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Introduction

Let & be a group of finite order g and p a fixed rational prime; g=p°g,
(,&)=1. Let K be the number field of g-th roots of unity and o the ring of
p-integers of K, where p is a prime ideal divisor of » in K. Denote by Z, the
center of the group ring of & over p. The natural homomorphism of p onto
the residue class field K*=p/p induces a ring homomorphism of Z, onto the
center Z* of the group ring of & over K*, which has the kernel pZ,. For
every element ¥ of Z,, we shall denote by x* the image of x by the ring
homomorphism. Let &, &, ---, ®, be the classes of conjugate elements in &
and Gy, Gy, *++, G, a complete system of representatives for the classes.
Denote by K, the sum of all elements of ®, and [®,] the cardinality of &,
v=1, 2, ---, n. & has = distinct absolutely irreducible ordinary characters %,
X2 ++-, Xn. For each X;, there corresponds one and only one primitive idem-
potent of the center Z of the group ring of & over K which is given by

e &=+ D DLGMHE:
@ 1="e, e+ «++ +e,
€)) e =e,ee;=0 (i75).

It is well known that Z has » distinct linear characters W1, Way *o*, Wy}

_ '-@#IXi(GM)
(€)) a).-(K,‘) = W_ ’
) . Kpe; = w;(Kue; =% éz [Rul (G2 (GIDK,.

Let B,, B,, -+, B: be the p-blocks of absolutely irreducible ordinary characters
Z: and 71, 7, ---, 7 the corresponding block idempotents of Z,;
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. _ '___1_ i ! . -1 ’
® n=Fea=gH 1 LOUGHE,
D) 1=+ ne+... +2s 72 =7, 77 = 0 (z5£0),
® Ko, =18l 51 51 5. (Gon(GHE..

. 8 v=1%4€Br

For each class R, we denote by D(®,) a defect group of &, and by d(®,) the
defect of ®,, i.e., ®(®,) is a Sylow p-subgroup of the normalizer N (G,) in &
and p?®) the order of ®(K,).
The following results were given in Osima [9] (Cf. Curtis-Reiner [61).
(A) We may set

@ 7= akK (@co),

where &, ranges only over p-regular classes.

(B) For each 7, there exists a p-regular class . satisfying the following
conditions:
(@) a; =0 (modp).
(b) For %;€B.,, w,(K.,) =0 (modp) and, if d(§») < d(]w), w:(K,) =0 (mod D).
(¢) If (R is not conjugate to any subgroup of ©(&.), then a7 =0 (mod p).
In this case, ©(®.) is called a defect group of B. and d(§,) the defect of Bs;

d(®) =min{m | x,(1) =0 (mod p*~™) for all x,€B-}.

R. Brauer, in his papers [1, 2], gave the following theorem: The class
sums K with d(®,) =0 form'a basis of a subalgebra M of the center Z*. The
number of blocks of defect 0 is equal to the rank of M™ for sufficiently large n.

In the present paper, in §1, we shall show that we can take #» =2 in
Brauer’s theorem. In §2, we shall prepare some lemmas for the following
section. In §3, we shall count the number of blocks B. with a given defect
group <.

§1

In the following, as is discribed above, we shall give an improvement of
Brauer’s theorem.

It is well known that the space M, in Brauer’s theorem, is an ideal of Z*
and that the primitive idempotents of M are identical with those idempotents
» such that B, have defect 0; we denote by E, the sum of all those idem-
potents. We have
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(10) ) M = Z*E,® M(1—Ey).

LEMMA 1. We have

Z*E, = 5@ K*77,

d(Br) =0

where d(B.) denotes the defect of B..

PROOF. If d(B,) = 0, then B, consists of exactly one absolutely irreducible
character x; hence we have

Z*')).;k — K*v*.

T

LEMMA 2. We have
M? = Z*E,.
PROOF. We have to show that for any two classes &, & with defect
0 and for any block B, with d(B,) >0,
K \Kun, =0 (mod pZ,)
holds. In the expression

e [ Qa1 18l % (GGG
Kk =2, 8, 2x%:(D e

hold 2,(GV) x:(GW x:(G;) €, |R,]IRu]=0 (mod p**) and gx,(1)==0 (mod p**).
This proves Lemma 2.

From Lemma 1, 2, we obtain the following:

THEOREM 1. If M is the linear subspace of Z* spanned by those K* with
d(Q) = 0, then the number of blocks B, with defect 0 is equal to rank+ M->.

§ 2

In this section, we prepare for § 3.

Let &), &, -+, G, be the p-regular sections (p’-sections) of & and denote
by Sg the sum of all K, such that & < &S. It is easy to see that two elements
.G, H of & belong to the same p'-section Sg if and only if G** and H?" are
conjugate to each other in ®&. Let N be the radical of Z* and assume that
the unit element 1 belongs to &;. We have the .following:

LEMMA 3. For each ©,, we have

an SaN = {0%}
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and
(12) N = {x*€Z*| SFx*=0").

PROOF. First, we show (11). Let x be any element of Z, such that
x¥€N. By (1), (2), we have

Sax=2n 3 Xi(Su)wi(;)Zi(G;%) K.
v=1 2

It follows from Frobenius’s theorem (Cf. Curtis—Reiner [6, Corollary (41.. DD
that

2:(S,) =0 (mod p%) _
holds, hence x,(S,)x%.(G/")/g€o. Since ¥€N, we have
w;(x) =0 (mod D).
Therefore, we get
Ssx =0 (mod pZ,)
which implies (11). Next, we show (12). Assume that S}x*= 0* (x¢Z,). By
(), (7, we have

(< o V . : ~1 ale ate . . ste
ratal =t (3, 3 O gy prrsgar= 0%,

v X4€BT
where ) is a linear character of Z* associated with B.. It follows from

Lemma 4 that
0F(x®) =0

holds for z=1, 2, ---, £. Hence, x* belongs to N.

LEMMA 4. We have
as) S == 0 (mod bZ,) (z=1, 2, ---, D),
14 S19: = 7x (for B, with defect 0).

PROOF. Assume S;= {1} U U --- UK (disjoint union). For each
# (A< p<1), R is a p-singular class and, by Osima [9] or Brauer-Nesbitt [3]
with (8) (Cf. also lizuka [7; 8, Theorem 2J]), K.». is a linear combination of

only those K, such that §, are p-singular classes. This fact combined with
(A) in Introduction yields

51777 = ”‘r+ % Ky.v-r $ 0 (mOd pZO)-
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If d(B,) =0, then K., =0 and S, = 7,.

§ 3

In this section, for every p-subgroup D of & or every number d 0<d<a),
we shall give a certain submodule of Z*, the K*-rank of which is equal to
the number of blocks B, with ®(B,) =9 or with d(B;) =d, D(B,) being the
defect group of B.. .

First, we consider the number of blocks of a given defect d. Let V@
be a linear subspace of Z* which is spanned by those K* such that a,) <d.
As is well known,

V= (0" CTOCVOC ...Cy®
is a chain of ideals in Z* (Cf. Osima [9]). We have
VO = 33D Z*F @ @ Z%pF @ 3@ V¥,
aA(Bp)=d d(Bg)>d

a(Br)<a

hence,

V®s = 3B Z*yks @d(g)@zz::zv::s 6_)(1(32)@4 V@,

a(Bn<a

where s=S* (Cf. Tsushima (10, 11D). If d(B,)>d then, by Lemma 3, we see
that V@yFs={0%) holds, because V@y* < N. Therefore, we get
Vs = Ve-us @ 3 Z*?;ZES.
d(Bp)=d

If d(B,) =d then, by Lemma 3, we have
Kte~Z7 0y /N¥ 9 = Z%Fs  (as K*-modules).

Hence we obtain the following:

PROPOSITION 1. The number of blocks B, of defect d is equal to
rankgx V®s — rankg« V@-s.

Next, in the analogous way as above, we consider the number of blocks
B, with a given defect group ®. For two subgroups §,, D, of &, the notation
H, <% (H, <9, will mean that $, is conjugate to a subgroup (a proper sub-
group) of O, and the notation H,~ $, will mean that 9, and §, are conjugate
to each other in . Let ® be a p-subgroup of ® and V(D) the linear subspace
of Z* which is spanned by those K) such that D(R) <D. It is also well
known that V(®) is an ideal of Z*. We have
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VD) = 5O VD' @ IO Z @ TP VD,
Ch 2(Bp)=D D(BHED

hence,

V(Ds=_ 5@ V(@is ®@_ID Z*'s @_ID V(D7is.
D(BD<D S oDy

For B, with ®(B,)X®, we have V(SD)v;j‘ < N hence, by Lemma 3,
V(D)7ks = (0%},
For B, with ©(B,)<9®, we have ,
V(D; =V (@B,
Therefore we see that

V(®)s = 5@ V@B ®_ID Z¥7's
D(BN<D >Boy=D

=S V(Ds® =D Z%7's
§<2 2B~

holds. Thus we obtain the following:

PROPOSITION 2. The number of blocks B, with a given defect group D is
equal to rankyz=V(D)s — rankxf.=®}3®V(®)S-
&

Finally, by making use of the first main theorem on blocks (Brauer [2,
(10B)]), we consider the number of blocks B. with a given defect group ®.
Let %4(D) be the normalizer of ® in . By the first main theorem on blocks,
the number of blocks of & with defect group ® is equal to that of blocks of
Ns(D) which have defect group ®. Hence we may reduce our problem to the
case in which ® is a normal p-subgroup of ®. By Proposition 2, we obtain

the following:

THEOREM 2. IfD is a normal p-subgroup of ®, then the number of blocks of
& with defect group D is equal (o rankgx Ug(D)s, wherq Uy(D) is the linear subspace
of Z* spanned by those K such that ®, are p-regular classes with defect group .

REMARK 1. Let U(®) (U®) be the linear subspace of Z™ spanned by
those K such that §, are p-regular classes withT(RI <D (@(Qw) <d). It is
easy to see that '

V(D) s=U@D@)s (V@s=UDs)
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holds. Then, in Proposition 2 (Proposition 1), we may replace V(®) (V@)
by U(D) (U®).

REMARK 2. If the group & has a normal Sylow p-subroup B and K.,
Ry ooe, &, are the p-regular classes with defect group 5 then, for each v,
(1 <j<m), there corresponds a p/-section Gg such that K,,Is = Si. Considering
this fact, it is easy to see from Thorem 2 that the number of blocks with
maximum defect is equal to the numer of p-regular classes with maximum defect
(Brauer [4, Theorem2; 2, 6(D)J).

REMARK 3. From Theorem 2 follows some of the results in Bovdi [5]
also.

REFERENCES

L1] R. Brauer, On blocks of characters of groups of finite order I, Proc. Nat. Acad.
Sci. U.S.A, 32 (1946), 182-186.
L2] ———, Zur Darstellungstheorie der Gruppen endlicher Ordnung Math. Zeitschr.
63 (1956), 406—444. i
[3] R. Brauer and C. Nesbitt, On the modular representations of finite groups, Univ.
Toront Studies Math. Ser. 4 (1937).
[4] ——, On the modular characters of groups, Ann. Math. 42 (1941), 556-590.
[53 A. A. Bovdi, Number of blocks of characters of a finite group with a given defect
(Russian), Ukrain. Math. Z. 13 (1961), 136-141.
[6] C. W. Curtis and I. Reiner, Representation theory of finite groups and associative
algebras, Wiley, New York, 1962.
- [7] K. Iizuka, Note on blocks of group characters, Kumamoto J. Sci. Ser. A 2 (1956),
309-321.
[8] ————, On Brauer’s theorem on sections in the theory of group characters, Math.
Zeitschr. 75 (1961), 299-304.
(9] M. Osima, Notes on blocks of group characters, Math. J. Okayama Univ. 4 (1955),
175-188.
[10] Y. Tsushima, On the annihilator ideals of the radical of a group algebra, Osaka J.
Math. 8 (1971), 91-97.
{11] ———, On the block of defect zero, Nagoya Math. J. 44 (1971), 57-59.

Department of Mathematics,
Faculty of Science,
Kumamoto University




