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1. Introduction.

Our present question is how it is possible to design an optimum clinical trial
when a total of patients with a disease are to be treated with one of the two
medical treatments, where the therapeutic efficacy is unknown for one of the two
treatments.

In the planning of medical experiments to assess the therapeutic efficacy of
new drugs or treatments, a most important question how large to make the clini-
cal trial.  On the one hand, experimenter wants as few patients as possible to
participate so that the number of patients receiving the inferior treatment during
all of the clinical trial is minimized, so that the clinical trial is brought to a con-
clusion as speedily as possible and so that the results may be quickly utilized to
treat the many remaining patients with the disease in question. On the other
hand, a sufficient number of patients must participate so that experimenter can
reasonably make sure that the truly superior treatment ‘is selected and conse- :
quently administered on as many patients with the disease in question as possible.

In the situation of this kind, an application of Neyman-Pearson principle will
lose its active meaning. As an alternative, it seems reasonable to approach the
problem from the point of view of the cbnsequences of decisions maid. Therefore,
we should like to introduce the concepts of the loss and the gain.

In our medical setting, the consequences of both right and wrong decisions
are the principal concern from an ethical point of view. Whence, when we con-
sider the loss or the gain, it will be desirable to disregard all others such as the
costs of experimentation and confine ourselves to the loss or the gain due to the
consequences of treating a"patienk’.c with the superior or the inferior of the two
treatments.

In this paper, the sequential plan will be proposed for the model in normal
population. Namely, a clinical trial will be sequentially performed on each pa-
tient chosen at random one by one from a group of patients by administering the
one treatmeant of which the therapeutic efficacy is unknown.
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In the next place, the effects of the two treatments will be compared by ob-
serving the responses based on performing thevparticular treatment from the first
patient until n-th on each patient and a decision for selecting one of the two
treatments will be finally determined as the result. Thus, the treatment that is
+0 be selected as the better at the conclusion of the beforementioned clinical trial
will be performed on the all remaining patients.

The problem therefore is to determine the optimum procedure containing the
optimum location of the boundaries so that the loss constructed on the basis of
the proposed procedure is minimized or the gain is maximized.

The sequential plan has already been investigated by T. Colton [4] in the case
of the two normal populations with unknown means and with known and common
variances. The case of the two populations will be discussed throughout this
paper where one population mean is unknown and the other known. Finally, a
comparison will be numerically made of the optimal sequential plan to the optimal
fixed sample size plan [5]. '

2. Assumptions.

The next several assumptions are prepared throughout this paper as follows.
These are

(1) There are N patients with a disease who are to be treated with one of the
two medical treatments, which are unknown on their superiority or inferi-
ority, denoted by 4 and B. N is fixed and large.

(2) It is assumed that we obtain a quantitative measure of the preassigned
response for each individual. The population mean, denoted by w4, of indi-
vidual responses due to treatment 4 is known. On the other hand, the indi-
vidual response due to treatment B is a normally distributed variate Xz with
unknown mean x5 and known variance 6. Moreover, we shall assume that
higher response is associated with better effect.

Letting y4— x5=0, we should then like to retain treatment 4 for the trial
if & is positive and select treatment B instead of treatment 4 if ¢ is negative.

(8) The only cost involved is the consequence of treating a patient with the
superior or the inferior of the two treatments, and all other costs may be and
will be regarded from our ethical point of view. Namely, the cost is directly
proportional to the true mean difference 0 between the two means. Based
on the loss formulation one can state that if a patient is treated with the in-
ferior treatment a positive loss proportional to the ‘true mean difference ¢ is
scored for him. Whereas, based on the net gain formulation one can state
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that if a patient is treated with the superior treatment a positive gain pro-
portional to the true mean difference 4 is scored for him, while if treated with
the inferior treatment a negative gain proportional to the true difference 0 is
scored for him.

(4) Moreover, we shall assume that the true mean up of treatment B is dis-
tributed in accordance with an a priori normal distribution with mean x4
and known variance ¢2.

3. Procedure.

The trial no longer calls for a fixed number of participants, but the trial is
sequentially performed on each patient by administering treatment B. After the
results from each patient are available, a decision based on the cumulative evi-
dence is made to select one of the two treatments as the better and use it on all
remaining patients, or to continue the trial by having an additional participate.

After n-th stage, compute the cumulative sum d= Zn] x; of n observations ob-
i=1

tained by performing treatment B from the first patient until the n-th.

Procedure:

If d>K0+ nua, use treatment B on the remaining N—n patients;

If d<—Ko+ npa, use treatment B on the remaining N—n patients;

If —Ko+nua<d<Ko+nuu, continue treatment B on an additional patients,
where K is a parameter that denotes the location of the boundaries between an
acceptance line and a rejection line.

We should like to determine an optimum value K* of K so that the below gain
is maximized.

4. Construction of Overall Expected Loss Function.

‘We shall assume that a decision of selecfing one of the two treatments has
now been made in the n-th stage, and denote by L(x5) the probability of selecting
treatment A as the result of the decision when xz is the true mean value of the
observations based on performing treatment B.

From the procedure proposed in the above, L(xp) is expressed in the next ap-
proximate formula.

eZK(l"A_I‘B)I"' eaz

(1) L(’u3>: eZK(#A—Fs)IF_I_l = eaz+1 t)

where a=20,K/0, z=0/0,.
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Whence, the probability of selecting treatment B as the result of the decision
is
@ 1= Lun) = —r
err+1

Moreover, the following approximation formula is-derived for the expectad

value Eug(n) of the number n of observations required by the decision plan
_ Ko(e®*—1)
<2> Eusm= G e i1y

where a=20,K/0, 2=0/00.

If treatment B is inferior to 4 (i.e., >>0), then the expected loss [Loss ]z based
o’ performing treatment B results from assumption (8) as follows.
[Loss]z=COLE(n)+ {N—E(n)} Pr(Selecting BY]

=CO[E(n)+ {N—E(n)} {1—L(p)} ]

B ae®*(e?*—1) z ]
= NG| e e T

®

where E(n)=Eup(n), R=No3/20* and C is a proportionality factor.
On the other hand, if treatment A is inferior to B (i.e., 6<0), then the ex-

pected loss [Loss_]a based on iﬁerforming treatment A results from assumption (3}

as follows.

@) | [Loss]Az — C5{N—E(n)} Pr(Selecting 4)

. aeaz(eaz_l) . zeaz ]
=N oo iR 117 e 41 )"

We shall now obtain the overall expected loss E Loss (5) by averaging (3) anc

(4) over an a priort distribution for 0 (, that is, for z).

E Loss/NCoo= S'N[LossjAgp(z)dz + g:[LossjB(o(z)dz

| ()
A
=N (e<e+;)? wdet |, “1+1 P
=47 e<e(e+I>5 ods+2]] “1+1 “plx)dz

- 8(;{ Sj ( “+1> Y )i
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a

e
o VAT »+8RS az+1go(z)dz+2g az+1zgp(z)dz

I o o 1
——, 4R go( eaz+1> (&(z)dz-]—ZS e 41 zgﬂ(z)dz,

where ¢(z)=(27) *exp(— z%/2).

5. Construction of Expected Net Gain Function.

We shall assume as before that a decision of selecting one of the two treat-
ments has now been made in the n-th stage.

Whether treatment A is superior to treatment B or B superior to 4, the both
gain functions have the same formulas. Whence, in point of constructing the

gain function based on assumption (8) and the procedure, it may be and will be
assumed without loss of generality that ¢ is positive. ~Namely, the expected net
gain function E Net Gain is obtained as follows.

(6) E Net Gain=G0_ —E(n)+{N— E(n)} {Pr(Selecting 4)— Pr(Selecting B)} ]

o a(e‘”—l) a /e“—l —1
—M;"‘)[ AR(e*+1) 4R\e”+1) »¥ “+1}’

where z=0/0,, a=(20,K)/d, and R=(No3)/(20%) as before.
We shall now obtain the overall expected net gain E Net Gain (7) by averaging
(6) over an a prior: distribution for ¢ (, that is, for z).

e a (> e*—1
) ENet Gain/NGoo=—— S_,. vz

a (= e —1\2 .
" 4R S_,.< e +1 ) ¢(Z)dz+g_m eaz+1 2¢(z)dz.

Moreover,

S_“ eaz+1 ¢(Z)dz—

and also

S:ﬂ( e::+1 ) o(z)dz= Sw< e:z+1 ) p(2)dz, and

Sw eaz+1 qu(z)dz 28 2 Z(O(Z)dz.

02+1

whence, E Net Gain/NGa, results simply as follows.
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tZ

) m/zvc%:—ig‘”( = )qo(z)dz—l—ZS -

2R Jo\ e +1 ”/’(z)d"

z+1

From (5) and (7'), a relation between E Net Gain/NGo, and E Loss/NCo, i

easily obtained.

) T Net Gain/NGo,= —2 E Loss/NCo, +2S s(d)dz

—2{(27)"* —E Loss/NCao} .

By noting that

(= — ) o= g/)(z)dz—48:?eaf:_;l)2¢(z)dz

1 2(~e*—1
:E——;g a2+1 Z({?(Z)dz
we obtain
E Net Gam/NGo‘o—< +2>S - Lostian' BV X e
Integrating by parts gives
—_— 1N\(> ae°
©) T Net Gam/NGao_z(2+E>g Wgo(z)dz PR

We want to determine the a=(20,K)/¢ which maximizes (9).
Differentiating with respect to a and setting the derivative equal to zero give

ae
2 ¢<z)dz >

—(ZR—[—].) S W

as an equation involving ¢ and R. Analytical solution of this equation for a i

terms of R is not feasible. Solving for R in terms of a gives
(10) R= 1 _1

16—d—g“ae"(e"+1)—2¢<z)dz
da Jo

Thus for arbitrary choice of a, (10) gives the R such that the chosen «a is o}

timal. .
By substituting (10) into (9), we can express E Net Gain/NGo, in terms of

only, that is,
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Swae‘”(e“ +1)2p(2)dz— aig mae“(e“ +1)20(2)d=
0 da Jo )

i = az/ _az -2
1-8 dagoae (e**+ 1) %p(2)dz

(11) E Net Gain/NGo,=4-

For the purpose of obtaining numerical results the integrals must be evalu-
ated. But, since formal integration does not appear feasible, we should like to
express (1+¢°%)7? in an infinite series involving terms e and to then integrate
term by term. The results are

a2 [o s e@ds =@ HE (17 a6

where G(u) denotes Mill’s Ratio @(—u)/¢(u), and by straightforward differentia-
tion,

18) g S reads =) £ (17 LG+ a6 o)
Substituting (12) and (13) into (10) and (11) gives
(14) R— @n)7a 1
16 5 (~1)7* ja[G(jo) + jaG(ja)]
and

I (~1Y(jay6 (o)

a—8(2m)"F T (=19 jol G(ja)+jaG'(ja)] |

(15) E Net Gain/NGc,=4(27) Ta-

We can now numerically evaluate E Net Gain/NGa,.  Arbitrarily, the values
of a of 0.5 (0.5) 5.0 were selected. By using (14), R was determined such that the
chosen a is optimal.  The resulting values of R are shown in the second column

of Table 1. The value of (27r)%E Net Garn/(2NGo,) when the chosen o is optimal

Table 1. The Optimum Sequential Plan.

1 p—
a* R (27)(2NGoo)~1[E Net Gain] o+
0.5 0.09 0. 201
1.0 0.37 0. 370
1.5 0.84 0. 501
2.0 1.57 0. 601
2.5 2.59 - 0.678
3.0 3.99 0. 736
3.5 5.82 0. 781
4.0 8.16 0.817
4.5 11.07 0.845
5.0 14. 62 0. 867

(a* denotes the optimum value of a for given R)
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is caleulated from (15) (see the third column of Table 1).

Even if the expression (15) of (27)7(2NGo ) *(E Net Gain) when the chosen a
is optimal is equal to that of the case of two samples due to Colton’s [47, it should
be noted that the a=(20,K)/c is equal to (2a,)/0c Where a,=K0, is a constant a in

the expression of (271)17(2NGUO)‘1(E Net Gain) due to Colton’s [4].

6. Comparison of Optimum Fixed Plan and Optimum Sequential Plan.

Finally, we should like to compare the optimal fixed sample size plan in the
previous paper [5] with the optimal sequential plan.  Of course, intuitively, one
expects better results with a sequental plan than a fixed plan, but how much
Dbetter is actually the sequential plan?

The (ZE)L‘(ZNGJO)_l(M) in the previous paper [5] is compared with
the (271)}’(2NG0'0)"1(m) of (15) in this paper. Since both (277)}7(2NGUO)‘1
(E Net Gain) depend on R, the comparison also depends on R.

Table 2 gives some numerical results of this comparison. The first three
columns of Table 2 are a transcription from Table 1. They give the optimal
value of the parpmeter o (denoted by a*) of a sequential plan for given R and the
optimal value of the (27)%(2NGao)~'(E Net Gain) of a sequential plan for each a*.

The fourth and fifth columns of the table give the optimal value of the pa-
rameter p (denoted by p*) and the optimal value of the (27:)%(2NGUO)‘1(M)
for each p* of a fixed sample size plan, for the same R. The last column of the
table gives the ratio of (27)*(2NGa,)~(E Net Gain) in a fixed sample size plan to
that in a sequential plan.

The results show that the optimal sequential plan has its greatest advantage
over the optimal fixed plan at R=0.09. Here the overall expected net gain of the
former is 27.8 per cent more than that of the latter. As R increases the relative

Table 2. Comparison of Optimal Fixed Plan and Optimal Sequential Plan.

. Optimal Sequential Plan Optimal Fixed Plan Per Cent Additional Gain
B 1 J— 1 — N 1
ot | QRN2NGoy)~\(E Net Gain) | p* | (2r)%2NGay)(E Net Gain) of Sequential over Fixed
c.09] 0.5 0. 201 0.321 0.158 27.3
0.37 | 1.0 0. 370 0. 291 0. 298 24.1
0.84| 1.5 0. 501 0. 258 0. 408 22.9
1.57| 2.0 0. 601 0. 226 0. 498 20.6
25| 25 0.678 0.198 0.571 18.8
3.99 | 3.0 0.736 0.173 0. 630 16.9
5.82| 3.5 0.781 0. 153 0.678 15.4
8.16| 40 0.817 0.135 0.716 14,2
1107 | 4.5 0. 845 0.120 0. 750 12.7
14.62 | 5.0 0. 867 0.108 0. 782 10.8
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advantage of the sequential plan over the fixed plan decreases. For R as high as
14.62 the optimal sequential plan has an overall expected net gain which is only
10.8 per cent more than that of the optimal fixed plan.

Thus, the dominancy of the sequential plan over the fixed plan may be clearly
established numerically.
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