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Let p and % be a prime number and an algebraic number field. Let K/k
be a finite Galois extension which contains a primitive p-th root {p of unity
and we denote the Galois group of K/% by G. Corresponding to the decom-
position of the group ring Z,LG] of G over the ring Z, of p-adic integers into
the direct sum of non-zero indecomposable two-sided ideals B called blocks:
Zp[G]-——%B, the unity of G is decomposed into the sum of orthogonal
primitive central idempotents 7z: 1=ZB}773. For any multiplicative abelian

Zs[Gl-group A, we have its decomposition into a direct product:
) A= lgAB, Ap=A"SB,

When we take as A the p-divisor class group and the unit p-class group
of K, the results in [8], [7], so-called “‘Spiegelungssatz’’, will be able to be
generalized to the case the order of G is divisible by p (Theorem . In
case p is odd and K is the cyclotomic field of p**-th roots of unity over the
rational field @, (*) becomes the Iwasawa’s d-decomposition ([41). In this
case we shall obtain some more detailed results (Theorem 2, Theorem 3).

§1. Spiegelungssatz.

For any absolutely irreducible character X of G in the algebraic closure
of the p-adic number field Q,, we put

=g B

Then 7z is a sum of several idempotents %7x. Namely when 7.95=74 we
denote X€ B and then

7715:;(%}3777"
Next we define the linear character X* of G by

G5=0"  for o€G,
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where X*(s) is a (p—1)-th root of unity contained in Zp. Moreover for any X

we put
L) =1*()X(c™D) for ¢€G.
Then X is also an absolutely irreducible character of G and Z=X. For each

block B, E;ﬁ becomes an orthogonal primitive central idempotent of Zp G]

and therefore defines a block B such that
B=Z+sGls  78=3>7% B=B.
XEB

Let D be the divisor group of K and H be its subgroup of all ¢ such
that ¢™ is principal for some exponent z prime to p. We denote the p-divisor
class group of K by ®@=D/H. Then D is a Z,_Gl-group. The class field N/K
corresponding to H is an unramified abelian extension and N/k is a Galois
extension. Let ® be the Galois group of N/k and U be its abelian p-subgroup
corresponding to K. Then

@/QI%G, @'—_—-‘ gg‘[s:r, Sa!KzO',
and 9 becomes a Zy GJ-group defined by
JlaS,=a" for «€9, ¢€G.

By Artin’s isomorphism theorem, we have a Zp_GJ-isomorphism:

=15 E—( Nf/K i

Hence we obtain the decompositions (*) of © and 2 such that
D= %TB, A= TBJQTB, Tr=Us.

Let N/K be the subextension of N/K corresponding to the subgroup
%P of 9. Then we can identify the Galois group 9 of N/K with /9 as
Z[Glgroups. By the assumption (p€K, N/K becomes a Kummer extension
such that

N=gw), W={N30+0; o?€K}.
The radical class group ®=W/K* of N/K becomes a Z Gl-group defined by
@°=wSs for w€EW,s€G.

Now we put



ON THE RANK OF THE p-DIVISOR CLASS GROUP 35

0*=Xo(a)w for w€W, a€9l,

where Xu(a) is a p-th root of unity independent on the choices of representa-
tives of @€ and a€9. Therefore Xz defined by Xa(a)=X.(a) belongs to the

character group 9* of 9. Then we have an isomorphism:
W= *; a—%5.
LEMMA 1. In the decompositions (x) of ZJLGlgroup N and BB, Uz is
isomorphic with B8 for each block B.
PROOF. For w€W,afU,s€G
we” =wS7 '¥Se = (1,57 (@) w37 ) 5o =257 () * @,
Hence by the definition of X,
Xa(a®) =Agwt@o-1(@  for a€W, @€, 0c€G.

For each block B if we put

75= 300, Ga— % AW € Zp,

XE€B

then

Hence it follows that
X;(d"a):%;ng(d).
Therefore we have

A=W/ [1 Wz =Wxz.
B/’sB

Let @ be the p-Sylow subgroup of the divisor class group of K. Then € is a
Zo[Gl-group and is naturally Zp GJl-isomorphic with ®©. Similarly the sub-
group € of € generated by all elements of order pis a Zp[Gl-group and we
have a natural Z [ GJ-isomorphism:

C=D=2/%".
Therefore by Lemma 1, for each block B
Cr=D = p=W5.

On the other hand, since K(w)/K is unramified for w€ W, there is some c€D
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such that

(w)=c in N, T€G.
We define a Zp‘:G]-'homorhorphism ¢ of T into ¢ by

¢ W—C ; d—r.
For each element @, in the kernel W, of ¢, there is some x€ K such that
(we)=(x) in N and hence wex~! is a unit in N. Therefore E=(wex P is a
unit in K and

(DO’—: {/?: {/? E W-

Now let E denote the unit group of K and E, denote its subgroup of all &
such that /¢ €W. Then both E and E, are G-groups and also all the unit
p-class group G=E/E?, its subgroup G=E,/E? and %, become Zy[GJ-groups.

Moreover from the above argument we have Zy[Gl-isomorphisms:
o=, ‘IS/‘IE\o%co(QSDC@
Hence in the decompositions () of T, and €,
Wor=Gon,  Wr/TWon=¢(TW5)C (5.
Therefore we obtain the following theorem.

THEOREM 1. For each block B let ez and 0 denote the ranks of Tz and
Gos, respectively. Then we have

ep—0p<ep=<ep+0s.

When the order of G is prime to p, this theorem is shown in [8], [71.
REMARK. In particular we consider the case p is odd and % is the
rational field @ and the maximal real subfield K* of K is a Galois extension
of @ with the subgroup G*={1,0»). Then o¢e belongs to the center of G
and hence in Zy, G] we obtain a decomposition of the unity into a sum of

two orthogonal central idempotents:

1+0w o 1—0w .

I=—3 2

Each 7z is a summand of either H;“’ or 1_2”‘” , and we call a block B even

in the former case and odd in the latter. Then immediately it follows that

B: even = B : odd.
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Let ®* denote the p-divisor class group of K*. Then ©* is a Zy L GJ-group
and clearly

D= I T}, ¥i=%p for each even block B.

B : even

§2. Cyclotomic fields.

Let p be odd and % be the rational field Q and K be the cyclotomic field
QO obtained by adjoining a primitive p"*th root ¢ of unity. In this case,
the Galois group G of K/Q is the direct product of the cyclic group G, of
order p—1 and the cyclic group P of order T

G=GxXP, G=<p>, P=<r>,

where p and « are generators of G, and P, respectively. Then the order of
Z* is equal to p—1. The number of blocks of Z,LG] is p—1 and

p-2 ) _
V= ———= 4 >3 X**(0™®)p* when X**€B.
p—1 i .

By the definition of B,

X**€B & X*€B  when i+j=p.

When X**€ B, we denote 7z by 7: and Az by A; in the decomposition ().
Now, between unit groups of K and K*=Q(+L™) the following relation
holds.

LEMMA 2. Let E* denote the unit group of K*and Er=ENE*. Then

we have
E,=E/E”.
PROOF. In the case of =0, this lemma is shown in [91. For general

case too, it can be proved in the same manner. Namely for each unit € in
E, there is some x€ K prime to p=(1—C) such that e=x? (mod p*"*Y). Hence

€—EP=xP(1—xP®-V)=0 (mod »P).
We can put €={%" for ¢*€E*, and then
E—eP=Le*(1—LI®-V) 4 LoPc+(1 —g+P~1),

Since €* is real, 1—€*"7'=0 (mod p?). Hence 1—{C7®-D=( (mod b*) and then
&=0 (mod p). Therefore €+ is contained in E,. This completes the proof

of our lemma.
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From Lemma 2 it follows that &=FE;E?/E®?. In the decomposition ©))
of @:o:

p-1
M
@0= I (’EO.;, @Oi— 0 )
i=1

since units in E; are invariant under ¢ and 7i0=(—1)7;, then we have
®,;=1 for all odd i. Therefore by Theorem 1 the following theorem is
obtained.

THEOREM 2. In the cyclotomic field of p™*'-th roots of unity over Q, let
e; and &; denote the ranks of the i-components T; of D and &, of G, respectively.
Then we have

0;=0, e;<e;<e;+6; when i is odd and i+j=p.
Let e* be the rank of the p-divisor class group &* of K*. Then by the

remark of the previous section,

et= 321 ey

J:even

From now on, we assume that the class number A* of K* is prime to p.
This assumption holds for all # if it holds for »=0 ([31). Then it follows
that e;=0 for all even j. But since representatives of the basis of €, give
independent unramified Kummer extensions of K of degree p, by Theorem 2

;=0 when 7 is odd and i+j=p.
Let T denote the G-subgroup of E* generated by a circular unit T:
1-¢HA-¢") —
To= «/ ( , r=1*(p) (mod p).
A-0a-<¢m

Then from the class number formula for K* ([2], [5]), k" is given by a
group index: A*=[E*:TJ]. Therefore under (%*,p)=1,

@=@1XE+EP/EP=@1XTEP/E}1, @1=@”1=<C>EP/EP;

where € is a p-elementary abelian group of the rank p* and G for

even j4=p—1 is generated by (T .EP)™M™ (s=0,1,---, p*—1) and Ep-; is generated
by (T,EP)"»-17 (s=0,1, .-, p—2). Therefore

P for even j¥=p—1.
the rank of C;= { .
_ . p»—1 for j=p—1.

On the other hand, since
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GC I G;=TE?/E®

J:even

finally we have

" for even j == p—1.
0=
=1 for j =p—1.

Particularly in the case of n =0,

Op-1=0, 0<0;<1, 0;=12(TLEP)"EG, for even j= p—1.
Making use of the method in [1], we can estimate (TLWE?)™ and obtain the
following lemma.

LEMMA 3. In the cyclotomic field of p-th roots of unity over Q, (T EP)"3
is in C, if and only if the Bernoulli number Bj; is divisible by p for j=2,4,---,
p—3.

From this lemma, it follows immediately that:

THEOREM 3. In the cyclotomic field of p-th roots of wunity over Q under

the assumption (h*,p)=1, the rank e; of the i-component T, of the p-divisor class
group D is given by

e;=0, 0e; <1 for i =3,5,---, p—2.

Moreover e; =1 if and only if the Bernoulli number B; is divisible by p for even
7 < p—3 such that i+j = p.

REMARK. For all p <4001, it is known ([61) that in the cyclotomic
field of 2”"'-th roots of unity over Q, the assumption (A%, p) =1 is satisfied
and when B; is divisible by p, then ¥; becomes a cyclic group of order e,
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