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§1. Introduction.

In this paper we consider an n-periods, I, I, -+, In one-commodity dynamic inven-
tory model, where quantities ordered in unit prices, ¢, C1, ***, Ck—1 and Cx (co>C > >Ck-1
>¢p) are delivered, respectively, with X, Xi, <o, Xp_y and Xp-period-lag (x:=0,1,, 7; i
=0,1, -, k), where X;'s are random variable. The cumulative demand in each period
is a non-negative random variable whose distribution may change from period to period
accordmg to Markov transition law with matrix P=|pull G, j=1,2,--,m) where p;;=0
and }3 pis=1 for each i. It is assumed that the demand density remains unchanged
durmg one period. In other word, when the demand in a given period is ¢; the demand
density in the following period changes to ¢, with probability i (¢,7=1,2, - -,m). The
demand is stochastic but not stationary. At the beginning of a period we decide the
amount of the commodity to be ordered in unit prices ¢ for 2=0,1,-, k. This amount
will depend on the stage number j and the demand density in the period ¢; and is
denoted by Mhn-g+1, where i=1,2,-,m;j=1,2,,n;2=0,1,, k. They are all non-ne
gative and some of them are bounded above: M n-s+1=20, Fr= Miom-j+1=>0, where i=1,
2, m; j=1,2,-,m;2=0,1, - .,k—1. These upper bound depend on the unit price but
not stage number. It is assumed that the amount ordered with time lag & is delivered
at the end of the period for each & (k=1). Thus the quantity ordered at the beginning
of the jth period either delivered immediately or, if de}ayed, delivered in the unit
price ¢cx (2=0,1, -+, k) at the end of the j+x\—1th period.

In [7], [8], [9]1 and [11], we have discussed the properties of the optimal policies,
the critical numbers and the expected total discounted loss functions in the above
mentioned dynamic model under an assumption that the delivery-lag is constant. Papers
[73, [91 and [11] are the generalization of corresponding results in [1], [2] and [41.
The model presented here is the generalization of the one discussed in [7], [8] and
[9] in the sense that the delivery-lag is random.

We impose the following conditions on the model that hold throughout this paper
unless otherwise noted.

(1.1) The interval in ordering is r-period (r=1).
(1.2) There is backlogging of excess demand.
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(1.3) The known d1str1but10n function of the demand is absolutely continuous with
respect to the Lebesgue measure, and the density is denoted by ¢; (:1=1,2, -, m).

(1.4) The holding cost function h (%) and the penalty cost ‘function p(y) are twice
differentiable, ‘convex increasing functions defined on [0, ) such that 2(0) =
»(0) =0.

(1.5) There is credit function v () defined by

vy 7=0
v(p)=
2<0

The reduced penalty cost, that is, the net penalty cost, is defined in the follo-
wing way. If at the beginning of some period it is known that at the end of
this period the amount of size z will be delivered and the demand & will occurs,
then the net penalty cost for the period is
p(6—y) —vmin (z é—y)]

where y is the starting stock level of the period.

(1.6) There is -a concave, twice differentiable salvage gain functxon w (%) that is
increasing for »>0, and is zero for »<0.

(1.7) The ordering cost function ¢; () for unit cost ¢; are given by

cqm 0=»=B;
¢i(m)
7<0
7j=0, 1, k—1
cxy 7=0
ca(yp) =
0 <0

with co>¢ > > >0.
(1.8) The time lag X;(i=0, 1, ---, k) for the commodity of unit cost ¢; are non-nega-
tive discrete random variable. The joint probability density will be denoted by
q (%, 201, -+ x) where P, {Xo=2x, X,=2%,, -, Xp=12) =q (%, %y, -, %) (2:=0, 1, -+, 7; i =0,
wk). We assume that
g (%o, %, +, %) =0 (%, %1, -+, %2) ¢S
g (%o, %3, -+, %) 20 (%0, 21, -+, X6) €S

where

S={(y0’y11 "‘,yk)|yu§.3’1§"‘9 éyk; y'i:Or 1, RS i=01 1, Sty k}

This assumption implies that the commodity of lower unit cost can not deliver
faster than the one of higher unit cost.
(1.9) There is a discount factor a, 0<a<1.

(1.10) (a) alim w'(p)=alim Sﬂw’(v——t)w(t)dt<ck, M®) w(O)<v i=1,2,---,m
7> e Jo

n
(1.11) L (p; ) — vS (p—08) ¢, () dt is convex,
0
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where L (7;¢:), the expected one-period loss arising from penalty and holding

costs, is given by

[ra-nDewart [pu-newa 70,
0 n
L(ned=1 ., ‘
Q P (=) ¢: () dt 7<0,i=1,2, -, m.

We shall assume that all integrals occuring in this paper exist and are finite, and
that interchanges of integration and differentiation where needed are possible.

This impose certain restrictions on the class of demands densities.

At first in the section 2, we state the formulation of the problem and give the
optimal policies. In the section’3 and 4, we shall give the optimal policies and discuss
the properties of the optimal policies in which the ordering costs are strictly convex-
increasing, or composed of a unit costs plus a reorder costs. In the section 5, we

shall give remarks concering our model.

§2. Mathematical Formulation.

Let f.(x;¢:) denote the expected total discounted Joss by an optimal policy for the
n-period inventory model under the assumption of the ordering policy (1.1), where
¢: is the demand density in first period, and x the initial stock level. From the pri-
nciple of optimality we obtain for nzr+1

(2' 1) f’n (x;q)i) =3}L§£'1h:10 ill:l>f° {gr (x, M, My, **, Mr; Qi )+fﬂ—r.r (x+m0+m1+""+'mk; (p‘L)}
>0, mp >
A=0,1,, k-1

where g, (x, mq, my, =+, mx; @i) is the expected loss incurred in period 1,2, 7 if the
demand density in first period is ¢s;, the initial stock level is x, amounts of orders of
size m, My, -+, M-y and my ordered at unit prices, respectivcly, ¢g, ¢, -+, Ck-1 and cr are
issued [see (2.8) and (2.10)], and

o0

@2.2) forn(xipd =a 3 Py S Frrnes (i—t305) s (D dt

0

Fuero (2300 =Fuer (2500, Jo(x500) =—Wo (x500) = —w (%)

Wa(xi00 =a 33 bu [ W -t e a
=1,i1=1,2,-,m.

It is noticed that fi, (x;¢:) =—W, (x;¢:;) for x>>0. For n<r we obtain

AZTE\Z0. M0
-1

=0,1,-, &

2.3 ﬁ.(x;%)=8min inf  (gn (x, w0, my, -+, M 0D}
A

where g, (x, mo, my, -, mx; @) is given by (2. 10).
It remains to compute g, (X, 7, My, -+, Me;@id- The expected one-period credit cosi
V (x,2z;¢:) is found to be




Optimal Policies for Dynamic Inventory Processes with Random

Delivery-Lag and Non-Stationary Stochastic Demands 87

zt+z oo -

v S (t—x) ¢; () di+vz S e (D) dt x+2>0, x<0,
0 z+3z

. — ztz oo
2.4 Vinzed =1, S (=) ¢: (D) dl—i-sz o (1) di x+2>0, 10,
vz ' x+2<0,
1=1,2, -, m.

where x denotes the starting stock level and z the size of order to be delivered at the
end of the period. It will be convenient to introduce the function

—vu+v S" (u—1t) o: (D) dt u=>0,
(2.5) V(u;go,-)={ 0
—vu u< 0,
1=1,2, -, m.

Then V (x,2;¢:) in (2.4) can be written
(2.6) V(xz;00 ==V (x+z;0) +V (x;0).

We shall compute g, (x,m, -+, mz;0:) and g, (x, my, -+, w2, 00). .

Case (a), n=r+1. If we are going to order amount Mg, My, +++, M-y and »2; at unit
prices c{,, €1, Ce-1 and ¢z, respectively, then the ordering cost is given byjé CiMj.
When one of permutations x= (x, 2y, -+, %%) €S such that 0<oy<lx;<-<ax and 7>k is

given, the discounted expected cost over (xj—_xj_l) period from (#;-:+1) th period until
x; th period is given by

z.-1 . < .
v-;?_l L (x+ é}) Me—y; i) + ij-l(x+ é me; i) ~ij_1(x+ tho R
where
La (500 =a 3 0 | Ln Ge—tigs) s () di
=1
ViGsed =a 3 b | Vi —tivp o0 at
2.7

Ly (x50 =L (x;0), Vo(x;0) =V (x;0:), V-1 (%;0:) =0
m_1=x_1=0;

hence the sum of the discounted expected cost incurred in period 1,2, ---, a4z is given by
\

z —1

vez;_y

kg J g J
DL Lt 2 me; 00+ Ve a(x+ D ms0) =V, (24 32 mueor;00)]
J=0 =0 J t=0 J =0
On the other hand, the sum of the discounted expected cost incurred in period x;+ 1,
-+, ¥ is given by
r=1 k
3L, (x+ PARLHD

V‘xk

Considering the definition of S and the case r <k, we have for n>7+1 from above
results
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:I:-—l

2.8 & (2, o, My, +*» Wi 93) = >3camﬂL Z} q(x) {2[ Z‘. Lu (x+ Z‘ M1 ©i)

+V 2 (ot >3 me; 00) =Va (5 2 e+ 33 Ly (x+ L‘ me;00)

V=2,
1=1,2,,m,

where ‘;‘:’; means summation for all permutations such that x= (%o, %1, -, %) €S, and

k
1.9 Z} L, Ged) =0 (k<P - i=L2,-,m
Case (b) n<r. Let y7 denote the maximum of elements x;’s of a given XXyt %2)
€S which does not exceed # and has the maximum suffix, where 1 =1(%, %, " , %) is
the maximum suffix. If such a maximum x; can not be found, let yf =y%=0. It is

clear from the definition of 7 that the set S is expressed as the sum of disjoint sets

S® S™, ..., SfPri.e., S= z S™7, where S§°={x|I1(x)=J, x€S] (j=-1,0,1, -, k) depend
J=-1

on #n and j. When one of permutations (%o, %1, *++ X6)ES and » are given, then the integer

1=1 (%o, %1, -+, %) is uniquely determined and the ordering cost is given by }__‘_. cjmyg, and

the sum of the discounted cost in perlods T2, ==y y; ¥(=x,) is given by

.E’o C }3 L, (x+ Z} Wi-1;05) +Vz _1(x+ Z‘. e, Pi) -Vm —(x+ Z‘. Ma—1) @i)]
I/-ZJ 1

On the other hand, the sum of the discounted expected costs incurred in periods y: 7+,

.,n is given by

2 L, (x+ V‘WJ)(F'I:) —Wa (x+ z‘: mayfﬂz)
v-yl
Hence we have for n<r

z-—-l

l(z

s J
(2.10)  gu (%, 10, T, =+, M3 i) = E g { Z Ceamat_ E Lu (x+ E Mi-15@2)

J n—1 (=2
+ij_,(x+ p2 me; ) — Vo (5F §0 mi-e0l+ 3 L+ 2 M5 9s)
=¥z
(x)
—W‘n (x+ Z mn‘ﬁz))

1=1,2,--,m
1f we make substitution x-+ Mo=1g, X+ Mo+ M1=1ty, """, -+ Mg+ Myt = then (2.€
and (2.10) may be written as :
(2. 11) fn (x;‘l’i) = min {[CCO—CDuO"{'Hl(uo;‘Pz)] —+ min {[(Q '_‘Cz)ul

z<no=z+Bo nSr1<no+B1

+H,(u;0) 14+ min (CCcrr—cr)ttr—r+Hr(tt;0:)]

% Suk l;uk 2+ﬂk "
—+ mf {Ckuk-l-Hkﬂ (ury e) +fn-r.r (u/n(/’l)} }—CC’H‘HO(’C @)
Y15

— min [Go(tio; @)1 —cex+He(%;02)

2oz +Bo
n=>r+1
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where A EroliRN i 3 sl Pt >
Glcn (uk,(o‘:) CkuL+HL+1<uk,§01)+f”_r r(uk,¢;> 3 s 5% a8} NES
Gin(ttg;0:)=(c; '—CJ+1)1»¢J+HJ+1(1,¢ go,)—}-KM(u_“(gt) X i
K ( 5 f G " ag R 29267 4:0:15‘! g FAsos?
knuk ,(0,-—1“ nuy'l.: in F -
' - Sy ve) K" (u"’%> = rl-};u\ 8 311;::3‘ (f}“’ sy Glibaon
(2.12)
z —1 Y f‘ 5‘ %
; o = (i
Ha(ua—x,%)— E qu) [Vz —l(ud -1 (01) + Z Lv(“a 1;‘/’1) Vz _1(u4 1,?/),,)] e 5
1251725 ERREY: ‘lfh 01 gan
o -
Hy(ury 00)= 23 qQOLV , _1(ur;00)+ 33 Ly(ur;0:)]
z€S k v=z, v
i=1,2,-,m
and i EES means summation for all permutations such that x= (%, xy, .-+, x:)ES and
€S,z z . X . b

X7 %5, and

(2.13) fa(x;05)= min {ECaoco—alcl)uﬁH (uo,%>]+ min  {[(ac1—axc)u,
TSNSz + 1<t <o+ B

+H;<u1;¢i)]+“'+ min {[(dL 1Cre1 —axCr) Ur—1+H §F (ttry; i) ]

U1 — 1S -2 Br—1

+ inf {akckuk-kHZ‘H(uk;%)} -0} _aocox"*‘H::(x;‘Pi)

Vp— 15"k
= min {Go,.(uo 00} ~aocox+H ¥ (%500
xsuosz
where
GrnCttre; 02) =arcsr+H ie1Catr; 02)
Gin(3300) =(@465—a50:C5+ )05 H Je1(otg3 00) + Kgu(otg3 00)

Kk—l,n<uk—1;¢i>= inf GknCM}c;(ﬂi), an(”.i;(/?i)= min. Gj+1,n(uj+1;¢i)
1< GG 1S B +1
j=0,1,---, k—1
N O J=0,1; =
h=3 ,eb('n)
(2.14)
n=1
Hj(uj-1300= 3 q(x) (Vz S@tg-00+ 3 L(ug- 1,%) Wa(sti-1; ¢2))
zES” Tj-1

3
+ 2] b2 q(x) [Vz -—1(14.7 1, @)+ E L(ttj-150:)— Vz —(#5-150:)]

h=J (zE,S‘(" s o J} v=z;_q

J=0,1,-k

H (s 0)= E q(x)(Vx,, (ot i)+ 2 L5 0) —Waluz; 0:))

xGS v=z;

,and Z(} means summation for all permutations such that x= (o, %1, ++, %) ESS™, and
zES
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N means summation for all permutations such that x = (%, %, -+, %)ESS™ and
(zesMe #25)

A TG-1
Xij 1 TG

Remark I. Various cases may be considered in the formulas of (2.12)~(2.14), ac-
cording to the value of g(x).

Example 1. If =k, q(012---k) =1, then (012---k)ES, aqy=a,="a.=1,a;=0 (k=j >n),
HY(%00=0, Hf 4s-1;0)=Lj1(hj-1;05) =V i-s(thi-1;0) +Vi-oltti-r;00) (G=1,2,-,1), Husa
;0 =V nei(ttns 02) = WoCttn; 0), H ¥ (=15 05)=0 (I >n+1); hence (2.13) and (2.14) beco-
mes to the one in [7]. _

Example IL. If n<r=3, k=1, then SU={(22), (23), (33)}, S§’={(13), (12), (02), (03)},

D= ((11), (01), (00)};SB=((33)}, SP={(23), (13), (03)}, S={(22), (12), (02), (11, (01,

(00)}, moreover if 3 ¢(x)=1, then g,= 2 q(x)+ Z} q(x)=0, a;= Z} q(x) 0,

z€50 z€s™ zest z€s™
H?(uo;%)— Z Q(x)(Vz 1(atg; i)+ Z} Lv(um 0) =Wl )+ 23 (%) (Ve -1(atg;00)
Z€S§ () {z €8 mg#2, } g
z—1
+ 3 Luo; ) — Vam1(tt0;0:)) =0, H 3 (u1;0:)= E 9@ (Ver1(as00) + Z} L, (uy; 92—
V‘Zo zes 7L

n—1 n-1
Waltt;0))=0, fu(%x;00)=H{(x;0,)= E q(x)( E L(x; 0) =W, (%;0)) = Zo} L, (x;0:) —
: z€s" v
Wn(x;(ﬂ-i)-

It follows that the optimal policy is not to order.

Example III. If n=r=3, k=1 and q(22)=1, then a,=a,=1, Hq (x;p;)= 120 L(x; ¢
—Vi(x; 00, Hif (ug; 00) =0, H7(ur;0:)=V1(tt1;00) + Ly(uty; 05) —Ws(aty; 00)-

Example IV. If n>r+1=4, k=1 and ¢(22)=1, then Hy,(x;¢;)= é}n L,(x;0)—V,(x;

@), Hi(ug;0)=0, Hy(uty;0:)=V1(1015 0+ Lo(tty; @0).

We cite the known results in [2] and [9] that will be necessary for the subsequent
analysis.

LEMMA A. (i) if g(x) is convex function on the real line, then for 0<m< o

h(x)— mm g(y)
<ysz+m

is convex, and if g(x) is bounded from below, so is h(x).
(i1) (@) if g(x) is convex and bounded from below, then
k(x)= inf g(y)
z<y
is convex and bounded from below. (b) g(x) is convex, and unbounded from below, but
non-decreasing, then o
k(x)= inf g(y)= min g(y)=g(x)
Sy =y
COROLLARY A. Let % satisfy g(%)<g(x) for —wo<x<co. Then (i) y*(x) having
the property h(x)=g(y*(x)) is given by
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x+m ooxtm<lx

y¥(x)= {% 2<x<%+m
x x<x,

and (i) y*(x) having the property k(x)=g(y*(x)) is given by

x 2<x,

yE(x) =
x ] o A>X

If X is not unique, then y*(x) is not unique.
LEMMA B. If conditions of (1.4), (1.11) and (2.31d) are satisfied, then
Li-i(%,0)—Via(x; 002’ (v—lim p'(5)) for all x
y—>o0

Vi 00> —a 0 Jfor all x
i=1; i=1,2,--,m
;and specially when v<0
Li—i( %500 =V 1% 0)<a? (0 —p/(0))<0
Vi-i(x;00)=—a’ <0
i=1; i=1,2,-
THEOREM 2. 1. Under assumptions (1. 1)~(1.11) (i) G»(%x;¢:) is convex and increasing
Jfor x large enough; (ii) the optimal expected total discounted loss Junction f,(x;¢:) is
convex. )
Proof. We establish the proof by induction on #. There are two possibilities req-
uiring separate treatments #<r and n>r-+1.
Case I n<r, Then from (2.12) we have
(2.15) Gu(u;0)= 33 q(x) LeyutL(u;0) —Wilu;0)1+ 3 g(x) TtV ;00 —Wilws; @)1

{28V, ~0} {28V, =0}

The function Gu(#;¢;) is convex and increasing for u large enough, since V (u; ¢;)
— W1 (u;¢:) and L (u50.)—W,; (1;¢:) are convex, and conditions (1.4), (1.6) and (1.10)
hold. By Lemma A, Ki-1,(#%;¢:) is convex and increases for u large enough. On the
other hand, H}(u;¢:), where j=0.1, -, k, is convex since V(000 —Wiu, ), L(u;e)—
V (u;¢:) and L (u;0:)—W,; (u;¢:) are convex by (1.10b) and (1.11). Hence Gi_1.(2;¢:)
is convex, since it is the sum of convex functions. From (2.12) we get
(2.16) Lim Giso(%;90) = @p-s oy —arcat Um HE'(u; 00 + lim K-t 00)

0
= 3 ¢ = lm L, (u;0) +c;,—11m WiCa;¢:)]

EES};I—)1 v=z; _, no

o 2 q(x) (Cr-1—cr) + E lim L, (u;00) + hm Gu(u;¢:)
zEék v=z, 7

>0

by (1.4), (1.7) and (1.10a). Now suppose that part (i) of Theorem is true for j=F£,
k—1,---, k—2(2<k—1). Then we have from (2.12)
.17 11m Gr-r-1. 10850 )= p-rc1Chor-1—@r-ACr-r+ llmHk_x(u @)+ lim Kr-a-1.1(2t;05)

>0
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0 k
= 3 g®)[Cr-rmrt+ X lim Li(u;00)1+ 33 3 q(x) [eg-n-1—Cr-a
5’5‘9;9—))\—1 vezp_ gy 77 k==X zESK
z -1

F29N
+ >3 lim L.,(u (01)]“‘ llm GL xy 1(“ )

V-IL )\ — 1>
>0 by (1.4), (1.7) and (1. 10a)
The function Gr-r-1.1 (#;¢;) is convex, since it is the sum of convex functions, and is

increasing # large enough. By Lemma A, min ﬂGm (u;¢;) is convex. Hence fi(x;¢,) is
Sz +Bo

convex.

We assume that the theorem is true for n—1, we seek to advance the induction to
the integer n. Then, the inductive assumption implies that Va-» (;05) — W (85 00),
Lo (1630 — W1 (1;05) and Lu—;(u;0) —Va_a(u;¢:) are convex, and ¢z u— Wai(u;0,) is
increasing for z large enough. Since
(2.18) Gu(u; @) =arciu+His (u;00) —arWa(u; ¢:)

n—1

= 3 q(x) Lot Vag—1(u;0:) + z} L(u qol) —Wa(u; 0]

zesim

= 3 q® [Cm-i—oz Z} Pug (Vs —1;05) —Was(u—1505)) (1) dt]

(2€57z,=n)

+ 3 q(x) lexntVay- 1(u @)+ Z} L,(u;0:)

{xES(" zk#ﬂ}
a3 o | Lautiod)—Wosu—tie)dokt)
and

(2.19) lim Gr.(u;9:)= Z q(x) [Ck—'llm Wa(u;0)+ 2 lim L, (#;¢:)]

- o0
2U—>0 :EE S' V=2, 1>

= 5 awlad-arta 3 pulim | Wit tgedD dt

zES

n-1
+ 3 lim L, (u;00)]

V=, 1o
>0

,it follows that Grn(#;¢:) is convex and increasing for u large enough. Assume that

part (i) of Theorem is true for j=k k—1,--,k—2(2<k—1). Then by the Lemma A,

Ki_a-1,.(1;¢)) is convex and is increasing for large enough. Then

(2.20) 11m G- ner, (85 00) = @1 -x-1Ct-x=1— @i~ ACk- a lim HF (w00 + 11m Kia-1.n(2;0 )

1>

= 2 q(x) [cp-r-1(l—a)+ Z lim L, (u;90))

V= 2>
a:ESL A—1 E-A-1

a5 o tim (e Wiu—t300)0) di]

z -1
x T
+ N @@ eker-r—Cat X lim Ly (u50)1+ 11m Gr-nn(t;05)
h=FmA EES,(:') =z _\_q WP

>0
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and

(2.21) Gr-r-1,2(2t;0)= (E) Q(x)(ckx1u+V _1(u o)+ Z‘. L(u 0) —Walw; )

zESk" - L =
2 k :
+ 2 3 g (rai—c-Dut+ 2} .q(z) Ve 2(u500)
© r=k-x zes™™ hmk-X{(2E€S 2y ) AML
x —1
+ E Lv(“ (/71.) Vn: —l(u ‘/h)]‘l‘ Kk A-1, n(u (Pt)
VeI E_x-1

= X q(x%) Cep-rttta Z.‘ Dis SM(V, —2(tt—1505) —Waoi(u—1;05)):(£)d1]
[}

{FES; )A 1,%-A-1 ="

A q(@ [Ck P 1”+Va: —1 (“ (”z)"' Z L, (“ ‘P’L)

(28T | g ki V=T a1

+aj>_21} P-m'S (Lo—ott—1;05 )= W o1(ut—1;05) )ps(1)dt ]+ E > q(x) (Cp-n-1—Cr-2)u

n=k-X g€

k
+ = 2 q(x) [V, -1 (u i)+ E L,(u; %)—HrEPuS (Lo—o(u—t;04)
k-

hek-M2€STz,_\ _Fay @, -m) YEZE a1
® zk 1
: A
Varlu—t;0:00(Dd]+ 2 3 € Ve (500 + 33 Lw; 00)
R 1 RN PR V=2 poy

Ve k_l(u;%)] + Krao1,2(2;0:)
Y

The function Gr-a-1,.(%;¢;) is convex, since it is the sum of convex functions, and is

increasing for u large enough. By Lemma A, lim Gu(#;¢:)is convex. Hence Ja(%;00)
xSu<.z:+

is convex.
Case II #>7-+1. Since
(2.22) 11m Gon(26;05) ——aoc+ hm HY (1300

k+1
= 3 lim HY (u;0)

J=0 u—>cc
= 2} (3 9@ Z ]im Ly (500 —lim Wi lu;00)

ch :1 U—>o0 1w—>0
i z -1
J

+3 2 g (3 lim L, (u;0))) + Z q(x) ( Z lim L, (o500

hed (zES( .) 1% 3} v=x;_) o0 2:6-5’ (m) v=2; 1—co

—lim Wi (u;00)
n—-1
X} q(x) ( Z}o hm L, (u:0) —hrn W (1;0))
ZES " V= WU
x —1
+ E 2 q(x) (5_‘ 5 lim L (a5 00)
J=0 ZESU') P=0 v-zp _q o

n—-1

+ Zj lim L, (;9))— Z‘. 2 q(x) hm W (2500
. y=%4- asrse zES‘
k+1 n=1

=3 3 g lim L, (u;0)— hm W, (at;0))

d=0 2€s{; v=0 >
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= Z} q(x)(ZJ lim L, (u @i)— hm Wa(ut50:))

v=0 wu—>x

== 2 ltm L, (u;0:)— hm W, (u;0:)) : n<r,

v=0 u->o0

n-1

it follows that if 3 lim L, (x; @) ——11m W, (u;¢:) <0, then fa.(x;0:)) (n<7) can be

v=0 1>

convex decreasing, although G (2;¢;) (n<r) is increasing for « large enough. Using
the fact that cx—lim Wi (u;0:)>0 for n<r (i=1,2,--,m), we have

1>

(2.23) ck+1irn ﬂ.(x;%-)=lim Gon(%;05) —aocﬁ—lim HY (x;00)

ZJ lim L, (x; (o,)+ck—11m W, (x;0)>0 for n<r

v=0 x>0

,moreover by induction on j, we get
(2.24) cxtlim fo i(x;00>0 for j<r (n<r).
>0

Although f.(x;¢:) (n<r) can be convex decreasing, Gy, -+i(¥;¢:) is convex and increas-

ing for x large enough, since it is the sum of convex functions and lim Gr.,+s (%;00)
=cp+ Hm Hpo(x;00)+ lim f5,(x;00)>0 for j<r.
x>0 F il

Hence part (i) of the theorem holds for n=7+1 and j=Fk. Assume that part (i) of
Theorem holds for j=k, k—1, -, k—2 (1<2<k—1), we extend the induction to the
integer k—2—1. It follows from the inductive assumption

(2 25) lim Gx A-1, r+1(u %) =Cp-r-1—Cr-rTt hm HL A(H <p1)+11m GL Ar+1<u %)>0

U0 U0

On the other hand, (¢j-1—ci)u+H;(u;¢:), where j=0,1,---, k are convex and increasing
for # large enough by assumption. Hence the function G;L.._A_l,,ﬂ(_u;(pi) is convex, since
it is the sum of convex functions, and is increasing for # large enough. By the Lemma

A, lim Gy -+:(u;9;) is convex.
r<Sulz+Bo

Hence f.(x;¢:) is convex.
Assuming that the theorem holds for n—1 (n—1=7-+1), we seek to the advance
the induction to the integer ». Then

o+ lim fro (us0)= _E lim Hj(u;0)+ 11m Grm—r(1;0:)>0.

124—>0 J=0 1>

By induction on j, we may deduce that

¢t lim Sa-r s 0)=cx(1—a)+a %1 bis lim SD Cex+ far.i(u—t;0:) () dt >0
» for j<r
, and f,-,(u;¢;) is convex. Hence, we have
(2.26) UHm Gin(u;0)=cr+ lim Hiw(u;0) + lim S, (3 0:)>0.
oo 10500 10

The function G (#;¢;) is convex, since it is the sum of convex functions, and is
increasing for x large enough. Now suppose that (i) of the theorem holds for j =%, &
—1,-,k—2 (1<2<k—1), we extend the induction to the integer k—i—1. Tt follows
from the inductive assumption that
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(2.27) 11m Gronm1.2(8;0) =Cr-ro1—Cr-r+1lim Hj_ x(u (0;)+ hm GroennCtt;0:)>0.

1U—>0

* The function Gp-r-1,.(%;¢:) is convex, since it is the sum of convex functions, and is

increasing for # large enough. By Lemma A, min Go,,(u ;) is convex. Hence f,(x;¢)
rSNST+

is convex. The proof is complete.

Remark II. when n=r+1, we have frorh the simple calculation
(2.28) lim Gu(u;¢)—co+ min Hy (u;0:) -

k+1

= 3 lim H;(u; qu)-}- hm Jurr(2500)

J=0 20

=1

= 3 lim L, (z;00)+ hm Fner (125 00).

V=0 u—>0

Hence, if Z} lim L, (u;0)+ hm Fo-ri(t;0:) <0, then f,(%;0:) (n=7+1) can be convex

V=0 2—>00

decreasmg, although G (us; qo,) is increasing for # large enough. We note that even.in

such a situation G n.:-(#;¢;) is increasing for x large enough. It is clear that if lim

U0

L'(n;0:) —hm W!(u;0:)>0, then Z lim L, Cu;0:) —hm Wi (u;0)>0. Then Ja(x;0:) is

v=0 wu—>0
convex and increasing for x large enough.
Remark III. The results of Theorem 2.1 show that infimum in (2.1) and (2.3)
can be replaced by minimum.
Theorem 2.2. Let Xju(¢:) satisfy Gim(Xin(0:); ¢2) <Gin(x;9:) for —eo <Zjn( @) < oco.

Then the optimal order mji in the first.period are given

(2.29) ol i) —x Zon(@:) —Bea Zon(@2),
man(x) = {0 Fon( 22,
Bo Zon( @) —Bo>%,
Zu @) —tty Zin( @0) —Br<ty X1a( 1),
mi% (ue)= {0 . Ein )<t
: b B0 =B >t
: T, (@) — sz Zr—1,2(@) =Bt -2 Xp—1,2( ;)
m}',’_"_l'ﬂ:(uk-z)= 0 ' Tr-1,2(@) <thps,
. Br-1 Xpm1,2(@i) = Br-1 >ti—s,
Zin(@i) —thr—r 1< X202,

m;;:(uk—l) = -
W1 > Xpn(Q2),

i=1,2, -, m,
where uy=x+mix (%), wy=uto+min(tte), *, Uy =tt—s+me* 1n(otr-s), and By (v=0,1, -, k—1)
are positive constants, and if there is not finite %;.(¢;), then let %;.(¢;) denote —oo,
when X;,(¢:) is a closed interval if there is the smallest root, then let %5.(@:) denote
the smallest root, if there is not the smallest root, let X;.(¢;) denote —oo.
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Additional assumptions guarantee finiteness of Xjn(@:). Let us put
e — (cs-1 cj+H3,(u;¢-a)l , n=r+1,
Aj-1Ci1—a5Ci+HT (1;0:) - n<r,
: j=1,2,- k; i=1,2, -, m.
A sufficient condition for the validity of (2.3la) is given by Theorem 2.4. If thi
condition (2.31a) is satisfied, then we obtain the following theorem.
Theorem 2.3. Let conditions (1.1)~(1.11) hold. If
() lim Ny(u;9)<0, (b) lim L'(u;¢)—a lim w/(4)>0,
(2.31) '
©) co<lar™t, (d) v<Pp'(0), (&) (>0 for £>0,
: 7j=1,2,:-,k; i=1,2,--,m,;r=1.
are satisfied, (i) there exists a unique finite x;.(¢:;) determined by
Gl En(0);9:)=0 : =01, k=1 i=1,2, -, m,
and %.(¢;), where n<r, is positive; (ii) f.(x;¢;) is convex, decreasing for x smal
enough, increasing for x large enough.
Proof (by induction) Case I. n<r. Then we have

(2.32) Gu(0;9:)=arcr+His1(0;¢0)

, .
= 3 g(x) (ck+V;k—1(0;<az)+ 3 Ly (0;¢2))
V=2

gESkl
= 3 q@(axtL000)+ 2 qx) (cx—v)
(zesP =0} (z€5D a0}
< 3 g w—pON+ = q(® (—v)<0
(2€8P, =0 {255z, ~0)
by (2.31c,d), and
lim Gu(u;0)>0 by the theorem (2.1)

From (1.4), (1.10b) and (2.31d,e), Gu(#;¢:) is strictly increasing for % >0. Hence
each equation Gi(ux;¢:)=0 possesses a unique positive root Xu(¢;). Since
{G;c]<uk—1;§0i> ’ uk—1>7—5k1(%‘>

llk-1<501c1((0i)

The x>0 implies that Kr—1,(#;¢:;)=0 for #<0. Hence from the conditions (2.3la
and (2.14), we have

(2.34) lim G;_l,1(u;<p-i)=ak_1ck_1'—akck+ lim Hi*(u;0)+ lim Kio1:(2;¢0)

w>— 14—>c0 w—r—co

(2.33) Kioyn(themr;00) =

= 3 g (et lim Vx (s 00+ 2} lim L, (#;¢:))

%€ 956) k-1 V=2 4 %™
z =1
+ 3 g®) (ra—e)+ = q(x) (im V, SCH DA 2 lim L, (u;0:)
EES}‘I (xeﬁi)zk Er) 1w—>—0o0 v=x, , 1>=o

- hm Vz —-1(1" ¢L>)

1w—>—00

<0
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,and if p(7) is linear, then Gi-.,(0;¢)<0. Therefore by the theorem (2.1), it follows
that there exists a finite Xz-1.(¢:) such that Gi_y:(%r-1i(@0);0:)=0. Uniqueness assertion
are consequence of (2.31d,e). If p(y) is linear, then %;—i:1(¢:) is even positive. Assuming
that part (i) of Theorem 2.3. holds for j=Fk, k—1, -, b—2 (2Zk—1). Since

Grmn(t-n - 1+Bk A,%) C tpeamH BraalZe a1 (o)
(2.35) Ei-ao1i(theorr;00) =10 thimn< Fpor 1@<t r o1+ Bioa
GI:-—A 1(uk——)‘—1;(ﬂ£> . s Ld : J_CL--A 1(%)\'/141:—)‘—1

»it follows that lim Ki-x-1:(%;¢:)<0. Hence from (2.31a) we get

%> —00

(2.36) lim Gy-a- 110285 Q) =@ n—1Ck-r -1 — - rCrr+ hm Hi \(u; (p;)—l- llm Kroxo11(;02)

%—>—co

< 3 g(®)[cp—r—rt lim Vx _1(u @:) + 2 lim Lv (u;0)]

a:ES’k e 1202 V=Zp_y_q W=

k .
+ Z 3 g(®) (Cprr—c-)+ 3 2 q(% [lim Vz -1(u 0

hek-X z€sSD h=k-X (z€S{Pz, 120 wrmee
# —1
kX
+ 3 lim L, (u;0:)— ]1m Vz _l(u )]
V= 1U—>o0
k=A—-1
<0

On the other hand, lim Gi-x-11(%;@:)>0. There exists a finite Xr-r-1.1(@:) such that

Gr-r-11(Zi-a-11(¢); ) =0 ,where i=1,2, -, m. Uniqueness follows from (1.4) and
(2.31d,e). If p(y) is linear, then %z_r_1:(¢;) is even positive. The expression

Gél(x‘f' Bo; ) —aoco‘*‘H:'(x;%) x+ ﬁo<5:01<¢7i)
(2.37) filxi0)= {—awo+H¥ (x300) - - 2<Xn(p)<<x+B, -
G (%300 —agco+ Hi (%;00) Zu(e)<x,

used with Lemma B and (2.31b), verifies part (ii). Assume that Theorem holds for
the integer »—1. Since

(2.38) GI:nCO;(Pi):akck'l'HI::l(O'(oi)
= 2 q(x) (Ck"l‘Vz 1 (05000 + Z} L 0;0:)
xegﬂ!

n—1

= 3 @ (et T L0+ T q@ a—at v— 3 Ly(0;00)

(z€85 "z, ~0) (zesl(L D0} YT
< 2 g (v~ E ap O+ '3 qx) (Cx—a e E a"P’(O)><0
(€8x, =0} (z€807z, =0}

by (2.31c,d), and
lim Gia(2t;90) >0

U—>0

»it follows that there exists %,(¢;)>0 such that Grn(Zn(00) 1 02) =0. Uniqueness follows
from (1.4), (1.10b) and (2.31d,e). Assume that part (i) of theorem hold for j=% &




98 Masanori KopaMa

. B—2(2<k—1). Then we get from the inductive assumption and (2. 31a)
(2.39) lim Grox-1.(2; i) =@r-r-1Ck-r-1—0k-2Ck- At 111’1’1 Hk INCRDEs 11131 Ki-a-1.(2;0:)

n-1

< 3 4@ Cerat nmn (o)t 3 l_i}}leﬁ(u;w-z))
/\

)
‘fesl(cl—x -1

A
+ 3 2 @ (ck-r1—cr-2)+ E b2 g(x) [ lim Vx —1(u 1))

he=k—A EESIE") h=lc—-).\ {_zes](t’lll)xk_k_l#zk_}‘} 2—>—00
Z =1
k=X , ,
+ 3 lim Ly (00— lim V, _.(#;00)]
T w>—0 o\
<0

,it follows by the theorem (2.1), (1.4) and (2.31d, e) that there exists a unique finite
Xr-r-1.n (@) such that Grororm (Zrore1n (00);0:)=0. If p(n) is linear, then Xi-x-1.-(@)
is even positive. Since

_ Gon(+ Bo; @) — aCo+ Hi' (%;00) I
(2.41)  fu(x0)=1—ascot+H; (%;¢0) 1< Zon( )2+ Bo
ng<x;¢7i) —aocc‘*’H:/(x, (/7;) EO”(‘P’i><xt

it follows from the Lemma B and (2.31b) that part (ii) holds.
Case II. #=>r+1. Then using the fact that lim filu;0)<0, we have from (2.3lc, d)

U—>—o0

(2.41) lim Gr,+:(;0)=cx + hm Hk+1(z¢,go,)+ hm SfirCat;00)

> —c0

< 3 q@ (et Eﬂ lim Lx(u oD+ 32 q(® (rk~c: v+ 2 11m Ly (u;00)

(xES £ =0} {z€ S‘ z 0}

<3 @ e- T PO+ S 9@ at T3 @)
Tk

(zES z, =0} {.cES z #0}
<0
If p(y) is linear, then f;(0;¢)<0, since Hy(0;0)<0 and Xu(e:)>0; hence Gr.r+1(0;0)
<0. On the other hand, lim Gi.r1(1;90)>0. Hence there exists a finite Xz ,+1(¢:) such

U=

that Gp,e1(Zrr+1(0);0) =0. Uniqueness follows from (2.31d,e). If p(y») is linear,
Xr.+1(@;) is even positive. Assume that part (i) of the theorem is true for the integer
j=k, k—1, -, k—2(2<k—1), we seek to advance the induction to the integer 2—2—1.

Then from the inductive assumption, we have lim K, _\_1,+1(u;0.)<0. Hence from
(2.31a) we get
(2.42) 1im Ghoroprs1(tt; @) =Ci-r-1—Cor+t lim Hi(u; qu)+ hm Kiono1,r1(08500)

wU—>—O0 U—>r—0c0
’ z —l
LCporor—Ch-n + 2 q(x) [ lim V,, _,(u e+ Z} lim L ;00
eSSz _Fo_ " Tr-a-1 7T
—hm V, _l(u 0]

<0
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a'l"lvd hm G;c A “1 741 (15;(/%)

o P L

>0. It follows from above results that Xz_a_ 1,ﬂ((p‘) is fm1te. Umqueness is shown

,and if p(y) is linear, then Gj_a_:. r+1(0,¢,)<0 “On ‘the’ other"‘

as before. If p(y) is linear, then Xx_a_:..:(¢;) is even positive. Since

Go,r1(%+Bo; 00) —Cot Ho(%;00) 2+ By Zo.r11(¢2),
(2.43) ﬂ+1(x;<ﬂ£)= -—Co—i-HgOC;%) 2 X0, r+1(0s) <%+ Bo,
' GS,,HCx;(p.;) _Co'i‘Ht;(x;(oi) Xo,r+1(@)<x,

it follows from the Lemma B and (2.31b) that -part (ii) holds.
We assume that the theorem holds for the.integer #—1(n—1<7+1). Then using

the fact that cx+ lim Hz+:1(2;0:)<0 and 11m f,, (16;0:)<0, we find that

w—r—0o0

(2.44) lim sz(u ©) =crt lim Hio(2t;00)+ hm ﬂ —r.r(2;0:)<0.

-

If p(p) is linear, then f,—,(0;¢,)<0, since He(0;¢:)<0 and Xo.--(¢:)>0; hence Gin(0;00)
<0. On the other hand, lim Gr.(2;¢:)>0. Hence there exists a finite Xm(@s) such

that Gin(Zr(@);e:)=0. Uniqueness follows from (2.31d,e). If p(y) is linear, Xrn(0)

is even positive. Assume that part (i) of the theorem is true for the integer j=k,k—1,
., k—2(2<k—1), we seek to advance the induction to the integer k—2—1. It follows

from the inductive assumption and (2.31a)

(2.45) 1m Groa-1,2(2t; ) =Cr-r-1—Cr-r+ 11m HL 2(2e; <pL)—|— hm Ko xorn(ut;00)

wU—r—occ

< Cp-r—1—Ck-r+t lim Hk—ACu; 0:)<0

Since lim Gi-xa—1.(2;¢:)>0, and condition (2.31d,e) hold, there exists a unique f1mte

U0

Zr-r-1.n(@:) such that Groa-1n(Zr-r-1..(0);0:)=0. If p(7) is linear, then Xroa-1.2(@o) is
even positive. Part (ii) is shown as case n=r+1. The proof is complete.

Remark IV. axcr+ lim Hii(u;0)<0 (ax7#0) and cx+ hm Hk+1(u ¢)<0 are shown

U—>r—0
from (2.31c,d). Hence the finiteness of X.(¢:) is shown without condition (2.31a).
Let us put

3 9@ n=r=+1,
(2€S z;_ ==} L
(2.46) Q)=
3 g + Z bR (€2) , n=r,
(Z€S( )1 z5_ =) h=g {z€ S'(")' 12 -}

‘ j=1,2, -, k.
THEOREM 2.4. Let conditions (1.1)~(1.11) be valid. If
(@ max (cjor—ci)+qllim L,—y(u;0)+a~01<0, (b) ¢l ',
1S9sk wU—>—oC .
(2.47)
(o) Qi(x)7F0, 7i=1,2,- ,k; i=1,2,--,m,r=1.

,then condition (2.31a) is satisfied. where g=min {q(x)|q(2)>0,2€ S)
Proof. The case when L'(u;¢;) tends to negative infinity as # tends to negative
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infinity, it.is easily seen from (2.12), (2. 14) and (2.47c) that the theorem is true.

. Assume that L'(#; qm) tends to a negatlve value as # tends to negative infinity. Then
we have
(2.48) cj-1—¢s+ lim H, 3 00)
= -1
=cjo1—¢; + 2 q(®) [lim V,c _1(u ¢L)+ 2 lim LA (u;0) — lim Vx _1(u o1
(z€8 z;_ #=; Jy 1ensies g e e —c0
2 -1 -

J Jd
—Cj—c 4+ 3 ¢(x) [3 lim Li(u;0)+a o]

=0} A=0 u—>—-c0

(E€S z;_Fe; 2, =
ol #~1 z —1
LI N J
+ 3 @i vt 3 lim LGsed+a o]
(_'-!_13.5'.:: #1‘7 z;_ 1;40) )\-zj__l U—>—00

r—1
Zcj-1—c; + 2 q(x) [hm L, (u;00)+a ]

(EES,z #xd zj 1-0}

+ = g(x) [lim L. (u;(pi)—i-a—v]

U—r—0co
(_g:ES.a: . #zj zj_l#o}

= max (Cga=ts)+ q[hm L. (u; qob)+0é v]<0
J<

,and

(2.47)  @j-iC-1—aist lim HY (u;00)

=3 qu) Cej-at Im | 44 fl(u e+ E hrn Li (0]

_q W>—®

xés(ﬂ
15
+ Z 3 g(®) (Cia—cd+ 2 31 ¢(x) [lim V:c —1(u D)
h=g EBS/E"') h=3 (EES](.,n, 1775 -} AR
2‘..—-—1
g ’ . #
+ 3 Li(ue)—lim V, (#5001
)\sxj_l w—>r—c0 J
n—1
= 3 q(x) Lcj-rt+ 11rn Ve -1(u @)+ Zl lim Lj (%001
(2eSYD) z;_yn) z;_y wr=o0

+ = 4(70[617'—1—4 'U>+ P E) q(x) (cj-1—¢C4)

(:cESg )1 z;_y=n} h=J zES,L
* z -1 a; -1
+ 2 2 q(®) (Z‘ Hm Lx (u; ¢z)+a v)
h=J (5651(:'?:cj_1#zj'zj_ =0}
z -1 z =1 z -1
u . - ’ j
+ 2 >3 qg(x) [—« "ot Z} lim Lj(u;00)+a vl
h=J (fesl(lﬂ?zj—l#zj.xd—l#o) Zj_q wr—o
r—1
=3 g e v+ lim Ly ,(u;0)1+ max (cj-—Cs)
(2€59D, 25 n} > =0 1<d<k
L r—1
+ 2 > q(x) [hm L, \(u;00)+« vl

h=g (zGS( ) z5_17%; -} e
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—

“Three subcase possible. (a) 33 =0, = X q(x)#0; (b)

{fesgﬂ_)llzj__l#ﬂ) h=j @ESIE"_):J'-»["‘ZJ)
2, 4@ F0, 8 B g®=0; (&) B gwA, I X g@®F.
@es 2oy kg GES; ez (z€S5; 25 =) M (wes{Ma;_ )

Then from (2.48) and (2.47a), we have @j-iCi—1—ajc;+ lim HY (1;0.)<0.

§3. Optimal Policy for the Model with Set -up Costs.

In this section we analyze the dynamic model for the important practical case in
which the ordering costs are given by
cin+Ki(n) 7>0, K; 7>0,

Q.7 esGp= Ki(p)=
0 7=0, 0 7X0,
with ¢>¢, > > >0 and K=K >--> K >0. j=0, 1, -, k.
By the way similar to formulation of §2, we have

B.1D) fulx;e)= hrgx {CeoCate— 1)+ KoCutg— %) + Hy (213 (ot 05) ] +“£1211f‘0 {Cer(uty—140) + Ky (ot —14)
+H(u1; 001+ uizlg‘1 {Ceo(rta— 1) + Ko (oty— 1)) + Hy (245 0) 14 +++
+ "k;{}kf_l {CeaCatr —vtr—1) + K Ctte— tt—y) -+ Hrsa(ttr; 0) 14 FucrrCutrs 00) Yo+ + Ho(%502)
= Inf {—covt KoCutg— 2+ Goaltto; 90} + Ho(%; 05) nzr+1

(3.2) fulx;0)= }‘?Zfz {a@oLeoCato— %) + Ko(rtg— x) 1+ HyF (utg; 00) irllzfuo{al Ler(ety—140) + Ky (g —10) ]

+H (500 + inf {@Le,(tty—w0) + Koty —00 1+ Hi (500 4 -
=101

+ inf A{a@lcxCotr—oie—) + Ki(otr—vr-1) 1+ Hie1:(otz;00) ) ) + HE (%500

e
= inf {aL —cex+ Ko(oto—%) 1+ Gon(tt0; 02)} + Hoy (%; 03)
- nr
where fui,(-500, Wi (500, Hi(ui-1;00), Hf (uj-1;0:) and a; are given by (2.2), (2.12)
and (2.14)
,and
arcratk+ His ey (ot 02) n<r
G (ttr; 00) = i=1,2, -, m
Crttr+Hpo1(tie; 02) + fmre Qi 02) nzr+1
(@sCstts+He (g5 00+ 8in(utgs 00) n<r
B.3) Ginlusi) = 7=0,1,+, k—1;i=1,2,,m
Ctti+H o1 (tt5500) + 8an(tts; 00 n=r+1
AL (@500 —Cisrtti+ Kjr(tgr— 1)1+ Goona(tsnn; 0} n<r
Zin(Uj30:) = o 7=0,1,- -, k—=1;i=1,2,-,m
ujif};j {—cirrtti+ Kjo1(tti1—185) + Givr.n(ttir1; 0} n=r+1
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THEOREM 3.1. If conditions of Theorem 2.3 with (1. 7Y in place of (1.7) are satisfied
except (2.31d,e), then (i) there exisls an unique Dair® (Si (@), Si(@:s)) such that Sin(e)>
5520, Gin(Sin(@d); @) is the minimu m value of Gin(%:00), and Gu(sin(0); ¢)=Gin(Sin
(eDi0d+Ks

7=0,1, -, k;i=1,2, -, m;
(iD) ful(x;00) is Ko-convex, decreasing for x small enough, increasing for x large enough.

THEOREM 3.2. Under conditions of Theorem 3.1 the optimal order my, in the first
period are of the following form '
{Son(%) —Xx £ Sen(P:)5

mem (%) = .
0 2= 50m(@0),

Sin(@i) =0 1, S1a(@ DR

0 e =51:(91),
ke {S}m(%) —Up—1 -1 Skn( @)
mzﬁ(uk-1)=
0 Ur—1 25k (@i)
where wy=x-+mis (%), hy=tto+ i (%o, ", U =Upmo+ M2y n(Ur2).

Theorems 2.1 and 2.2 in author’s paper [8] stated for the inventory problem
with constant delivery-lag are the special case of the above theorems. The proof of
Theorems 3.1 and 3.2 is possible to proceed along the same lines as way in Theorems
2.1 and 2.2 of [8], using a part of results in Theorems 2.1 and 2.3 in this paper,

and the proof of above theorems is omitted.

§4. Optimal Policy for Convex Ordering Costs.

By the same method as in §2, we obtain the following mathematical formulation
for the model with the general ordering costs ¢J () (0.
A1) fulxen=inf (Lcoluo—2)+ Hiso;0)1+ int {Ler (ot — o)+ Ho (o5 000 1+
W) =T 0

LI3PAl

------ + i\nf {[Ck(‘ltk—uk.41>+Hk+l(uk;(pi)]'*‘,fn—r.r(uk;ﬁoi)]} }+H0<x7¢b)
"k:“1‘k—-‘

=inf {co(eto—2%)+ Go,,(zte; e} +Ho(x500)

wZT

= inf Mo Ctto, %;0:) +Ho(%;02)

1=x

n=>r+1
(4.2) fulxyo0=inf ([acoCuto—2)+H (o300 1+ inf {Laer(en —up)+H2 (uy590)1+
w02 112000

vt inf  (CaxcrCutp—tter) +Hi(urs ) 1) +Hy (%500

gz -1

= inf {co@o(tte—%)+ Gon(tte; 02} +Hy (%5 00)

wnp=T

*In this section, by the term unique pair (Sg» (¢4), sgn (¢i)) we mean the pair of the smallest
value of Sjn(g:) and sjn(e:).
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= inf Mo(tto, x;0:) +H (%;0:)

7=z

n<r

where fo—r.i(+5 0, Wi(+; 00), Hi(us-1; ¢, Hf (45215 ¢) and a; are given by (2.2), (2.12)
and (2.14), and

Hi (e 00) _ n<r
Gin(ur; i) = i=1,2, -, m,
HieviCoie; 00+ frer.r Qs 92) - n=r+1
Hii (g 00) + Kin(ttss 00) n<r
Gin(tts305) = : J=0,1,-, k—1; i=1,2, -, m
H (ot 00) + Kju(utg; 00y n=>r+1
Kon(ttsy 0) = inf M1, n(thse, th5505) 7=0,1, -, k—1;i=1,2, -, m,
g2

aj+1cj+1(uj+1—'ﬂj)+G.7'+1.n(u.7'+1;¢i) n<y

M1, 51, 155 00) = j=-1,0,1,-, k—1; i=1,2, -, m,
s Ctis =)+ Grrnttsiniod  mzr+1
Let us put ' ‘
@5 +165+1(0)+ Gjar,n (41300 n<r,
M a(ttgens00) = j=-1,0,1,, k—1; i=1,2---,m,
€5+1(0) + Gjir,n (ths1; 02) n=r+1.

We impose the following conditions corresponding to (1,7) and (1.10a).
(1.7)" There are strict convex and twice differentiable ordering cost functions c;(%)

defined on [0, ) with ¢/(0)>¢1(0)>+->cx(0)>0.
i
1.102)" alim w ()=« limS w (9p—1)ei(1) di<ci(0), and ¢«(1) is continuous.
7—>00 7> JO

The proof of Theorems 4.1 and 4.2 is possible to proceed along the same line as
way in Theorems 2.1 and 2.2 of author’s paper [9], using a part of results in Theo-
rems 2.1 and 2.3, and the proof of Theorems 4.1 and 4.2 is omitted.

THEOREM 4.1 If conditions of Theorem 2.3 with (1.7)" and (1.10a)" in place of
(1.7) and (1.10a) are satisfied, then (i) there exists a function w;m(ui—i;¢;) determined |
by each equation

oM,
01t

<u.7".u.7'—1;(pi>=0 for uj—l<2jn(¢'i)y j=01 1: ) k} i=11 2: My

where X;.(¢;) is unique finite root of

M.;zcl‘j;(pi):() j=07 1;"': k; i=1’2"":7n;
(1) fulx;00) is convex, decreasing for x small enough and increasing for x large enough.

THEOREM 4.2. Under conditions of Theorem 4.1 the optimal order m% in the first
Deriod is given by
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ton (%5 00) —% 1< Zoa(@s)
0 " ©>Zou(02)
wn(tle} @) —tte ' . e X1n(0)
0 Uy > X1 (1)

{u;m(uk_l $0i) — 1 . 1< Xpn( i)

I

M (%)
mi,’f (uo) = {

.mi:(uk—l).= -
uk-—l>xkn<§0£)

i=1,2,,m,

i* ik ) ik ]
where o=t +mios (1), =119+ min (2), ***, s —1=Ug—o+Mi=1,n(Ur=2)-

§5. Remarks.

In this section we s‘hall‘gyive further remarks concerning our model and the suffi-
cient conditions for (2.31a) for some special cases. '

Case I. If » =k=1, then S={(01), (01), (11)}. The condition (2.3la) is satisfied
if coécl+q(1{£me(zt;¢¢) +v)<0and ¢,<v. Specially when g(01)=1, if co—cl+}‘i:nmL(zt;¢z)
+ v<0, then (2.31a) holds, and in this case we can prove Theorem 2.3 without the
condition (2.31c) and moreover if ¢;=¢, then the model discussed in' this paper beco-
mes to the one in [2].

Case II. If =k, g(01---k)=1, then the model discussed in this paper becomes to
the one in [7], [8] and [9]. In this case (2.31a) is satisfied under less condition than
(2.47), that is, if ordering cdst is livnear, or each ordering cost is composed of a unit
cost plus a reorder cost, then ¢,—c;+ lim L'(u;¢:)+v<<0 and ¢;<a’"', where i=1,2,

wom; j=1,2, -, k. Theorem 2.3 and Theorem 3.1 are valid without the condition
(2.31c). _
Case III. When 7 =%, q(01---k) =1 and ordering cost is strict convex and strict
increasing, we have discussed in [9]. In this case (2.31a) is satisfied under less
condition than (2.47), that is, the conditions in case II with ¢;(0) in place of ¢.

§6. Acknowledgement.

The author wishes to express his thanks to Prof. T. Kitagawa of the mathematical
institute, Kyushu University for his helpful suggestions and criticisms while this paper
was being prepared. The author is also grateful to Prof. A. Kudd, and Dr. N. Furu-
kawa for their encouragements and suggestions.




Optimal Policies for Dynamic Inventory Processes with Random
Delivery-Lag and Non-Stationary Stochastic Demands 105

References

[1] BaravkiN, E'W. A Delivery-Lag Inventory Model with Emergency Provision (The Single-
Period Case). Naval Res. Logist. Quart., (1961), 8 (3), pp. 285-311. )

[2] Danier, K.H., A Delivery-Lag Inventory Model with Emergency. Chapter 2 in Scarr, H.
E., D.M. GiLrorp, and M. W. SeELLY (eda.), Multistage Inventory Models and Techniques,
Stanford, Calif: Stanford Univ Press, (1963), pp. 32-46.

[3] KarLIN, S. Dynamic Inventory Policy with Varymv Stochastic Demands Management
Sci., (1960), 6 (3), pp. 231-258.

[4] Fuxupa, Y. Optimal Policy for the Inventory Problem with Negotiable Leadtime. Mana-
gement Sci., (1964), 10 (4), pp. 690-708. ,

[5] Arrow, K.J., S. KaruIN, and H. Scarr. Studies in the Mathematical Theory of Inventory
and Production. Stanfcrd, Calif: Stanford Univ. Press, (1958).

[6] IcLexarT, D. and S. KarLIN., Optimal Policy for Dynamic Inventory Prccess with Non-
Stationary Stochastic Demands. Studies in Applied Probability and Management Science.
Stanford, Calif: Stanford Univ. Press, (1962), pp.127-147.

[7] Kopama, M. A Delivery-Lag Inventory Control Prccess with Emergency and Non-Stati-
onary Stochastic Demands, Bulletin of Mathematical Statistics Research Association of
Statistical Sciences, Vol.12, No. 1-2, (1965), pp. 69-88."

[8] —————— The Optimality of (S,s) Policies in the Dynamic Inventory Problem with
Emergency and Non-Stationary Stochastlc Demands, Kumamoto J. Sci., Ser. A, Vol. 8,
No. 1, (1967).

[9] ————— A Delivery-Lag Inventory Control Process with Emergency and Non-Station-
ary Stochastic Demands III, Memoirs of the Faculty of General Education, Kumamoto
University, Series of Natural Sciences, No. 3, (1968), in Press.

[10] ———— A type of Statistical Inventory Problem with Emergency and Delivery-Lags,
Memoirs of the Faculty of General Education, Kumamoto University, Series of Natural
Sciences, No. 1, (1966), pp. 7-21.

[11] ————— A Delivery-Lag Inventory Control Process with Emergency and Non-Station-
ary Stochastic Demands II, Kumamoto J. Sci., Ser. A, Vol. 7, No. 3, (1966), pp. 43-72.




