Kumamoto J. Sci. (Math.)
Vol.9, 117-121 (1973)

ON A S. S. CHERN, M. DO CARMO,
S. KOBAYASHI THEOREM

Teruo IWATANI

(Received October 2, 1972)

S. S. Chern-M. do Carmo-S. Kobayashi [1] proved the following theorem:
Theorem A. The Veronese surface in S* and the naturally imbedded submanifolds
S™(Vm/n) X S* (v (n—m)/n) (0<m<n) in S**' are the only compact minimal
submanifolds of dimension n in S™*? satisfying |A|*=n/(2—1/p).

In the present paper, we shall prove this theorem applying the method
of J. Simons [2].

1. The method of J. Simons.

Let M be an (n+p)-dimensional Riemannian manifold and let f be an
immersion of an #-dimensional manifold M into M. Let T (M) and T(M)H+
denote the tangent and normal bundles of M. The connection V and metric
<,> on T(M) lead to connections V and invariant inner products <, > on
T(M), T(M)* and the tensor product of them. Let X¢€ X(M), V€ X(M)+ and
m €M, and put

(VXV)m= - (AV<X))m+ (VXV)M,

where —(A"(X))m €Tm(M) and (VxV)m € Tm(M)+. Then the mapping (X,V)
CXWMDXX(MH)t—A"(X) € ¥X(M) induces a bilinear mapping (Xm,Vm) € Tu(M)
XTm(M)+—=A""( X)) € Tn(M). Let S(M) be the bundle whose fibre at each
point is the space of symmetric linear transformations of 7,(M). The second
fundamental form A of the immersion f is the cross-section in Hom(Z7(M)L,
S(M)) which is defined by

A=A € Sa(M), v ETn(M)+.

If {0.} is an orthonormal frame for T»(M)+, then (1/n)m£‘(tr A’*)y, is called
the mean curvature normal of M at m. M is called a n;inimal submanifold
in M if the mean curvature normal of M vanishes at each point. By using
the second fundamental form A, we define two cross-sections. We define one
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cross-section A in Hom(T(M)+L, T(M)L) by

<A<U)1 w>=<A'u’ Aw>) v: w E Tm(M>_L-
The other cross-section 4 in Hom (S(M),S(M)) is defined by

A= Sad A’*oad A"

=1

Under these notations, J. Simons [2] proved the following theorem:

THEOREM 1. Let M be an n-dimensional minimal submanifold in an
(n-+p)-dimensional space of constant curvature c. Then the second fundamental
form satisfies

V2A=ncA—AcA—AoA,

where V* is the Laplace operator.

Let M be as in Theorem 1 and let {F;} be a local orthonormal frame
field on M which is covariant constant with respect to V at m. Then we
have

D <A, A>(m)= 2 ViV A, A>(m)

=(1/2) 31 Vi Vi, <A, A>(m) — 3 <V5, A, Vs, A>(m).

i=1

Now, we assume M is compact. Integrating the both sides of (1) over M and
applying Green’s theorem, we obtain

| <wa,a>=—{<vava><o

M M

Using Theorem 1, we obtain
<V2A,A>(m) =<ncA—A0A—{10A, A>(m)

=ncl|A|*(m) —<Ac A+ Ao A, A>(m).

Since A is a symmetric, positive semi-definite operator at each point, we may
choose a frame (vs} for Thm(M)L such that

AWa)=2aVa, >0, a=1,2,...,p.

Then we have
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@ <AA+AA A>(m =3 2+ 3 LA AT 31 k2 = A" A%
@=1 @, B=1 @=1 [

=3 A2 3 Ja2s< 2=/ DAl

Therefore we obtain ,
(©)) <VPA, A>(m)=(ne— 2 —-1/PIAIDIAIRGn).
Thus, we have

THEOREM 2 ([20). If M is an n-dimensional compact minimal submanifold
in an (n+p)-dimensional space of constant curvature c, then we have the inequality

| Al —ne/2—1/pM11Al7>0.

M

The lower bound for this estimate in the special case where M=Sm"+?
is, of cource, achieved when ||A|>=0 or ||Al|>=n/(2—1/p). If ||Al|?>=0, then M
is a totally geodesic submanifold S We shall determine all minimal subma-
nifolds M of S=*? satisfying ||A|*=xn/(2—1/p).

Let M be an zn-dimensional manifold which is minimally immersed in
S™*? and satisfies ||A||>=#»n/(2—1/p). Setting ||Al|2=constant in (1), we obtain

VA, A>(m)=— ; Ve, A, Ve, A>(m).
Using (3), we have
2< Ve A, Ve, AS>(m)<((2—1/p) || AllP—n) || All2(m).

This shows that if ||A|>=n/(2—1/p), then A is parallel. Since two inequalities
in (2) are actually equalities in the case ||A|?=#n/(2—1/p), we have

B

@ S RAT ATelle=2 3 AT AT,
©) Xy=--e=2pF0.

2. Proof of Theorem A.
Chern-do Carmo-Kobayashi [1] gave the following algebraic lemma:
LEMMA. For non-zero symmetric matrices A, and A,, the equality

ICAL A2 l[2=2[ Ay 1% A2
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holds if and only if A, and A, can be transformed simultaneously by an orthogo-
nal matrix inio scalar multiples of

() = ()

Moreober, if A, A, and A are symmetric matrices and if
ICAx, Apdliz=2||Aul?l| Asll? 1<a, B<3,

then at least one of matrices A« must be zero.

From (4), (5) and Lemma, we conclude that p must be 1 or 2. We
consider the cases p=1 and p=2 separately.

The case p=1. Let V be a local unit normal vector field and let {e;} be
an orthonormal frame for Tm(M) such that A'me;=p;e;. We extend it to a
local frame field {E;} by parallel translation of {e;} along geodesics issued
from m. Since A is parallel and V is also parallel, the representation of AV
with respect to {E;) is

01, 0
T, ), oi=constant, 1<i<n.
0 "

On

We choose all of the different elements from pj, -+, p0s, and assume them

01>+, 0-. If we define distributions Ty, -++,Ts, DY
To,(m)=A{XETn(M): APX=pX}, i=1,-+,7,

then each T, is involutive, totally geodesic and parallel. Using this paral-

lelism and Gauss equation, we have
1+p:05=0, i=].

Hence, we get that »=2 and if we put p;=p, then p,=—1/p. Thus the two
distributions T, and T-., give a local decomposition of M, that is, M is
locally a Riemannian product of spaces of constant curvatures (1+p?» and
A+1/0%.

The case p=2. Let (v;,v,) be an orthonormal frame for Tw(M)+ such
that Ava=22%vs, a=1,2. From Lemma, the matrix representations of A" and
A": with respect to an adapted frame {e)) for Tm(M) are
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0 11 1 0‘
0 S| 0
A (20"} g - (O
0 } 0 0 r 0
We extend {vs) and {e;} to local frame fields {V.) and {E;} by parallel
translation with respect to the connections of T(M )L and T (M). Since A is

parallel, from the constructions of {V.) and {E;}, the matrix representations
of A" and A"z with respect to {E;} are o

0 1‘ 0 1 OI 0
i (L> and —2 (L), A=const..

0 { 0 0 ‘ 0
We assume #>3 and consider the distribution
To={X: A" X=0}=(X: A7 X=0}={0}.
Then T, is parallel. We therefore obtain
0=<Ey, R(E,, DX>=<E\, E><X,X>, X€T,.

This is a contradiction. Hence, z=2. We may therefore assume that 2=
1/v/3, since n/(2—1/2)=||A||?>=442. Using Gauss equation, we have that M is
a space of constant curvature 1/3.

By the actual calculation, we know that the second fundamental forms
and the normal connection forms in the cases p=1 and p=2 coincide with
those of S™(3/m/n)xS* (v (n—m)/n) in S»*' and those of the Veronese
surface of S* with respect to such frame fields as the predescribed ones
respectively. We may therefore conclude that minima! submanifolds in S»+?
satisfying ||Al|>=%/(2—1/p) coincide locally with S™(1/m/n)XS™™(1/(n—m)/n)
in S**! or the Veronese surface of S* If such manifolds are compact, they
coincide globally. This completes the proof of Theorem A.
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