ;)=— W x(x) for x > 0. From the same method
as in the n >k, we have for n < k

f,,(x @ ) = min {2[(6;_1 - Cj) uj;_1+ Lj_1(Uj_1, (9,') + V,-_z(uj'_l, ¢71)
i=

UnZup_ 1 Z..Zu,=

- j—l(uj—l, (01):] + Cnlly + Vn—l(um ¢z) - Wﬂ(uﬂ; (ﬂ,)} — Cox
i=1,2,....m

§2. Optimal policy under two modes of delivery (k= 1)

In this section we will analyze the optimal policies of a dynamic inventory
‘model with a one-period-lag delivery of regulars, and with a no-time- lag delivery
of emergency orders. We impose the following conditions that guarantee uni-
queness and finiteness of critical numbers.

@2.1) @) ImL'(x,¢)+co—c;+v<0 (b) ‘limL'(x, ¢;) — alimw (x) >0
x> e x40

x> —o0

(© v<p'(0),r0)=p0)=0 (d) 2:(6)>0for >0 i=1,2 ....m
From (1.11), we get

2.2) fulx, 9)= mln {(co —c1)(uo — %) + L(uo, ¢;) — V(wo, #:) + c1(u1 — )

= B, 40i)+fn—1,1(x, ¥} i=1,2 ..., m.

Let us define

2.3) LYz, ¢)=min{(co— c1)(uo — x) + L(uo, 9:) — V (uo, ¢:)}

un-—

i=12 ..., m.

2.4 M (x, 0)=co— ¢; + L' (, ) — V' (%, ¢;) i=1,2 ..., m.
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It is clear from the conditions of (2.1) that each M®(x, ¢;) has a unique zero,
#1(2)). If p(7) is linear, then we get from (2.1a) M®(0, ;) = co — c¢1 — p(0) + v < 0;
hence %:(¢;) is even positive. It follows that u,= 2;(¢;) for x < 2,(¢;) and uo=
for x=>2,(¢:); consequently L™ (x, ;) is given by
_ (co—c) (%1(@)—2)+L(%1(92), 9)—V (31(92), 9) x<21(¥)
(2.5) LY (x, 9)= .
L(x: (0,) - V(x: (01) xZi"Gl(@)

1=1,2,...,m

Returning to (2.2) we consider the following cases to accomplish the desired
minization.
Case (a) x = #1(#,). In this case we have u,= x, then it follows from (2.5) that.

(2.6) fo(x, )= L(x, ¢:) — V(x, ¥;) + mizn {er(ui— %)+ V(uw, )+
f,,_1,1(ul, (P;)} 1= 1,‘ 2, ceey M.

Case (b) x» < #1(#;) Considering the additional restriction, u;>>u,, we have uo=
£1(92), if uy > 21(9), if u1 < 21(9)), o= #.(¥;) is contradictory to the restriction
u1>uo; hence from the convexity of L(x, ¢;) we must have u; = u< #;(¢;) There-
fore, we get

LIf ui=%(9).
2.7 S, @)= (co— c1) (21(2) — ) + L(21(#), ¢:)— V (21(#2), 7y
+ min {cl(ul i .'X) + V(U:l, ¢i).+—fn9—;:1,1(u.1) (9,)} i= 1’ 2) iy M

U Zx

II If Ui < 5’:1((0,')

(2.8) Sfa(z, )= min {(co— c1)(u1— %) + L(uy, 9) — V(uy, )+ c1(us — %)

#1(P>u1Z %

+ V(ul, ¢;) +fn—'1,1(u'13 qo,)}
= (co— c1)(%1(#:) — x) + L(21(93), ;) — V (21(¥)), )

+ min_ {c1(u1—2) + (co— c1) (w1 — 21(#)) + L(uy, ;) — V(u1, ¢;)

2 (P>uZx
—(L (2109, ) — V (2:1(2)), 2)+ V(uy, ¢)
+fn—1,1(u1, (7B}

Let us define
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‘(Co —c)(x — £1(92)) + (L=, ) — V(x, )
2.9  AV(x, ¢) =1 . — L@@~V (510, ) 5 < 2:(0)

0 x_Zs%l((/’;)
i=12 ..., m.

Using (2.5) and (2.9), we may represent expressions (2.6), (2.7), and (2.8) by a
single expression

(2.10) oz, ¢) =IO («, ?:) + min {er(ui— %) + AP (u,y, ¢) + V(ui, #5)

+ fr-r,1€u, 9} i=1,2 i, m.
Let us define _
@.11) Cun(u, 9)=cru+ AV (u, 0)+ V(u, 0) + for1(u, ) i=1,2 ..., m.
At u ="%,(9)), the derivative G1,(u, 9;) is given by

2.12) GL (51,9, ) = c1 .V (2,(2,), ¢,) + fa-11(21(22), )

Tueorem 2.1 Let conditions 1.1)~(.9) hold, If (2.1) are satisfied, then for each
i (i) the optimal ordering policy is of the Sollowing form.
Case 1 If 212(2:) > 21(9)), it is optimal to order:

1. for x< 2,(9), amount #1(¢:) —= at ¢, and amount z,,, (#:) — 21(®:) at ¢y

2. for 2:(2) < x < %1,(9,), amount %y, (@) — x at ¢y )

3. for x = x1,(9)), none. 1=1,2, ..., m.
Case 11 If %1,(9) < 21(9)), it s optimal to order:

- 1o for x < 21,(9), amount %1,(¢;) — x at Co;

2. for x = %1,(9;), none. i=1,2 ..., m,
where %1,(9;) 1s a unique root of each equations Gi,(x, ¢,)=0. (i) fulx, ¢) s a
convex function of x, decreasing for x small enough, increasing for x large enough
and fi(x, ¢)=— co.

Proof (by induction). We first deal with the case of n=1. Then we have

(2.13)  limGy,(u, )= ¢; — alimw (uy) > 0 by (1.8a)

@19 UG}, (uy, 99 =co+ lim L' (us, 9) <c,—v<0 by (18a) and (2.1a)

U —eo U~ —oo

Two case may be considered, according to the sign of Gli(2:(9,), ¢;):

Case (2) G, (#(¢,), #,) < 0. Since Gy, (u, @) is strictly convex for u >0, G1,(0, )
<0, and (2.18) is valid, there exists a unique positive z;;(¢;) such that Z11 () >
%1(#;) and
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@.15)  Ci(211(02), 9)=0=c1+ V' (En (@), ¢) — Sill(w)w’ (20292 — 1) 0:(6) ds

0

1=1,2, ..., m.

It follows that we have in (2.10) for the n =1 u; = 211 (¢;) if x < _9‘611(@,-) and u; ==
if x> %11(¢;). Therefore, we obtain from (2.5), (2.9) and (2.10)

f1 (%, ¥;) = co (571((?,‘) —x) + 61(9—611 (@)— %1 ((0,')) +L(9’E1(¢i), ¢i) — V(iu((ﬂ,-), (ﬂi)

LV (30 @), ) — Sj”“"')w(xu(qpi) —D)o,)ds 5 < 2199

(2.16) = c1(Z11(®) — %) + L=, ©) — V(x, €) + V(211(¢2), ¢2) '
_ agj“(wi)w(xu((ﬂg) —Dede 21 (0) < % < 311(9)
= LG, o) —a| we—na@®d Qv‘cu(@f)
fi(w, #)=—c, . x < £1(95)
(2.17) =—c1+ L'(x, ¢)— V(x, ¢) 21(2) < x < %11(95)
—I'(x,0)—a S:w'(x—t)(/’f(t) dt %> %0(9)

It follows from (2.16) that Case 1 for n =1 holds. From (2.17) and (2.1b), we get
(ii) for the n = 1. '
Case (b) Ci,(2,(¢;), #;)=0. Then (2.11) is given by

(2.18) Gl (x,¢,)=co+ L'(x, 9;) — ag:w',(x —)¢; (1) de for x < £:(9;)
Since (2.1c.d), (1.8b) and (2.14) are valid, there exists a unique %11(#;) such that

%1 (#1) = %11(¢:), and

z11(p4

(2.19) , Gl (1 (@), ) =0=co+ L' (%1:(¢,), ¥;) — CZS )w,(5711((”i) —0)@;(2)ds

0

If p(7) is linear, %1:(#;) is even positive since G1,(0, ;)= c,+ L'(0, ¢) < c1—v by
(1.82) and (2.1a). By use of %1:(¢;), we obtain from (2.10)

(2.20)  fi(x, ©) = co(F11(¥) — x) + L(%11(%2), ¥3) — agj“(“)w(;cu(qa,) —£)@;(t) dt
4 X < .’211((0;‘)

=L(x, o) —af wx—ne@a 5= 501(05)

2.21) fi(x,¢)=—c | x < %1 (%)
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= L'(x, (ﬂ,-) = aS:w'(x == t)¢,' (t) dt x> x11 ((0,)

It follows from (2.20) that the Case II for n — 1 holds. The expression (2.17) and
(2.21) used with (2.1b), verifies part (ii). Assuming that the theorem 2.1 hold for
the integer n — 1, and suppose that %1,2-1(%:) and 2;(¢;) have the properties that -

® Glni(ss (®,), q”,') <0

— ¢ I ' x < %1(9;)
(222) f,’,_l (x, P )=4{— c1+ L'(x, ;) — V'(x, ) .’«%1((”{) <zx< %1,5-1(9;)
L' 00+ fiy (s, 01) 5> 1 1(02)

and z,,(¢)>0
() 6 (x,(9)), 2,)>0.
—Co 2 < Z1,.-1(9))

(2.23) .f;:—l (=, ;) :{
L'(x, ?:) F fa-ia (x, ?;) %> Z1,5-1(9;)

Then we have

@20 lLmGl,(x, ¢) =, +alim & Pisf Fisa— 1, 0,000 ds > 0

e =]

Case (a) Glu-1(%,(9)), ;) <0. Then Glu-1(2,(2)), P)=ci—ac, + Vi(%.(2)), %),
due to the fact that Sa-2(2, ©)> — ¢y for all «. Hence, by the assumption of
this case, we must have c1—aco+ V' (2:1(9)), ?;) <0. We have from the inductive
assumption, (2.9) and (2.11) ‘

(2.25) EHERCHY ?)=c1+ V'(2:(2)), ?;) +a-§1PifJSof;—1 (#:(9) —1, 2:)¢;:(t)d
=c1+ V'(fh(@i), ¢i) —acy <0

If 21(9)>0, it is clear that G{,(0, ¢,) < 0. The hypothesis Z1,2-1(¢:) > 0 implies
—c1+ L’(O’ (01) — VI(O, (0,) =v-—icg —g:P,(t)¢’(t) dt < ‘U_P/(O) —c1<0
hence
G1,(0,0)=c,— v+ a.ﬁ_}l]’u,g:f;zﬂ(_ 5209, dt<c,— v
+ a_élpii,ffzﬂ(oa ?:0< 0

Since Gi,(u, ¢,) is strictly convex for » > 0 by (1.8b) and (2.1c.d), and (2.24) is
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valid, there exists a unique positive %, (¢:) such that and z1,(¢;) > #1(¢;). Hence,
from the same analysis as in the case n = 1, %1,(¢:) and #,(¢;) uniquely define the
optimal policy which is identical to the Case 1, and also f; (%, ¢;) is given by

Z12(91) > 21(0));

—Co x < %1(9;)
(2.26) Jalx, @) =3—c1+ L' (%, ) — V'(x, ¢;) £1(9:) < % < %1, (9;)
Ll(x, ¢,) +f,l,_1,1(x, (ol) X > iln(&i)

Case (b) G1,,-1(21(¢), )=0. If we had c; — a@co+ V" (4:(¢2), ¢) < 0, then we
may have G],(2,(#,), ¢;) <0, or we may still have G! (2(9), ¢ )>0 since G1, (%,
@), ¢)=c,—acy+ V' (#,(#,), ;) <0. The first case has already been analyzed.
If we have ci—aco+ V'(2.(¢,), ) =0, we must have G/ ,,(xl((ﬂ,), ¢,)=0 by due
to the fact that f,_,(x, »,)>=> —c, for all x. In the case Gl (2,(2), ,)=0, we
have from the inductive assumption

2.27)  limGl,(x, ¢,) = co+ limL'(x, #,) + alim Zp“lg Fr(x—t, 0,00, (0) dt

x> —o0 x——oco x> —oc0 §

:Co+1imL,(x, ¢;)—aco<cl—v—a{co<0

£ —oo

On the other hand, (2.24) hbld, Hence there is an z1,(#;) such that z,(2,) << 2,(9;)
and

(2.28) G{"(Eln @), gDi) =0=c,+ L/(_'/Eln @), ¢i) + a‘grpiilgofylt-l(%ln<¢i)
—1,9;)9;(t)dt i=1,2 ... m.

Uniqueness follows from (2.1c, d) and (1.8b). The last assertion is immediate.
Therefore, #;(¢;) and %,(¢;) uniquely determine the optimal policy which is
identical to the Case IL f7 (%, ¢;) is given by

Z12(9) Z 21 (92);

— Co X < iln(qoi),
(2.29) Fulz, )=

L,(xa ¢i) +f7/z—1.1(x: ¢)i) x> Eln(xi)-
It is noticed that if p(M) is linear, then #;(¢;) >0 and z,, () >0.
In order to advance the further discussion, let us designate by z{”(¢;) and % (¢,)
the unique roots of the equations

(230) Fgm(xs @;)ZCO(I—CZ)-*—L/(.%, ¢x)=0 1’:13 2: ey .
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(2.31) Fgl)(x, (0‘) = Cl + Vl(x, (0,) + a,i:}lpjug:g(l)(x = t, ¢“)¢‘(t) dt — 0
i=12 ..., m,

where g (x, ¢,) is define by

(2.32) &Pz, 9)=— ¢  x< 8@
=—c1+L'(x,¢)— V' (x,9) x> %1(9))
| i=1,2 ... m.

From the previous analysis, it is clear that
- (2.33) Sa(%, 9) = gW (%, 9,)=> — ¢, for all » i=12 ..., m.

TurorEM 2.2. If conditions of Theorem 2.1 are satisfied, then for n>2

D far(m, €)= fi(x, ¢,) for x < 1,(0)) i=12 .., m
D) Case I ci+ V' (41(9), #) — o <0;
Eln(wi)g-”_v1,n+1(¢i)§ig.l)<¢i) ’ 1’217 2: “ "t m,;

there also exists a uniques J=2 such that z1;(#) < 2,(¢) < Z1,501(9)).
Case Il 14 V7 (21(¢), ) — ¢ co=0;
Eln((pi)éihnﬂ(¢i)§57(10)(¢;‘)§551(¢;) i=1, & ., ;.

Proof (by induction). Suppose first that n — 2. Then it follows from (2.26) and
(229) that we have in both cases, 5711(¢i)§.§12 (¢i) and .’7&11(?,‘) > .7—612((0,')

2.34)  fi(x, ¢)=fi(x, ¢,) for x < %12(#:) i=12 ..., m.
Case IF{°(£,(9)9,) =c,+ V' (5,(9,), ¢;) —ac,<0. Then we have 2, (¢,) < P (e),).
Since

(2.35) G, (#,(9)), ¢)=c,+ V' (%02, ¢;) + Ctiép;;,S:f{ (8,(9;) —t, ;)9 (t)dt

=+ V(81(#), 9) —aco <0 by (2.23)

Two subcases are possible; Case I. A G12(%,(#,),#,)=0. Then again two subscases
are possible, since G{;(2,(¢,)¢;)>c, + V'(2,(9,), #;) — e, <0

Case L. A G{,(21 (#,), ¢,)=>0, Gi3(%1(#,), ;) =0, in this case, we have £1(9) >
X12 ((0,) and ﬁil((ai)g X13 (@,‘). Since

(2.36) Gi3(z,,(#)), ¢;)=Gi, (%12 (#), 9;)— G12(%1,(0)), ;)

=33 i) =4, 0,) ~ FEa@d —1, 2,16, di <0
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by (2.34), it follows that 20(0,) > #,(0,)= %15 (0,) = %1, (%,)
Case I. A G, (%,(9,), 9:)=0, Gi3(2,(¢;), ;) <0. Then we get &15(2;) > 21 (¢;) =
%12(#;). Since

@30) G (EP®), ) =G6LGP@), ¢) — FPGEP®), ¢,)
= a3 [HGEPE) 1 0,) = gGPE) — 1, 9,)]0, ds >0

by (2.33), we have {"(9,) = %,3(¢;) > £,(9,) =% 1,(¢;)
Case I. B G{,(2,(#,), ¢;) <0. Then we get 2,(¢;) < %12(#;). The relation

(2.38)  Gi5(21(9), 9)=cy + V' (8,9, 9,) + “-glp“*gofé (#0908 0:):(0) de
=639, ) <0

implies #;(¢;) < %12(¢;). From the same calculation as (2.36) and (2. 37), we obtain
BP@) =213 (@) = %1(9:) > 2,(9)

Case II c1+ V' (%1(#), ) —aco==0. Then we have %,(¢,)=>z{"’(®,). Since we
have G, (#,,(#,), #:)=0 and G/, (%,(#,), ¢,)=0 by (2.35), by the analysis as in the -
case LA, we get 2, (¢,)=%,3(¢;)=%,,(%,). Since
(2.39) F(2,(9,), 9,) = F® (2,(9,), ;) — MP(2,(9)), ¢;)

=c¢, + V'(%,(¢), 9;) —aco=0;

hence we have %,(?,)=%{”(¢;). Therefore, we have

2.40) G (370, ¢:) = C1, (30 (92, 9.) — FO (@), ¢,)
=« éllpmrEfé (810 =1, 0,) + ¢610; () de} =0

by (2.18) and (2.33); we get #,(¢,)> x<°>(<o,.)ga-c13(¢,.)gxlz(¢,.) In each cases, it is
easily seen that A
(2.41) fo(x, 9) = fi(x, ¢;) for x < %15(9:)

In order to verify the latter case of Case I, we shall examine the relationship
amoung %13(®;), z14(#:), £1(¢;) and z{P(¢;). The following cases may be considered,
according to the sign G{,(%,(¢,), ;). From the same analysis in the case n =2,
we obtain the next results.

Case I. Al G{z(ﬁh@”,—), 401)20, G{3("’%1(¢i>’ (og)goa 014('%1((01')’ ¢i)go
(2.42) EP@)> 21(0) 2510 =%1:(9) = 21,(9)

Case I. A; G, (2,(¢)), ¢,) =0, Gis(2,(2)), 9;)=>0, Gii(%1(9), »,) <.
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(2.43) HPODZ 510D > 21(P) = 510 (@)= 5120
Case I As G1,(2:(#), 9.)=0,  Gly(5,(0;), 0)<0,  Giy(%,(9,), 2,)<0
(2.44) BP@)2 5,002 213(9) > 2,(0) =71, (9;)
Case I By G1,(2,(9)), ¢,) <0, G{, (2, (¢,), 9:)<0. Gi (4,(2,),9,)<0
(2.45) BP@)Z 51, (0) 2 %15 (0) = 71, (0)) > %:1(%,)
Case IL. Ay G1,(5,(9), 9,)=0,  G1y(#,(¢,), 2)=0,  G{,(2,(9,), 9,)=0
@48) 2P Z P @)= ,,(0) > 21, (0)> %12(9,), %1(0)= %P ().
If we assume the validity of the theorem for the integer n —1(n —122), the

following possible situations may occur (Fig. 1).

Cla-1(21(2)), ¢) <0 > Gl (2,(9,), ) <0—, Glnir(31(2)), P)<0—> ...

Cla-1(21(9), ) >0 Cla(#1(9:), 2,)=>0 Clan (21(9:), 9,)=0
Fig. 1
Case L. Ay c1 4 V' (21(9)), 9)—ace<0, Gi,_, (#:(2), ¢,)=>0, Gl (2,(9,), 9;)=0.
Then from (2.23) and (2.29), we obtain Sr1(%, 9) = fi(x, ;) for x < Z1.(9;). Since.
Glas1(%,(9)), ¢)=c, + V' (%.(2)), 9;)—ac,<0

Two subcases are possible (Fig. 1);

Case 1. Au c+ Vl(ﬁ1(¢i), @i) —ac < 0; G{,n—l ('%1«01')’ ¢i)£0,
v Gin(-’£1(¢i>: ¢|)20; G;.n+1('&;1(¢i)a¢i)£0

Then we have (@) > 21(P)=%1,(9,)=> Z1,.-1(#;) and 571(¢i)2§1,n+1(¢i)- Since
G]/.,n+1 (Elﬂ (¢i), <01) == G{.n+1 (571,; ((01-)’ ¢i) - G{n (Eln(qoi), ¢1)

= aiélpii,g:[f;z (%1n ®)—z¢, <”i,) — Fa-i(&F1a (#:)—t, ¢i1)]¢f ) d: <0

it follows that i(ll)(gp,-) > % ((0,)2 561,"+1(¢;)2 Z12(9) = X1,2-1(9;).
Case\I."Alz c1— V' (21(9)), 9) —ac <0; Cf,n—1(9?1(¢i)> ¢;)=0,
' Cla(#:(2:), 0) =0, 61,.,(5,(2,), ¢,) < 0.

Then we get z((¢,) > ,(¢,) > 212 (P) 2 %1,5-1(9:) a0d £1(95) < %1,41(¢,). Since
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Clan (B @), 9) = 61,1 (BP9, 9) = FP (3 (9,), ¢3)
=a 3| LAGRE—1,0:) - g0 @) — 10,)10,() ds 20,

it follows that #{°(¢;) = %1501 (9:) > #1(9) = %10(9) = %151 (9)).

Case L Az c1+ V' (32(9), ) — @ co < 0, Gi,,y (2102, 9 =0, GL,(2,(# ), ¢;) < 0.
Then we have z{¥(¢,)=>z,,(¢;)> 21(9) = %1,4-1(9,). - It follows from (2.23) and
(2.26) that f/_,(x, 2,)= fi(x, ¢,) for x < %1,(¢;). Since

Gi/.n+1(9_51n(¢i): ¢i)§cin (Rln(qoi): ¢i) =0
and
Ginﬂ-l(%gl)((oi), ¢x)20

it follows that %{"(9,)= %1,41(%)) = %14 (¢¥5) > %1(9:) = %1,0-1(¥)).

Case I. By c1+ 7" (#1(9), ) —@co < 0. Gf,,-1(2(#,),9,)<0, Gi,(#,(¢),¢;)<0.
Then we have %P (9,)>%,,(¢;) =% 1,,-1(®;) > 2,(¢;). It follows from (2.22) and
(2.26) fr-1(%, )= fr(x, ¢;) for x < %1,(¢;). Since we have G1,,.,(2:1(#;), ¢;) <G,
(8:(2,), ;) <0 and Gy,,+1(BZV(#)), ¢,)=0, it follows that #,(®;) < %1 ,.1(¢;) and
P (@) =%1,01(¢;). Hence, we get z{(¢,)=>% 11 (P) 2 %14 (@) = %, (P1) >
%,(9,)

Case II c1+ V' (%1(¢2), 9)) — @ co =0, Gi,_,(4,(9)),9,)=0, Gi,(2,(¢)), ¢;)=0.
Then we obtain %, ;(®;)<%.,(@;) <z @) < 2,(9,). It follows from (2.28) and
(2.29) fr-1(z, 9) = f1(x, ¢;) for x < %1,(¥;). Since

CLa1 (BP0, 0,) =611 (B (@), ;) — FR(0Xe7), ¢))

= a3 pin| LAGEPE)—1,0.)+ c010, (1) di 20

and
G{,n+1(-§"1n(¢i): ¢i) = G{.n+1(§’1n<¢i)> (pi) - G{n(iln(qoi)a §0i)§0

it fOHOWS that §71(¢,)2 53(10)(40,')2El,n+1(¢,’)_2E1n<¢,‘)z.’,—51,n_1(¢i>. The pI‘OOf iS
complete.

§3. Optimal policy under three modes of delivery (k= 2)
In this section we analyze the dynamic model for the case k= 2. We obtain

from (1.11)

3.1 Sfa(x, ¢;)= min 2{(Co — c1)(uo — %) + L(uoy ;) — V (o, ¥:)

UsZ U\ Z UGS X
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+(c1—e2)(uy— 2)+ Ly (u,, ?:) — Vi(uy, @)+ V(uy, ¢)
t+ea(uz — %) + Vi(usy, @) + faz,2(us, @)} n=2
’ 7':1> 2}"'am”

S1(=, )= min {(c, — c1)(uo — %) + L (u,, @)=V (uo, @)+ c1(u — %)

*+ V(ul, (01)_ W1(lt1, ¢1)} 1:1, 2; sy

If we real, at this point, the technique which was applied to reduced (2.2) to (2.10)

in §2, then it will be readily seen that (3.1) may be reduced by the same technique
to (3.2)

(3.2) Jr(%, )= LP(x, ¢) + min {ei—c)(u—x) + AP (uy, @) + Ly (uy, ¢;)

U2y =X
= V11, @)+ V(u, ) + ca(uy — %)+ Vi(uz, ) + fus2(us, 9,)} n=2
i=1,2, .. m.
where Z® (%, ¢,) and AD(uy, @) are given by (2.3) and (2.9), respectively. Let us
define "
3.3) LO(x, )= EJ? {(e1— ) (u1—x) + AV (uy, 0) + Ly(us, ) — Vi(uy, @)

+ V(u19,)} =13, ..., m

(34) M(z)(x> {01) =C1—¢Cy + A(l)/(x: qu) =k L{ (x, ¢]) e VJI. (x: qo;) + V/(xy (01)

i=1,2 ..., m.
It is easily seen that exists a unique root #,(¢;) for each equation M@ (%, 9)=0
since the conditions (2.1c.d) are satisfied, lim MP(x, 9)>0 by 1.9), .7, (1.11)
and (2.1b), and lim M®(x, ¢,) < 0 by (1.7), (1.8) and (2.12). If p(7) is linear, #,(¢;)
Is even positive since M@ (8, @) <(co—c1—p'(0) + v)+c1—v—cy+ a(v—p'(0)
<0 for all t<<0 Hence, we obtain

(3.5) LP(x, 0)) = (1~ c2)(#2(9;) — %) + AD (#2(92), ?;) + L.l (%2(22), ?;)

= V1(%2(9)), ?) + V (22(9)), ®;) x < £2(9;)
= AV(x, 02)+ Ly (%, 0;) — ¥, (%, )+ V(x, ¢:) % = £2(9))
1=1,2 ..., m.

L®(x, ¢,) is clearly convex in x. By the same technique which was applied to
reduce (2.2) to (2.10), we get

B8 fulw, 0)=LO(x, ¢) + L® (%, ) + min {ez(us — %) + 4P (u,, ;)
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+ Vi(uz, 9+ fa2,2(uz, ¢} i=1,2,..,m
where A9 (x, ¢;) is given by
B.1  AP(x, ¢)=(c1— c2)(x — £2(#)) + (AP (%, ¢)) + L1 (%, ¢) — Vi(x, ¢2)
+ V(x, ) — (4D (52095, €5) + L1(22(#2), :) — V1(22(9)), ¢;Z

+ ¥V (42(9), ¢2)) % < £2(¢7)
-0 x = %2(95)
i=1,2...,m.

We again notice that 4®(x, ¢;) is convex in x. Let us define
(3.8)  Gulu, )= cou+ AP, 9) + Vi, 9 + faz2(u, )  i=1,2, .., m.
At x = 2; (=1, 2), the derivative G},(u,9;) are given by 7
(3.9) Gon(%2(9), @) = co+ Vi(2:9:) + fr2,2(22(2.), 2,)
Gon(21(9), @) =cy+ L{(2:9 )+ V' (8.9 + fr-0.2(2:(9)), ©.)

Turorem 8.1. If conditions of Theorem 2.1 are satisfied and if 25(0;) > 1(9,),
then (i) the optimal ordering policy is of the following form for n=>2.
Case I If %2,(0:)> 22(9)), it 1is optimal to order:

1. for x < %,(9), amount %,(%;)— x at co, amount %2(¥;) — £,(¥;) at cy,

and amount Xq,(¢;) — %2(¥;) at cz;

2. for &{@})g x < Ry (@,:), amount %2(?;) — x at c1, and amount %, (¢;)

— %2(9;) at c2;

3. for 2:(9) X x < %24(95), amount %, (9;) — x at cy;

4. for x> %2,(9;), none.
Case II  If £5(0:) = %2a(¥:) > £1(9;), 1t 1s optimal to order:

1. for x < 21(9:), amount %,(¢;) — x at co, and amount %z,(¢;) — %1 (®;)

at cq;

2. for £,(0)<x < Fsn (#:), amount %2, (¢;) — x at cy;

3. for x = %,,(¢;), none.
Case III If %2,(9:) < 21(9)), 1t s optimal to order:

1 for x < %2.(9;), amount %.,(¢;) — x at co;

2. for x =%, (9;), none. _
where %5.(¢;) is a unique root of each equation, Gj,(x, ¢,)=0. (ii) fu(x, ¢;) is a
convex function of x, decreasing for x small enough, increasing for x large enough
and f,(x, 9;)= — co for all x. (iii) For n =1, we obtain the same result as in the
case n =1 of Theorem 2.1 '
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Proof (by induction). It is clear from (8.1) that (iii) is valid. We begin with the
case n = 2. From (1.8a), (2.1a), (3.7), and (8.8) we have
(3.10)  lim G3,(us, ¢,) = c, + lim Vi (u,, ¢;) + lim So2(ug, 95)

= Cy — 2lll'l'l w’(uz) > 0

>y

B.11)  lim G4, (u,, ¢;)=c, + llmA/(?‘)(uz, ¢;,)—av+ lim foz(uz, ?.)

ug——oo U= —oo Uy —oo

=c,+ th’(uz, @, )-I- lim L] (u,, ¢; )< cl—v—{—a(cl— co—v)<0

u——oo

It follows from (2.1c.d) that each equation GJ,(x, ¢,-) =0 posses a unique root. If
p (1) is linear, then G3,(0,¢,) =c,—v+(co—c,— p’(0) + v) —ap’(0)<0; hence z,,(2;)
is even positive. If we assume that

(3.12) £2(2:) > 21(9)),

then there are three possibilities requiring separate treatment, x,.(¢;) >rfcz(¢7,-)>
£2(P) = %22(95) > £1(¢:), and %2 (2;) < £,(9;). We note that

(3.13) G, (u, ¢i) =co+ L' (u, ®;)+ Li(u, ®:) +frlt—2,2(u> ?:) u < £,(%)
=c¢, + Li(u, )+ V'(u, ?:) +f:ln—2,2(ua ®:) £1(9) <u <%2(9)
=c,+ Vi(u, ¢')+fylz—2 2 (1, ?,) u > %5(9)

The explict form of f,(x, ;) and fa(x, ¢ ;) now may be determined by use of (2.5),
(2.9), (3.5), (3.6), and (3.7)
Case (a) xzz((a,') > xZ(Wi) (Géz(-"%z(gpi)) (oi) < 0) i= 15 2, ey,

B.14)  falx, 2= co(#1(2) — %) + c1(52(#) — 21(2) + c2(Z22(¢;) — £2(95))
+ L(%1(92), 9) — V(51(92), #:) + Li(32(9), 9) — V1 (22(), ¢)
+ V(%2090 9) + V1722 (@3, ) + fo,2(Z22(92), ©) % < 2:1(9))
= c1(£2(9) — %) + c2(222(¢)) — 22(9) + L(x, ¢) — V(x, ¢,)
+ Li(#2(90), #) — V1(22(9), 9) + V (22(22), ©) + V3 (Z22(@), ¢))

+ for (%22 (#2), ¢5) 21(0) < % < 22(2)
= ¢2(%22(¢:) — %) + L(x, 9:) + Ly (x, 9) — Vi(x, @)
+ V1 (Z22(92), 93) + fo,2(R22(9)), ©2) £2(2:) < x < %g2(9))
= L(x, ) + Li(x, 9) + fo2(x, #;) %> 50(0)
(8.15)  fi(x,9)=—c, x < £1(9)

=—c1+ L'(z, ) — V' (%:9) £1(2) < x < £2(9))
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=—cy+ L'(%, ¢)+ Li(x, ¢;,) —Vi(%, ;) 22(0) < x < %02(®)
=L'(%, ¢;)+ L{(%, ¢;) + fo,5 (=, ¢;) EDE(D)
Case (b) £,(9:) =2 %22 (9)) > £1(9) (G12 (£2(¢), ) =0, G,(5,(9)), #;) <0)
(B-16)  falx, € = co(22(9) — %) + c1(F22(9) — 21(92) + L(2,(9)), ¢)
=V (51092, #) + Li(R22(92), 95) + V (%22(#2), )

+ fo.2 (R22(#), ¥)), _ x < %1(95)
= c1(%22(9) — ) + L=, ;) — V(x, ) + Ly (222(¢5), ©2)
+ V(#22(2), 0) + fo.2(R22(#2), ©3) 21(0) < 5 < F02(®))
=L(x, ¢+ Li(%, #) + fo2(x, #) % = %2 (9:)
BID  filx, ¢)=—c, x < £1(9)
' =—c1+ L'(x%, ) — V' (x, ) £21(01) < x < %22 (95)
=L'(x, )+ L{(%, ¢,) + f5, (=, <ﬂ,-.) - % > F22(9)

Case (€) %22 (9:) < 21(9;) (G, (2.(®)), 50;)20)

(B.18)  falx, ) = co(Zax () — %)+ L(%2:(9:), 9) + Ly (R22(92), )

+ fo,2(Z22(#5), ¥)) x < %22 (95)

= L(x, 9) + Li(x, ;) + foz(2,%) % = %2 ()

319)  fi(x, 9)=—co % < F22(9)
=D 00+ L 0+ Fia(y 0 5> 5 (@)

It follows from (3.14), (3.16), and (3.18) that (i) is valid for n = 2. The expression
(3.15), (3.16), and (3.19) with (2.1b), verifies part (ii). If the theorem is true for
the integer n —1, then we have from (1.8), (2.1a) (3.7), (8.8), and the inductive
assumption

(3.20) limGj,(u, ¢;)= ¢y + lim 4@ (u, @)+ 1mVi(u, ;) + limf;lz—z,z(u: ?:)

u—oo

=cr—aeitaSiplim Tey+ V(w—1,0,)+

fraa(@—12,9,)10,()dt >c;—acy+aci=c;>0

3.21) limGj,(u, ¢)=c, + im AP (u, ¢,) — av + limf] _,,(u, ;)

y—>—oo

=co+ImL'(u, ¢;) + lim L{(u, ¢;) + limf}_, ,(u, ¢,)

U—>—oo
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<a—v+alci—co—v)<0

There exists a unique finite %,,(¢;) such that G},(%, ) =0. Uniqueness follows
from (2. 1c, d). From the same analysis as in the case n — 2, we get the theorem.

fr(x, ¢;) is given by
Case () Z2.(2:) > £2(¢:)
Ja(z, ) =—c,
=—c+ L (%, ¢)—V'(x, ¢;)
=—cz+ L'(x, )+ L{(x,9,) — Vi(x, ¢,)

(3.22) x < £1(92)
21(9;) < % < 22(9;)

22(#;) < % < %2, (9))

=L'(x%, )+ L (%, 9,) + fr-p.0(x, ¢) % > %o (9)
Case (b) £2(¢:) = Fon(9;) > 571(¢i)7 |
(8.23)  filx, ¢.)=—c, x < £1(¢:)

=—c+L(x, )= V'(x, ¢:)

.’21((9,') <x< 5\_’:27;(401')

=L'(x, 9) + L (%, ;) + fr_p.2(x, ©;) %> 9a(92)
Case () &2.(2) < %1(9))
(B.24)  fi(x,9)=—c, ©x < Eoa ()
=L'(x, )+ Li(x, 9)+ fa-z..(x, ¢;) % > E2,(%5)
The proof is complete.

In order to advance the further discussion, let us define
(3.25) gM(x, ¢;)=— ¢, x < £1(%:)
=—c1+ L' (%, ¢)—V'(x, ¢) x> %1(9))
(8.26) g@(=, ¢)=— co % < 21(%;)
=—c1+ L' (x, 9)— V' (x, @) £1(9) < x < 22(9))
=—co+ L'(x, 9) + Li (%, ;) — Vi (x, ¢,) % > %2(9;)

Moreover, using (3.25) and (3.26), let us define the next equations

(3.27) F©®O(x, ¢)=co(l—a®) + L' (%, ¢;) + L{(x, ;) =0
(3.28) FP(x, 0:)=cy + Li(x, 9,)+ V' (%, ¢,) + g% (x, #)=0
and

(3.29) FP (%, 0)=co+ Vilx, ¢) + g8(x, 9,) =0,
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where gi(x, ¢;) and g (x, ¢;) are defined by g™ (x, ¢;) and g® (=, ¢;), respecti-
vely, in the identical way as L,(x, ¢;) is defined by L(x, ¢;) in (1.11). It is clear
that there exist a uniqﬁe finite x{, 2P (¢;), and z§¥(¢;) determined by (3.27),
(3.28), and (8.29), respectively. From (8.22), (8.23), (8.24), (3.25) and (3.26) we have

(3.80)  fi(x, #,)= g®(x, #,)= gV (x, ¢,)= — c, for all x (n=>2)
TureoreM 3.2. If conditions of Theorem 3.1 are satisfied, them for n >4
© Fioas 9= Filas 0 for % < Tan(®) i=1,2,.,m
(i) Case I FP(2,(0)), ¢;) <0, then |
B0 (Pi) S Fp,ne2(9) S 2P (9));

there also exist integers j and I snch that j=1, j=5, 1 =>4, and %z (9:) < £:1(¢;) <
Za,14+2(¥:).

Case IT If F$(21(2)), ¢;) <OF$P(2,(9;), ¢;), then we have
%2, (95 )<xz ar2 (@) S EP (@D £,(9);
there also exists an integer hg4 and Zop(9:) < 21(9) < %2, 542(9;),
" Case ITT I 0<FP(2,(9,), ¢;), then we have
Zon(P) S Fpni2 () S 2PV (0) S 21(9))

Proof (by indution).
Case 1 F(”(xz((ﬂ ), #;) < 0. Then we have z,(¢;) < 2 (¢;). Since

B3 GLEP@) 0) =it VIGR @), 0) + fiaa (B0 9D Z s
+ B (~(2)(¢ ), ¢+ g (EP (), 9;) =0
it follows that z,,(¢;) <% (¢;) for n =>4. Since
(3.32)  Chu(22(9,), ©) = c3 + VL2290, 22) + Fina(22(2)), 2)
>y + Vi(2,(9), ¢) + g2 (2,(9,), ¢;) <0 for n>4
and ' _
(8.38) G4, (%1(9:), 9;) = c1 + Li(31(9)), 9:) + V'(ffl @), 9:) + fr-2.2(8:(2), ¢5)
=y 4 Li(@(@), 9) + V' (290, 2) + g5 (2.(9,), ¢1)
=F§P(2.(¢,), 9:) <0 : . for n>4

_ there are three posibilities separate treatment, Case 1. A G3,(%,(¢;), ¢;) <O. Case
1.B G}, (%,(#,), #,) =0, G3,(%,(#,), ¢;) <0. Case 1. C G}, (%,(¢,), ;) =0. If f;(x, ¢;)
<fi-s(x, 9;) for all x < %2,(#:), again following subcases are possible.
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Case 1. A. G}, (#:(¢;), ;) <0, Then we have Grznr2(22(9,), ¢,) < 0 by (3.8)

. -Case 1. B. Gén (572 (@i), (0,)20. Gén (v’%l(ga,'), ¢,) < 0. Since

Chinsa(22(02), 0) = FP (2,(,), ¢,) <0
and ' '

Gintz (_55;(4‘7{): ¢)=rc; + Li(%,(9;), v;)+ V' (%,(¢,), ?:)

+ fr-2.2(2.(9)), ?,) <G, (#1(2)), ?;)<0
Two subcases are possible. Case 1. B, G (22(2), 9) =0, G4, (#:(2), ¢,) <0, G5,
(572 (®:), (0;') <0. Case 1. B.. G5, (-"%2(¢){)3 %)ZO, G, (551 (2., ¢i) <0, Gé,n+z(562 @), ¢i)
=0. Case 1. C. G, (2,(,), ¢;)=0. Since
Gonea (%2(9)), ?;) = F§P(2,(9;), ?;)<0

and

Grniz(21(2;), %)ZF:S,D(%(%), ?,)<0

Three subcases are possible. Case 1.C: G3,(2,(9,), ¢,)=>0, Gine2(22(9)), ;) <0.
Case 1.C, Gy (5%1((9;), (&)20, Gé.n+2(’%2(¢i>) 9,)=0, Ghne2(21(2)), ¢;) <0. Case 1.
Cs 63, (#,(2,), 9,)=>0, G} ., (#,(#,), 9;)=0. It is noticed that if Z2,n42(P5) = % 0u (02,
the conditions of subcases will become simple. Assuming that the theorem holds
for n =2r (r=2,3, ...), then six subcases are possible (Fig. 2)

Grnz(2,(9)), ?)<0 —>G;, (22(2)), ?:)<0

Glonsa(2,(2)), ‘(/’;) <o

G3n-2(%2(9)), ?;)=0 G3.(2,(9;), ?;,)=0 Ginia (2, (("i),_@i)go
> Ghn-2(21(9:), ©;) > G} (%.(9), ¢)) > G2 (21(9)), 9,)
Grn-2(2,(9)), ?)=0 Gén’(ﬁ:l(¢i): 4";)_20 Ginia(2,(9)), ¢)=0
Fig. 2.

Case 1. A. %, (#:) < 2,(9,) < %22, (P) X %p, 0,40 (P)=zP(9,)
| - (©:.2, (52002, 9,) < 0)

Case 1. B,. £1(9) < T, (P éz(%) < ZX3,2,42 (%)gi%z}(%)
(& (%2(2)), 9,)=0, G}, ,, (#1(9)), 9;) < 0)

Case 1. B;. #,(¢,) < %227 () S F,0,42(0,) < £,(0) < P (9;) ,
(Gé,ér (3%1(40;'): ¢;) < 0’ Gé,Zr+2 (&2(40{)3 ¢1)20)

Case 1. C,. T2, (P %,(9) < 2, (@) < Zppprea (@) 2P(e)
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(Gs.2, (£1(2)), 9,)=0, G32r42(%2(9)), 9,) < 0)

Case 1. Co. Zy,5,(0,) < 2,(9;) < % 0,49 (@< 2,(9,) < zP(9;)
(G2, (%,(2)), ?,)=0, Gé,zrn(&z(%)a 9)=0, G5y, (%102, 9,) <0).

Case 1. Cs. 23,5, (9) < Fg,0,42(0) < 2,(9) < %,(9;) < 2$2(9))
(G32r42(21(2,), ©,)=0).

Since we have

(8.85) —c1+L'(x, 0) V' (%, )= — co x = %1(9))
ci—cr+ Li(x, 9,) — Vi(z, ¢;)+ V'(x, ¢,)=>0 x = %2(9;)
cat Vil®, 0D+ fro2(x,0)=20 - %= %2,(9;)

it follows from (8.22), (3.28), and (3.24) that

(3.26) Fir (s @2 fran (s 02) 5 < Bappen(@)

Again subcases are possible, according to the sign of G32,+4(%:(9,), ;) and
Gio2r+4(22(9)), #,) (Fig. 2)

(D) Giara2(22(92), 9.) <0, Gj 5,44 (32(02), ©) <0, (2) 63.5,42(22(9,), 9:) =0,
Ghi2r+2(21(9,), ©,) <0, G544 (#2(9:), #;) <0. (3) G1,2r42(£2(9.), ) =0, G35,
(21002, ) <0, Gy (82(92), 0) 20, Gh5,s (8:(0)), 2) <O, (&) Ghgyua(51(22),
920, 610,14 (22(9.0,0) <0, (5) Gyprn (21(2,), 9,) =0, Groar+4(%2(9)), )20,
Gro2rea(21(9)), #,) <0. (6) G3,2,42(21(9,), 9,) =0, Gr.2r+4(21(#:), 9,)=0. In the
case (2), (4), and (5) it is clear that %3 5,,2(?) < 3 2,,4(¢;). Since

Ghiares(Ba,2r42(9), ;) = GCrarsa(Fz0,42(9)), 0) — Gr2r42(R2,2r42(9), @)
= frriz.2(Fa,0r42(9)), ;) —fr,2(Ra2,2(9), $)<0

by (3.13), it follows that 572,z,+2(§9i)§572,2f+4(¢’,‘).
Case IL F§P(2,(9;), ;) <O FP (2,()), ;). Then we have #,(¢,) < Z(¢,) and
%,(2) = %2 (¢;). On the other side

(3:36)  FP(%,(9)), ) = c1 + L{(22(2), 2,) + V' (2,0.), ) + g82(2,(9,), #5)
=y + Vi(2:(9), ¢,) + g8 (2:,(#), ;)
' by (3.4), (3.25) and (3.26)
=FP(£,(9,), ,)=0
BID  Ch(2a@) ) = o+ Vi(52®, 0+ Fiza(2(01), 0)
o+ Vi(2:(9:); 9:) + g2 (2,(2)), ¢,).
=FP (24(9,), ;) =0 for n>4,
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it follows that £,(¢,) <z (9,) < 2,(9;) and %;,(#,) < £,(¢;). Since
(3.88) Fgl)(izn((ﬂzl)i 9:) =1+ L{(%,,(9,), 9)+ V' (R (), 0.) + 85 (%2,(9:), ¢5)
gcén (§2n(¢i)a ¢x) = 09

we have z,,(#;)<#P(9,) for n=>4. If %,,(9;) < .(®;), clearly Z0,(9;) < 7P (2,),

Since o

(3.39)  G3,(2.(#), ¢;) =1+ L} (2:(2:), 0) + V' (5:(#)), P)+ fr-22(®.(2), 0,)
=FP(%,(9), 9,) <0 : : for n>4.

two subcases are possible. Case II. A. G3,(2,(#;), ¢;) < 0. Case IL. B G4, (%1(2:), ©;)

=0.If fr(x, 2)<f1-5(x, ¢;) for all x < %,,(¢;), again three subcases are possible,

according to the sign of G ,.,(%,(¢;), ¢;). Assumiag that the theorem holds for
the n =2r(r=2, 8, ...), then the following subcases possible (Fig. 2).

Case IL A £1(9,) < 5,0, (0,) < Fp 0,42(9,) < FP (@) < 2,(9)) -
(Gh.2, (21 (95), 9,) <0)
Case IL Bi. %5, (9,) < £,(9,) < Zp,0,42(9,) < Z0(0,) < £,(9,)
(G1.2, (5,(9), 9,) =0, G272 (21(9,), ¢,) <0)

Case II. B,. B2, (P) =%, 42 (9) S 2,(90,) < 2P (@) < %,(9,)
(G3,2,42(2,(9)), 9,) =0)
Using (8.35), we have from (3.23) and (3.24)
fér(x: ¢i)£f£r+2(x> (ﬂi) fOI‘ x < E2,27+2(¢i) '
Again subcases possible, according to the sign of Gj,,.4(%,(%,), ¢;) (Fig. 2)

(1) G2, 42 (%, (2:), ¢;) <0, Gr2,+4(2:(9)), 9,) <O. (2) G3,5,42 (2, (), 9,)=0,
Gé,27+4(5€1<¢i)> q’i) <0. ©) G£,2r+2(ﬁ1(¢i), ?:)=0, G£.27+4(£1(¢i)’ ¢i)20- In the
case (2), it is clear that %;,2,,2(#:) < %2,2,,4(¢;). In the other case, we have

Gr2r44(Z3,2,42(9)), 9;)= Gr2rs4(Za,2,42(#1), 9;) — G204z (F2,2,42(22), ;)
= f1r12.2(F2,2,42(9)), 2:) = for.2(Fa2r42(#)), 9,)<0;
) henCe E2,27+2<¢i)§52,2r+4(¢i>' )
Case IIT 0<<F{(2,(¢;), ;). Then we have #,(¢,)=> 5 (¢,). Since
’ F§0)(9A01 (4"{): ¢’i) =Cy (1 - az) + L,(-%l(@i)’ ¢i) =+ L{ (5%1 (¢i>s (01')
=c; + L{(%,(9,), BERLCACHY 9;)—atc, by (2.4)
=FP(%,(¢,), )=0 by (3.25)
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and
Ghu(81(¢1), 9) = c1 + L1 (4:(#1), 0)+ V' (2.9, 92) + fio2,2(2:(2); #1)
>y + Li(3:(9)), 9) + V' (2109, ¢:) + g8 (2,9, ¢;)=0
for n =>4,
it follows that £,(9)= a‘c<2°’, %,(9,)= %,,(9;). If we assume the validity of Theorem
for the n =2r (r=2, 8, --.), the following only situation occur (Fig. 2).

Case TTL A. %y 0, (0 < Fp.202(0) S ZL (@) < 81(2) (G202 (21(91), ©)=0)
Then it follows from (3.25) that

(3.40) far (% 923,425, €2) for x < Zz,2,42(#1)

Using (8.40), we have G} 5,44 (%2,2,+2(#:), ©;)<0; hence %z 2,.2(¥:) < %2,2,+4(¢,). The

relation
G4, (B (@), 0.) = co + L' (EP (@), 1) + Li(25(9.), 2)+ fr-2.2(EL(@:), 95)
>, + L' (EP(2), ¢) + Li(ZP (@), 2.) + g2 (L (9), ¢5)
by (3.30)
=FP (L (@;), ¢;)=0 . _ by (3.25)

implies %,,(#; )<x(°)(¢,-) for n=>>4. The proof for thecase n=2r+10¢=2,3, ...
in the case I, case II, and case III follows from the same method as the above
argument. The induction step in (I) and (II) from n—1 to n is finished. To complete
the proof it is necessary to verify all the property of (I) and (II) for n = 4,5. It
follows from (3.22), (3.23), and (3.24) that we have in both case, %2;(#:)= %2,;+2(#:)
and %,;(#;) < %z, ;.2(9) (j=4,5)
(3.41)  fim 00 = Filx, 9) for 2 < Eu(®)

falx, )= F5(x, ¢;) for x < %2s(%:) i=12, ., m.
Using the above relation, we obtain the theorem for n =4 and 5 from the same
analysis as in the general case and we omit the details.

§4. Optimal policy under the general modes of delivery

In this section we analyze the dynamic model for the case £(=3). We obtain
from (1.11) ' '

UEZuk— 1> ZUZx =1

(41)  fa(x, )= _ min {Z[(cz 1= ¢)(wjo— %) + Lia (21, 92)

— Vi (ujo1, @) + Via(ujor, 9] + cr(ur— x) + Vi1 (us, 93)
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+ fu-ra(ur, @)} n=>k

falms 0= min {330(es1— e)(uyo1 — )+ Lya(upey, 07)

Pl UnZun_1Z..ZuyZx j=
~Vist (@i 8+ Ve (o1, 9]+ ealun— ) + Va-1(un, ¢5)
— Wa(un, )} n<k
i=1,2 ..., m.
If we use repeately the techniqﬁe which was applied to reduced (8.1) to (8.6) in
§3, then it will be inductively seen that (4.1) may be reduced to (4.2)
A2 fulw )= 21O, 0)+ min {ee (s — %) + 4P (ur, 0+ Vi (s, 9,)

+ frori(us, @) ' n=>k

f"(x, ¢1) = ﬁZ(I)(x, (01) + min {Cn(un - x) + A(n)(un: @1) + Vn—l(un; (01)
i=1 =

Un=x

- Wn(un; ¢)1)} n<k
where L9 (x, ¢;) and 49( ¥ ¢:) are given by

(43) Z(j)(x, (9,) = min {(Cjul — Cj)(u];l = x) + A(j_1)<uj-_1, ¢1>

uj_1Zx
+L; 1 (uj, ¢;)— Viaa(uj—y, )+ Vi-2(uj_1, )}

i:1> 29 ey M,
1 ]:152)’]‘:

(ej1—e)(y— %;(9:) + (A(j_l)U’, )+ Lia(y, ¢)
—Via(y, @)+ Viea(y, ) — (4771 (55095, )
, + L1 (25090, ) — Vo1 (8,;(20), 2) +V2(5;(9), 9)))
‘ (4.4) AD(y, )=
\’r y<#;(%;)
i ‘ 0 y=%;(9;)
o =12 e, mj 7=1,2 s, &

& where A (y, ¢,)=0 and #;(¢,) is a unique root of the equation

(4.5) MOy, 0)=c; s —c;+ AV (g 0y 4 Li (5, 0)— Vioi(y, @)

: T Vi2(ye)=0 i=1,2..,j=1,2 .. L
| | ‘ Let us define

(4.6) Gin(y, ¢;) = cry+ A(k)(y, )+ Vi1 (y, @3) + froei(y, ©2)

I
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i=1,2 ... m
At x=4;(9) (j=1,2, ..., k), the derivative G, (x, ¢,) are given by
Cin(#:(00), 0.) = ¢4 + Vi, (2,(2)), 2:) + fr-nr (24020, ¢))
Cin(B1-1(92, ) = cams + Ly (541(01), 00) + Vi (34, (9,), 0,)
+ frni(Zeor(2)), ©))
(AT Ci(84-29), 0.) = chmp + Ly (8,5 (20), )+ Li-y (24-2(92), ¢))
T Vies(22-2(2, 2) + faoir (Bae2 (9)), ©))

k
Gin(2,(9)), )= ¢, +j§;2L;_1(ozl<¢,->, )+ V' (5,(9,), ¢,)

+ fr-n: (2109, 9))

Then the following theorm which is analogous to Theorem 3.1 is seen be true
Treorem 4.1. Let conditions of Theorem 2.1 be valid, if #,(¢;) > Zpo1(@)> >
%1(#;), then the optimal ordering policy is of the following form for n=>k

Case (1) If %um(9:)> £:(9)), it is optimal to order:
L for x < #1(#), amount %,(¢;)— x at co, amount %2(0:) — 21(9) at cy,
o amount £4(9;) — 2,_1(9;) at cp1, and amount %, (¢;) — £1(9:) cp;
2. for £, (2)<x < £:(%;), amount £2(9) — x at c1, amount %3(®;) — %,
(#:) at ¢z, -, amount %;(9;) — 24_1(9;) at Cr-1, ANA AMOUNE T4, (©;) —
£:(9:) at ca;
k=1, for 2,_2(9) < x < £5_1(¢;) amount £1-1(%) — x at cp_z, amount 2,(¢;)
— &p-1(%) ab cxo1 and amount %, (9;) — £,(9)) at cy;
k. for £,_1(0)<x < 24(9;), amount 2p(®) — x at cp_y, and amount %,
(#) — 2:(9:) at cy;
k+1. for 24(2)<x < Za(9:), amount %, (9;) — x at Ch}
k+2. for x = %,(9:), none,

Case (2) If &4(2:)=%3a(9)) > 25_1(®)), it is optimal to order:
1. for x<#1(¢), amount 2,(¢;) — x at co, amount %2(®) — 21(®) at ¢y,
woes aMOUNt &1 (9:) — &4 _o(%:) At cx_z, and amount % (9;) — x_1(9;)
at cp_1;
2. for £1(9) < x < £2(90), amonnt %,(9)) — x at cy, amount £3(¢;) — &,
(@) at ca, -, amount p_1(9;) — &4-2(¢,) at cx_s, and amount %,(¥;)
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— &5-1(9) at cp_y;
k=2. for £,_35(0)<x < £4_2(¢;), amount £r-2(9) — x at cp_s, amount z,_,
@) — £2-2(95) ab crop and amount %, (9;) — %4_1(9;) at cp1;
= | k=1 for 2,_2(@)<x < %4_1(9;), amount £p-1(9) — x at ci_s, and amount
i ‘ Zn (93) — £3-1(@)) At cp_1;
| . k. for 2, 1(0) < x < %4 (9)), amount %4, (¢;) — x at Cro1;
L k+1. for k+ 1. for x> %4.(¢5), none.
Case (k—1) If £3(2)=%8a(9)) > 22(¥2), it is optimal to order:
1. for x < %.(¢;), amount %,(¢;) — x at co, amouUnt x2(¥;) — £,(9;) at
c1, and amount %, (¢:;) — 22(¢;) at cy;
2. for £,(0) < x < £,(9), amount £2(9:) — x at ¢y, and amount x,
(@) — 22(9) at cy;
i 3. Jor £2(¢:) < x < Zw(9)), amount ., (¢;) — x at c,;
4. for x =%, (9;), none.

e Case (k) If £2(9) = %4n(2) > 21(5), it s optimal to order:

8 1. for x < %1(9;), amount %1(%;) —x at co, and amount %4.(9;) — %1(¥;)
16 at c1;

2. for 21(9) < x < Zpa(9;), amount Zen(9:) — x at ¢y

3. for x=x,(9), none.

Case (k+1) If 21(0:)= % (), it 1is optimal to order:
L for x < % (9)), amount %4,(¢,) — x at co;
| 2. for x =%, (9)), none.

e T N T P N A

s Furthermore, the following properties hold:

T Ay

(D)% (2:) 18 @ unique root of equation Gin(y, 95) =0 where G;,(y, ¢;) is given by
k

Gfm(% ) =64+ ZILJI'—I(_)G D) +f7,1—k,k(y: ®;) y < £1(%:)
=

k
=c,+ Z;L}-l(y, @)+ Vl(}’; 4”;)+f;'z—k,k(}’: ?:)
7=

£1(9:) < y < &2(9)

=Cpor+ L (95, 2 + Viey (y, 9)) + fars(y 1)
£31(20) < y< £:(9)
=c;+ Vioi(y ¢ F fari(y, @) ¥> 2(9)
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(i) Case (D) Zu(®)> £2(22)

Sa(x, ) =—¢, x < %1(9:)
=—c1+ L'(x, 9)— V' (x, ¢;) 21(0:) < x < %2(9;)
=—cy+ L'(x, @)+ Li(x, ;) — V' (%, @)1 £2(0) < x < 23(¢;)
=—cy+ L'(x, ¢)+ Li(x, ;) + Ly(x, ¢;) — Vi(x, ©,)

%3(9) < x < £4(9;)

E-1
=== Cpq ZlLJ"—1(x; @) — Vi-a(2, ;) Xp1(9) < x < 2,(9;)
=

E
=—cpt z‘iL;-l(x, ¢i) - Ilz—l(xy (01') ﬁk((oi) <x < ﬁkn((pi)
=
k
= ngl'ﬂ(x: )+ faori(z, €2) x> Tpn(95)
=

Case (2) £4(0) =% (9) > 24_1(¥))
fal@, @) =—c, x < £1(¢)
=—c1+L'(x, 9)— V' (%, ) £1(9:) < x < %2(9;)
=—cy;+ L (%, @)+ Li(x, ¢;) — Vi(x, ¢;)  2:(9) < x < %3(9))

E—2
=—Cpg+ 2L 1 (%, ) = Vies(x, 9))  2(9) << &5-1(9))
=
E-1
=—Cp-1 T+ :z‘iL.;—l(x) ?;)— Vi-a(x, ®:) £51(00) < 2 < % (92)
=

k
= ElL;—l(x: ¢1) +f7,t—k:k<x, ¢1) X > Ekn(wi)

Case (k)  %2(0:) = Z3a(9:) > 21(9))

Srlz, 9)=—c¢g x < %1(9:)
=—o0 +’L,(x, @) — V'(x, ;) 571(¢;')<x <5\3‘)m(§0;)
k
=21L;"—1(x, @)+ frona(x, ) x> %pn (95)
7= .

Case (k+1) £1(9)= %1 (¥:):

Sulx, ®)=—¢, ' x < %n(¥)
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k
:E‘L;—l(x’ @)+ fa-na(x, ;) x> X (9)

(iif)  fa(=, ¢;) is a convex function of x, and fi(x,¢;,)= g® (%, ¢,)= .= g (%, ¢;)
= — ¢, for all », where g9 (x, ¢,) (j=1, 2, --., k) are given as follows

gV (x, 0)=—co % < %1(9)
=—c1+ L' (x,9)— V' (x, ¢;) x> %1(9))
g® (%, ¢)=—c % < £1(9))
=—c1+ L'(x, 9;)— V' (%, ¢;) 21(9) < x < %2(9;)
=—c,+ L (x,0)+ Li(x, ¢;) — Vi(e, ¢;) x> %2(9;)
g¥(x, v)=—co x < £1(9)
=—c1+ L'(x, 9)— V' (x, ¢;) 21(9) < x < £2(9;)

=—C3 + Ll(-xa ¢g) + L{(x, ¢1) - V{ (xs (01) ﬁz(wt) <x < -'22((01)
=—2C3 + L,(x, ¢71') =+ L{ (xa (oi) SE Lé(xa ¢i>,_ Vé(x: ¢i)

x> 23(9:)
g (x, v)=—co x < £1(9;)
=—c1+ L'(x, ) — V' (x, 9:) 21(0) < x < 22(9))

=—c,+ L' (%,9)+ Li(x,9;) — Vi(x,2,) 2209:) <z < 23(¥)
=—c3+ Ll(x; ¢i) + Li (%, (pi> + Lé(x: (0;')
— V=, ¢:) 23(9) < x < 24(9))

r-1 ,
=—Cp1 Tt ZlLJ"—l(x, P)—Viea(z, ;) 2p1(90) <z < 2x(95)
=
k
==—=cgt .E%L;{—l(% ) — Vi-i(=, ¢;) x> (%)
= "

Proof is similar to that of Theorem 3.1
Let us dsignate by z§°(¢;) (=0, 1, ..., k) the unique roots of the equations

E
FO(x, ) =co(l —a*)+ XL, (x, ¢;,) =0,
=1

k
FP(x, 9= ey + S Lo (x, )+ V(w, 0 + 37 (%, ¢) =0,
= "
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k
F@P(x, 9)=co+23Lj 1 (=, 9) + Vilx, 9.) + g (%, ¢) =0,

FED(x, 0 )=cp1+ Li-1(%, )+ Voo (%, 9) + g# V(x, ¢,) =0,

F®(x,0)=cy+ Vii1(x, )+ g¥(x, 9) =0,
respectively, where gi’(x,¢,)(j=1,2, ..., k) are defined by g?(x,¢) (j=1,2,.,
k), respectively, in the identical way as L, (¢, ¢;) is defined by L(x, ¢;) in (1.11)

Turorem 4.2. If conditions of Theorem 3.1 are satistied, then for n =2k
@ Fu-r(x, )2 fo(x, €) ' Jor x < & (92)
(ii) Case I If F{P (%,(¢;), ¢;) <0, then
Bpn(P) S Zpnrs () S 2P (9));

there also exist integers jii, jiz, --- jui-1 and jip such that j11 = j12=-- = jir, ju =3k

— 1, j12=28k—2, oy ju22k, % iy, (P20 (9) < Fajy 42 (90 o5 Eai (PO £1(90)
< ®p,g,p+4 (P)
Case 2 If F;(;k—l)(ﬁk_l((o;), (ﬂ,) < OgFg")(s%,,(%), (0’.), then
ikn(¢i)§57k,n+k‘(¢i)§ TR0 )= 2,(9:);

there also exist integers jaz, -+, jo,e—1 and jo,i SUch thatjmn = jas == - = jo, jez =8k —2,
ey Jor =22k, g, (P L1 (95) < Zokyjyy ek (P)y -y Bty (91) S £1(00) < By g0 (90)-
Case 8 If F§# 2 (x,-,(¢)), 9) <OZFEV(%,-5(9)), ¢;), then
Fpn(P) L X @) FF2(0) S 251 (9));

there also exist integers jus, ---, ja,x—1 and jsp such that jss=jas=---, = jar; jaa =3k
— 8, oy Jsr 22k, ks (9) S h2(P0) <Fjyy+r (90 -5 By, (90) S 21(02) <Fyjyprn (9)

Case b If FP(2,(9,), ;) <OZFP(2,(9), ¢,), then
Bpn (@) S Fpnn (@) S EP(0)Z4:(9);
there also exists an integer ju such that ju=2k and X, j,, (9= £1(9:) < Zi,j44(#3)
Case k+1 If FP(%.(¢,), ¢:)=0, then
B (P) S T (@) S ELO ()< 2,(9)
Proor. By using (i), (i), and (iii) of Theorem 4.1, this is proved in a similar
fashion as the proof of Theorem 3.2.

We also remark that similar results as above will also be obtained, according
to the definite relationship amoung £(%;), ---, 2:-1(¢;) and 2,(®)).
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