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Let @ be a group-of finite order and A[®] the group algebra of & over
a field 4 of characteristic p, p a rational prime, and Z the center of A[®.
R. Brauver, in his paper [3], considered certain subspaces of the dual spaces
of the block ideals in Z and, in terms of them, gave important results con-
cerning blocks, defect groups and p-sections of & (cf. also Brauer [1,2]). One
of the authors, in [5], has approached some of the results in the way which

was adopted in Osima [7], lizuka [4] and lizuka-Sasaki [6]. In the present
paper, we shall work connecting with the properties (i) and (ii) in Introduc-
tion of [3] or with Proposition [2.B] of [5].

1. Let &, & -, §» be the classes of conjugate elements in & and
denote by Ks the sum of all elements belonging to f«; Ki, K, -, K, form
a A-basis of Z. Let

a.n T=g1 4 724 e + 7

be the decomposition of the unit element 1 of Z to the mutually orthogonal
primitive idempotents of Z. Corresponding to (1.1), we have the block de-

composition of Z:
a2 Z=B,®B,® ----- @ B,,

where each B, is a nonzero indecomposable ideal in Z and the notation @
means an internal direct sum.

Let %y, Bo, -+, - be a complete system of representatives for the classes
of conjugate p-subgroups in ®. If ¥; is a Sylow p-subgroup of the normal-
izer of an element of R, we refer ; as the defect group of the class K and
denote it by D(f). We denote by V(¥ the linear subspace of Z which is
spanned by all Kg with ; = D(®s). We set

Vi, = BN 2DV ED,

<Bs
where ; < ; means that %, is conjugate to a subgroup of I, and set

Wii=B.N\_S@ VR,
BI<Rg
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where S&; < %; means that T is conjugate to a proper subgroup of L.

Let x. be the A-dimension of B,. As was shown in [6], with each B,
we can associate x, classes Qs as follows: (i) Each &« is associated with one
and only one block. (ii) If &, Q. -+, &%, are the classes associated with B;,
then K9., Kip:, -+, Koy, form a A-basis of B,. (Cf. [4,51) In the same way
as in the proof of [2. A] in [5], we obtain the following:

[1.A]1 Let &, &, -, §i, be the classes associated with B, in the above
sense. If Q5. (u=1,2, -, m(r,1) are the classes 8k with B = D(RE), then Kjy-
=12 -, m(c,7); Vi <R, form a A-basis of Vg, and the residue classes modulo
Wi, Kwn+Ws, (u=1, 2, -, m(z,1), form a A-basis of the factor space
Va/Wa,.

Let Z be the dual space of Z, i.e., Z is the linear space which consists
of all linear mappings of Z to 4. Corresponding to (1.2), the space Z is
decomposed in

.3 7 =80 86— -8B,
where each ﬁf may be regarded as the dual space-of B, i.e., E, consists of

all elements f of Z such that f vanishes on all Ba with 2% . Let Ui be the

linear subspace of B, spanned by those elements Ky, (v =1, 2, -, m(z, 1))
a.4v B, =Ui@U;® @ U

Corresponding to (1.4), we have

(1.5 B.=U@Ui® U,

where each ﬁI may be regarded as the dual space of Ui. Then, in the same
way as in the proof of [2.B] of [5], we obtain the following proposition:

[1.B1 () For any nonzero element f of ﬁl, there exists at least one class
Qo with ¥y = D(Ra) and with f(Ka) 7 0.

(2) If Q6 is a class such that the defect group D(Rs) does not contain any
subgroup conjugate to Vi, then f(Kg) vanishes for all elements f of 5

This proposition is a supplement to [2.B] of [5], refered in the follow-
ing:
1. For V= (71-, the following two conditions are satisfied:

(1) For any nonzero element f of V, there exists at least one class Sa with
B: = D(Rw) and with f(Ka) # 0.

(2) If the order of D(Rs) is smaller than that of V., then f(Kg) vanishes
for all elements f of V.
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1. U has the maximum dimension of all linear subspaces V 'of B, which satisfy
the conditions (1) and (2) of 1

I and II play an important réle in [3]. In the later sections, we shall
study the conditions (1) and (2) of L

2. We shall keep the notation of the preceding section. We denote by
|| the order of a subgroup $ of ®. In the chain of p-subgroups %,

S‘B: EB]: %b """ ] S»Br;
we assume that || < || for 1 <i<j<7. Let hy, ha -, he be the numbers
such that [®u| <|[Pa, ), £=1,2 -, e—1, and that |P;| = |Rs,| for i
<j< h,i=1,2, -, e, where hy= 0. Let

x: Xl, XZ’ ...... s Xc

be a system of linear subspaces of B.. Assume that the system X satisfies
the following condition:
(@) Fori=1,2 -, e,

@D XX D oo PX:i=UiDU:D - @UL (=Vi)
holds.

From (2.1) for i =e¢, we get

@2 Bi=Xi®X, @ - @ X..
Corresponding to (2.2), we have

(2.3) B=X0oX0 - ®ZX,

where each Xi may be regarded as the dual space of X;. Then the condition
(@) is equivalent to the following: '
(@ Fori=0,1,2 -,e—1,

2.4 X ®@Xi: @ ®X = U3 @ Ubye @ o @ UL
holds.

We denote by p*®« the order of D(R.) and by p% the order of L;
d(Ra) is called the defect of Q.. We then have the following:

[2A1 L For V= )21-, the following two conditions are satisfied.
(1) For any nonzero element f of V, there exists at least one class Q« with
d(Qe) = di and with f(Ka.) 0.

2 If s is a class such that d(fp) < di, then f(Kg) wvanishes for all
elements f of V.
1. X; has the maximum dimension of all linear subspaces V of B. which
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satisfy the conditions (1) and (2) of 1 in this proposition.
PROOF. We first show I. By (2.4) for i =i—1, i, we have

2.5 X DA =AQA,
where ’

A= SDUL A= 2D, =@ Us.

hy—1<kshy 5>i hj_ <kZhj
If f is an element of X, then f belongs to A; @ A, hence, by [1.B], f vanishes
on Vi,_i. Let f=fi+f: (i€ Ay f2€ A, and f#0. Then f170 hence, by [1.B],
there exists a class §» with defect d; and with f1(K«) 7 0. On the other hand,
F2(Kg) =0 for all s with d(®s) < d;. Therefore, we see that f(Ka) = f1(Ka) # 0.
We next show II. Let V be a linear subspace of BAT satisfying (1) and (2)
of . Since we have V C Eh@_lﬁg by (2 and VN ZD U3=(0) by (1), we

have

Ve el C e U
J>hg J>hi-1

Hence we see that dimV < dim X..

As a converse of [2.A], we obtain the following:

[2.B]1 Let X be a system for which (2.2) holds. If each X%, satisfies 1 of
[2. Al, then the system X satisfy the condition (@).

PROOF. From (2) of I, we see that

S®X; C Z@ ZC—D U:.

J>i _1<k<hG

On the other hand, II of [2.A] for }2}= PR S) U; and (2.3) yield that dim

hy _1<k<hg

X;= d1m Z@ Uk holds for j =1, 2, ---, e. Therefore, ¥ satisfies the condition
_1<kZ
(&) and hence the condition (@).

3. We shall keep the notation of the preceding sections. Let

be a system of linear subspaces of B,. Assume that 9 satisfies the following

condition:
b)) Fori=1,2 -,e,

G.D Y. @Y. @ QY =UlQU:;® @UL (=Vi)
and, for hi-n < k<h;i=1, 2,8
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(3.2 FilD) svves OY i UL DY 20 @ - @Y,
=Ui@ B UL UL @ Ui @ e @ Ur,
hold.
We see that dimY; = dim Uj = m(z,7) holds for j =1, 2, ---, » and that
Ry B, =Y, @Y, @ @Y,

holds. Corresponding to (3.3), we have

CX) B=Yi®Y, @ &Y,

where each I/}j may be regarded as the dual space of Y; It is easy to see
that (&) is equivalent to the following condition:
@ Fori=0,1,2 -,e—1,

(3‘5) ?"i*'l@?’li%@ """ @YA',- = [A];,;H@ ﬁ;iu@ """ @ﬁ:
and, for hi <k <his1,i=0,1,2 -, e—1,

(3. 6) (}II,;H@ """ @ﬁz-l@YA‘k® (/j;+l® """ @l}:

hold.
Then we have the following:

[3.A1 L For V = I}k, the following two conditions are satisfied.

Q)  For any nonzero element f of V, there gxz'sts at least one class Qa with
Pr = D(R«) and with f(Kas) 7~ 0.

2 If Qe is a class such that d(Rs) < di, then f(Kg) wvanishes for all
elements f of V.

I. Y has the maximum dimension of all linear subspaces V of B. which
satisfy (1) and (2) of 1 in this proposition.

PROOF. For }Af, = Zk@h f/k, we have (2.4) and, for X = I;'k, A = lAfZ,

7= 1<kshy

A, = _§6-) ﬁ}, we have (2.5). Then we can verify [3.A] by the same way

G>hy

T

as [2. A] is proved.
As a converse of [3.A], we have the following:

[3.B1 Let 9 be a system for which (3.3) holds. If each Y satisfies 1 of
[3. A], then the system ) satisfies the condition (b).

PROOF. For )A{i = P ?k, the statement I of [2.A] remains wvalid,

hy —1<k<hy
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hence we have (3.5) for these Ve Therefore, by (1) of I, we get
2@ S0U; C =oU;
J>h; J>hy
G=E
Then, by the same way as (2.4) is deduced, we see that (3.6) holds.

4. The notation of the preceding sections will be used throughout,
unless stated. Now, assume that the system ¥ satisfies the following
condition:

(¢ Fori=1,2,--, 7,

@1 @Y, 0. = SOU;O Ul (=Vi)
TG<B; Bj<%Bs
holds.
From the condition (¢), we see that, for 1 =1, 2, -, 7,
4.2) SPY;i= SOU; (=Wsg)
Bi<Bi Bi<B;

holds and that the system ¥ satisfies the following condition:
@) Fori=1,2,-,7,
4.3) ) W;éz @ Yi = W%i (&) U:

holds.
Conversely, from the condition (d), we see that (4.2) holds for i=1, 2,:--, 7
and that the system 9 satisfies the condition (c).

As a special case of (4.1), we have

(4- 4) B-r= Yl@Yg @ """ @Yr.
Corresponding to (4. 4), we have
(4.5) B=7.®Y,® @Y,

where each ¥ may be regarded as the dual space of Y;. It is easy to see
that (¢) is equivalent to the following condition:
@& Fori=0,1, 2, ---, r—1,

(4.6) Y @ @Y,=0: ® SQU;
R >Bs Bj>Bg
holds.
(&) vields that .
@ QY= SQUS
RG >Ry BG>Rg

holds for i =0, 1, 2,--, »—1. (&) is equivalent to the following condition:
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@ Fori=0,1,2, -,r1,
(4.8 Y.® SoU;=0"® s®U; - ‘ )
RG>By RG>,
holds.
Then we obtain the following:

(4. A1 Under the assumption (4.4), the system Q) satisfies ome of the
conditions (c) and (d) if and only if each Y, of 9 satisfies the following two
conditions.

(1) For any nonzero element f of Y., there exists at least one class R« with
P = D(R«) and with f(Ra) # 0.

(2 If R is a class such that D(Rs) does not contain any subgroup conjugate
to %, then f(Ks) vanishes for all elements f of Y.

REMARK 1. In stead of (¢), assume the following:
@ For hiscn <k < hy,i=1, 2,8
4.9 SRY; @Y= ZOU; @ Ui

J<h;—1 J<hy -1

olds.
Then (3.1), (4.4), (4.5) and (3.5) hold; (e) is equivalent to

@ For hin<kE<hsi =12 +,e,
(4.10) Vi@ 9 V,=U: @ pac U;
holds.
In this case, we have to replace (2) of [4.A] by the following:
@D If Qs is a class with d(Rs) < d; such that D(Rs) does not contain any
subgroup conjugate to L., then f(Kg) vanishes for all elements f of Y.

REMARK 2. In the left side of (4.1) or (4.9), we may replace 3P
by 2.
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