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Abstract. We establish quasi-ergodic limit theorems for purely discon-
tinuous additive functionals of symmetric stable processes under non-local
Feynman-Kac transforms. Some punctual in-time convergence results for
non-local Feynman-Kac semigroups induced by discontinuous additive func-
tionals play a crucial role. As an application, we shall demonstrate that
our quasi-ergodic limit theorems provide a new approach in establishing a
large deviation principle for discontinuous additive functionals by using a
rate function with a more direct expression.

1 Introduction

Let X = (Q, M, (M;)¢>0, Xt,P:) be the symmetric a-stable process in R¢ with
0 < a < 2andd > 1, that is, X is a pure jump conservative Lévy process
whose characteristic function is given by exp(—t|¢|%) (¢ € R?). Here (My);>o is
the minimal (augumented) filtration. We use m and E, to denote the Lebesgue
measure in R? and the expectation with respect to P, for any « € R?, respectively.
Let F be a non-trivial symmetric (i.e., F(y,z) = F(z,y) for any y,z € R9)
bounded Borel measurable function on R% x R? vanishing on the diagonal. Consider
a summation of F's induced over all jumps of the process X up to time ¢ > 0 by
taking into account both the position before and the position after the jump:

AtF: Z F(Xs—aXs)' (11)

0<s<t

Then, (1.1) forms a purely discontinuous additive functional of X, which often
appears when considering pure jump effects in Markov processes, and in certain
cases, is thought to represent the number of jumps in various pure jump processes.
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Using (1.1)), we consider the following non-local Feynman-Kac transforms, which
can be thought of as an extinction time for the biased action: for x € R4 t >0
and B € M,

P’ (B) :=E, {e‘Af;B} . (1.2)
With (1.2)), define the renormalised probability measure Q,; by

_ PE(B)  Eie 4B
Qea(B) = PL(Q)  E,[e A7)

We use Eg_t to denote the expectation with respect to Q. for any z € R% and
t > 0. The purpose of this paper is to study some quasi-ergodic limit theorems
for purely discontinuous additive functionals under the probability measure Q, ;.
More precisely, let G’ be a symmetric Borel measurable function on R? x R? van-
ishing on the diagonal and A is the additive functional of the form defined
similarly for G. Under some condition on the jumping function F' on R? x R? ap-
pearing in the non-local Feynman-Kac transform , we prove that there exists
a jumping measure Js, on R? x R? determined by a bounded continuous func-
tion ¢y on R? such that the following quasi-ergodic limit theorem holds for any
symmetric Borel measurable function G on R? x R? vanishing on diagonal and
satisfying [[oa, ga |Gy, 2)|" T, (dydz) < oo for k= 1,2:

(1A?>k N (//Rdx]Rd G(y,z)j¢o(dydz)>k- -

for any z € R? (see Theorem and Theorem .

The long-time behavior of the mean-ratio of additive functionals of an almost
surely killed Markov process (X;)¢>0 conditioned to survive on a state space E
(typically, a locally compact separable metric space) has been studied by several
authors ([T, 2} @, [15] [16] 22]). They mainly dealt with (excepting the results in
[15] [16] for discontinuous additive functionals) a continuous additive functional of
(X¢)e>0 of the integral form

lim E2
tggo @t

t
Al ::/0 f(X,)ds

for any bounded measurable or integrable function f on E. Denote by m the
underlying measure on E. Breyer and Roberts [I] established the quasi-ergodic
limit theorem for A when m(E) < 0o, k = 1 and (X;)¢>0 is positive recurrent.
Zhang et al. [22] established a method to derive the quasi-ergodic limit theorem for
Af under m(E) < oo and some conditions on the heat kernel of (X;)¢>o. See also
He et al. [9] for the case that m is not necessarily a finite measure on E. However,
all their method strongly relies on the additive functional of (X;);>¢ being in
integral form, and a different approach is needed to establish for the purely
discontinuous additive functional under the non-local Feynman-Kac scheme.

It is known that any symmetric Markov process can be transformed into an
ergodic process by some multiplicative functional ([8, Chapter 6]). To prove our
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result , we will apply this fact to transform a symmetric stable process X
with a non-local Feynman-Kac weight into an ergodic process by a multiplicative
functional. Indeed, the Feynman-Kac semigroup p! for any ¢ > 0 defined in (2.1))
is a compact operator on L?(R%;m) under some condition on F (see Lemma
From this, there exists the principal eigenfunction ¢y (ground state) of pf’, which
can be taken to be strictly positive and has a bounded continuous version on R%.
Further, one can see by a similar way of [I9, Proposition 3.1 and Lemma 3.4] that
b0 belongs to L*(R%; m). By making use of ¢g, we can construct an irreducible and
conservative ¢p2m-symmetric Markov process X by the multiplicative functional
L7 defined in . Then, applying the Fukushima ergodic theorem (see Theorem
3.4) to X% with the relation between pf” and the semigroup of X%°, we obtain the
punctual in-time convergence results for the Feynman-Kac semigroup pf involving
the Lévy kernel (Lemma [3.2)). Using this, we establish the quasi-ergodic limits for
the first and second moments of lAtG as a suitable semigroup expression via the
Lévy system (Theorems and .

Research on large deviation principles for additive functionals of Markov pro-
cesses is a major topic in probability theory, and it has been studied in various ways
(see 5], 6l 14, 20 2I] and references therein). In particular, Chen and Tsuchida
[5] established a large deviation principle for pairs of continuous and purely dis-
continuous additive functionals under a general framework of symmetric Markov
processes. Our result provides a new approach to derive a large deviation
principle for purely discontinuous additive functionals. As an application, we
shall show that our quasi-ergodic limit theorem under the non-local Feynman-
Kac scheme helps to establish a large deviation principle for the time average of
a purely discontinuous additive functional by using a rate function with a more
direct expression (see Theorem [4.2)).

The remainder of this paper is arranged as follows. In Section [2] we present
the setup along with some results on a non-local Feynman-Kac semigroup. We
also recall some definitions and known results that will be used in the rest of the
paper. In Section[3] we characterize the quasi-ergodic limiting measures of the first
and second moments of %AtG and establish a functional type of weak law of large
numbers for %AtG , as a straightforward corollary. The large deviation principle for
the time average of the purely discontinuous additive functional A is studied in
Section 4. Throughout the paper, we use ¢, ¢/, C, C’ to denote strictly positive
constants and may change from line to line. The symbol “:=" is used to denote
a definition, which is read as “is defined to be”. We let a V b := max{a,b} and
a Ab:=min{a, b} for any a,b € R.

2 Some preliminary results

Let X = (2, M, (My)s>0,0:, Xt, P2) be the symmetric a-stable process in R? with
0 < a<?2andd > 1, that is, X is a pure jump conservative Lévy process whose
characteristic function is given by exp(—t¢]|*) (¢ € RY). Here (M;);>0 is the
minimal (augumented) filtration and 6; is the shift operator satisfying X o0 6; =
Xs4¢ identically for s,t > 0. Let {p; }+>0 and {Rg}p>0 be the transition semigroup
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and resolvent of X, respectively:
pof(z) = E,[f(Xy)], Rgf(x) ::/ e Plp f(z)dt
0

for any f € By(R%), where B,(R?) denotes the space of all bounded Borel functions
on R?. It is known that X is an irreducible strong Markov process satisfying the
strong Feller property ((SF) in short), that is, p;(By(R?)) C Cp(R%) for any
t > 0, where Cy(R?) denotes the space of all bounded continuous functions on
R I*;urther, we note that {p;};>o is ultracontractive ((UC) in short), ||pi]l1,00 <
Ct—/,

Denote by Cg°(R?) the space of C™ functions on R? with compact support.
Let m be the d-dimensional Lebesgue measure. Let (E, F') be the Dirichlet form
on L?(R% m) generated by X:

_ Gia u(z))? Y
E u u //Rded ‘y _ Z|d+a (dy)m(dz)v F = CO (Rd) ,

where

d+ « Q. _q
' ——
Cra- 8,

Eq(u,u) :=FE(u,u) —|—/ u?dm
Rd

C’d7 =24 1 7d/21_‘(

and F is the closure of C§°(R%) with respect to the norm Ej (u,u)'/2. Tt is known
that X has a Lévy system (N (y,dz), H;) with

N(ya dz) Cq a|y - Z‘ (d+a) (dZ), H, = t,

that is, for any nonnegative Borel function U on R? x R vanishing on the diagonal
and any = € R?

E, Z U(X,_,X,)| =E, U/Rd N(X,,dz)ds

0<s<t

So the jumping measure J of X is expressed by

J(dydz) = %N(y, dz)m(dy).

To simplify the notation, we shall write

0= [ VNG

for any y € R9.
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Let F := F* — F~ be a non-trivial symmetric (i.e., F(y,z) = F(z,y) for
any y,z € R?) bounded Borel measurable function on R? x R? vanishing on the
diagonal. We say that a function F is in the Kato class of X if

hmsupIE {/NF }
0 zera

where |F| := FT + F~. For example, F is in the Kato class of X if N[|F]] is
a bounded function on R?. Further, if F is a symmetric bounded function on
R? x R¢ with

|F(2,y)] < clz— yIﬂ for z,y € R and
F(z,y) =0 for (z,y) € R? x D,

where D is a compact subset of R?, ¢ and j are two positive constants such that
B > «a, then F belongs to the Kato class of X ([3] Lemma 5.1]). For more examples
of jumping function Fs belonging to the Kato class, we refer to [3, 4]. Let AF
be the discontinuous additive functional of X given by . With this additive
functional, define the non-local Feynman-Kac semigroup {p; }+>0 by

oF f(z) =E, [e*Aff(Xt)} . f € By(RY). (2.1)

Note that pf” also satisfies (SF) if F is in the Kato class of X (cf. [14, Lemma
3.2]). Thus, pf" admits a symmetric integral kernel pf (y, z) such that pf’(y,dz) =
pE (y,2)m(dz) for any y,z € R? and t > 0.

Let EF be the symmetric quadratic form on F x F defined by

Ef(u,v) := E(u,v) //Rded (1 — e_F(y“z)) N(y,dz)m(dy).

In view of Stollmann-Voigt’s inequality, E¥ (u,v) is well-defined for F' belonging
to the Kato class of X (cf. [13]). It will be clarified that F' x F is associated
with {pf'}:1>0 (see the proof of Lemma . Now, let us define the bottom of the
spectrum of (E¥, F) by

Cp := —inf {EF(u,u) cueF, | u?dm= 1} . (2.2)
]Rd

Lemma 2.1. Suppose that F is of a Kato class function of X and satisfies
N[F)(z) — oo as |x| — co. Then pf" is a compact operator on L*(R%m) for
each t > 0.

Proof. Let

Fr=1-¢" Al =Y R(X._ X,

0<s<t
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F is also a function of Kato class of X and is bounded above away from 1. It is
known by using the Lévy system of X that a positive continuous additive functional

: -~ t
A= [NE s e AV = [ NG9

is the dual predictable projection of Af;r (resp. Afl_) (cf. [8 p. 421]), thus

Aiv 1l Af ! is a local martingale. Its Doléans-Dade exponential is

ANIFLL_ 4Py

S/% = et H(l — Fl(X577XS))eF1(X377XS)
s<t
[F1]
= [ - Ru(X,-L X))
s<t
_ efAfF‘FAf][Fl]

Y; is a local martingale, so it is a supermartingale multiplicative functional of X
under P, called a pure jump Girsanov transform of X. Let X be the strong Markov
process obtained from X through Y;, that is, the transition semigroup {p;};>¢ of
X is given by B

pef(x) := Eu[f(Xy)] = B[V f(Xy)]

for f € By(RY). In fact, X is known to be a symmetric a-stable-like process on R?
(cf. [13]). Then, the non-local Feynman-Kac semigroup p!" can be expressed as

N[F1]

P f(@) =B, [ f(X0)] = Ea [Ye 7 (0] = B, [ ()

=P £ () 2

for f € By(R%), that is, the non-local Feynman-Kac semigroup p!” of X can be
identified with the local Feynman-Kac semigroup ﬁiV[Fl] of X. It is well known
that the local Feynman-Kac semigroup p) of X induced by the Kato potential V'
is to be compact on L2(R%;m) whenever V(z) — oo as |z| — oo (cf. [10, Lemma
2.1(5)]). Now the conclusion of the present lemma immediately follows from
and the fact that CN[F] < N[Fy] for C := (1 — e IFll=) /|| F||o > 0. O

From Lemma we have the following:

Corollary 2.2. Suppose that F is of a Kato class function of X and satisfies
N[F](z) = o0 as || = oo. Then, there is a unique minimizing function (called
a ground state) ¢o := ¢ in (2.2)), that is, there exists ¢g € F with Jga dgdm =1
such that

Cr = —E"(¢0, ¢0).

Furthermore, ¢g can be taken to be strictly positive and has a bounded continuous
version on RY.
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Proof. The existence of a minimizing function ¢y follows from Lemma [2.1
The last assertion is a consequence due to [I8, Theorems 3.3 and 5.4]. ]

We say that the non-local Feynman-Kac semigroup {pf}i>o is intrinsically
ultracontractive ((IUC) in short) if there exists a constant ¢; > 0 such that the
integral kernel pf’(y, 2) of {pf'}i>0 satisfies

Pt (y,2) < crdo(y)go(z), forall t >0 and y,z € R

Lemma 2.3. Suppose that F is of a Kato class with respect to X and satisfies
N[F](z)/log|z| — oo as |x| = co. Then {pf'}i>0 is (IUC).

Proof. Let X be the transformed process of X by Y; as introduced in the proof
of Lemma Then, the corresponding Dirichlet form (E, F') of X is given by

E(u,v) = EF (u,v) — /Rd u(y)v(y)N[F1](y)m(dy), w,v€ F=F

(see [13, Theorem 3.2]). Note that the function F' used in [13] should be replaced
with —F in our setting. Set

ENU (u,0) = E(u,v) + /Rd u(y)v(y)N[Fi](y)m(dy).
Then, we see that EF (u,u) = EN[Fl}(u,u) for u € F with [, u?dm = 1, in
particular, E¥' (¢g, ¢o) = EN[Fl](qﬁo, ¢0). This means that ¢ is a ground state of
the local Feynman-Kac semigroup {ﬁiv [Fl]}tzo given in ([2.3)), that is,

e=CrtpF 9o (x) = =5 Pl gy (2) = go(2).

It is known in view of [I1, Theorem 3] that the local Feynman-Kac semigroup p}’
of X induced by a Kato potential V satisfying V (z)/log |z| — oo as |z| — oo is
(IUC). From this general fact and the hypothesis N[F|(z)/log |x| — oo as |z| = o0
with CN[F] < N[Fy] for some C' > 0, {ﬁéV[Fl]}tZO is (IUC). Hence {pf'};>0 is also
(IUC). O

The following is known as the Fukushima ergodic theorem (see [7, Corollary
to Theorem 1],[19, Theorem 2.2]): Let E be a locally compact separable metric
space and m a positive Radon measure on E with full topological support.

Theorem 2.4. Let X be an m-symmetric irreducible conservative Markov process
on E and {p }it>0 be its transition semigroup. If m(E) < oo, then for f €
L>(E;m),

tlirgoptf(x) = ﬁ /E fdm m-a.e. v € E and in L'(F;m). (2.4)

Remark 2.5. (L9, Corollary 2.1]) In addition to the assumptions of Theorem
if {pt}i>0 is (UC) (that is, ||pt]l1,c0 < ¢t for a constant ¢; > 0) and satisfies (SF),
then the assertion holds for f € L'(E;m) and the phrase m-a.e. x € E can
be strengthened to all z € F.
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3 Quasi-ergodic limit theorems for purely discon-
tinuous additive functionals

In this section, we shall establish the quasi-ergodic limit theorems for purely dis-
continuous additive functionals under the probability measure Q, ;. For this, we
first give some punctual in-time convergence results for the non-local Feynman-Kac
semigroup p; defined in (3.2)).

In the remainder of this section, we always assume that ' = FT — F~ is
a symmetric bounded Borel measurable function on R x R¢ vanishing on the
diagonal such that F' is in the Kato class of X and satisfies

N[F)|(z)/log|z| — o0, as |z] — oo. (3.1)

3.1 Punctual in-time convergence of Feynman-Kac
semigroups

For notational brevity, let

PN _ _ _AF

B f(x) = e Ortp) f(2) = Bo "N F(X)| L fEBRY. (3.2)
We exploit the Doob’s transform that relies on the definition of a semigroup of the
following form:

Py f(z) = Br (¢of)(x), f€ By(RY).

1
o()
In view of [8, Lemma 6.3.2], we know that this expression defines the semigroup
of a ¢2m-symmetric irreducible and conservative Markov process on R¢, namely
X% = (X;,Pg0) (whose extinction time is thus infinite). In particular, {p! };>0 is
(IUC) by Lemma The fact that ¢g is the ground state of pf” implies that the
following equality holds:

P (A,) = / L (w)Py(dw) As € M,
Ay

where LY is a multiplicative functional (called a ground state transform) of X
defined by

o _ —Cpt—aF Po(Xt)
L° =e o(@) " (3.3)

Note that X0 also satisfies (SF). Further, {p?° Hi>0 is also (UC) because of (IUC)
of {pf'}i>0. Thus, by applying Theorem (with Remark [2.5) to X%, we see

that for any f € LY (R%; ¢om),

Jim PE1(0) = Jim oo (L) @) = uto) [ rootomian)

for any z € R%.
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In particular, we obtain
1

.~ RT b0
i 571(2) = Jim on(opf”

) @ =nte) [ antumia)
for any = € RY.
For N(y,dz) := Cyaly — 2|~ Im(dz), let

N¢o (y,dz) := MB—F(W)N(% dz)

oY)
for y, 2 € R% Define the measures vy, on R? and J,, on R? x R? by
1
Vo (dy) == ——— m(dy),
¢0( y) f]Rd ¢0dm ¢0(y) ( y)

Tso(dydz) = N (y, d2) @5 (y)m(dy) = éo(y)do(2)e™"*IN(y, dz)m(dy),
respectively.
Lemma 3.1. (N?(y,dz),t) is a Lévy system for X®0. In particular, Jy, is the

jJumping measure of X%,

Proof. Let W = (W,);>0 be a positive predictable process on © and U be
a nonnegative Borel measurable function on R? x R? vanishing on the diagonal.
Then, we have by virtue of [17, (62.13)], together with the fact that X0 is ¢Zm-
symmetric,

B | > (kAWU(X,—, X,))

0<s<t

= Y EP[(kAWU (X, X))

0<s<t

> Ea {(k/\LfOWsU(XS_,XS)) —/ (k AWoU(Xy_, Xy))dLE?
0

0<s<t

= Y E. [(kALOWU(X,-, X,))]

0<s<t

=E, | Y (kALPWU(X.-,X,))

0<s<t

for each fixed £ > 0. Here we used in the third indentity that
E, [/ (k AWoU(Xo_, Xo))dL2] = 0
0

by the martingale property of L?°. Letting k — oo, it follows that

EX | Y WU(Xeo, Xo) | =Ea | Y LOWU(X,-, X,)
0<s<t 0<s<t
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From this and [I7, p. 346], together with the fact that

L(sbo _ ¢0(Xs) e—F(Xs,,Xs)
Lfﬂ ¢O(Xs—) 7

we have
X)) _
EZ° WU (Xoo, X WL Lo U (X, X,) 20X0) —rexex0
[Z } [Z i)
—E, [/t wore—L N [Ue—F : ¢0] (Xs)ds}
0 ® do(Xs)
t
=E% U W, N?% [U}(Xs)ds} .
0
This implies the assertion. O

Now, we give some punctual in-time convergence results for the Feynman—Kac
semigroup pf'. To do this, we shall modify a result for killed stable semigroups
studied in [16, Lemma 3.1] to pf".

Lemma 3.2. (1) For any nonnegative symmetric Borel measurable function G
on R% x R? wanishing on diagonal such that N*°[G] € L*(R%; ¢2m) and
g€ LY R4 ¢om), x € R? and 0 < p < 1, we have

i pF11< } P (¥ [ceBlipne]) @)

= / / G(y, 2) T4, (dydz) - / gdve, .
Rd xRd Rd

(2) For any nonnegative symmetric Borel measurable functions G,G’ on R? x
R? vanishing on diagonal such that N*°[G], N*°[G'] € L'(R%; ¢2¢m), g €
LY (RY ¢om), x € R and 0 < p < p’ < 1, we have,

tl—iglo pr i( )ppt (N [Ge_F 'ﬁgv'—p)t (N {G,e_F 'ﬁ{l—l”)tg]) D(x)

= // G(y, 2) T4, (dydz) - // G'(y, 2) T4, (dydz) / gdug, .
R4 xRd Rd xRd R4

Proof. We may and do assume that ¢ is nonnegative. (1) We note by the
symmetry of the functions F', G and the measure N(y,dz)m(dy) that for any
nonnegative measurable function h,

N¢0[G h]padm
// G(y, 2)h(2)N (y, dz)e T2 gg (y) po (2)m(dy)
Rd xRd
=[], G AN a0 ()l

= [ N?%[G]- h¢idm,

Rd
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For each fixed rop > 0 and a function p € L*(R%; ¢om), let

hP) (z) =

inf pfp(x) = inf p}" ( P ) (). (3.7)

0 $) T>10 d)O
Then, due to (3.6) and (UC) of {pfo}tzo,
[ [Ge ™ auhg)| ondm = [ N9 6 1] dim
R4 R4

= / N?[G] - 9 p2dm
Rd

¢0G (3'8)
< [ i1 pty (2 ) eham

<[y (NG gy | a0

< 0.

This implies that the following limit holds for any x € R% for any sufficiently
large ¢ such that (1 — p)t > rp, thanks to and ( -7

lim inf /Fll(x)ﬁgt (N [Ge_F .ﬁf’lfp)th (z)

t—o0 o

> lim inf ﬁtFll(x) pt, (N [Ge*F : ¢0h5,g)}) (z)
1

_ ? 2
- L 6] o

On the other hand, since g € L*(R%; gom), b (y) "=5° Jga 9dodm for any y € R%.
Hence, letting o — oo, by the monotone convergence theorem,

i (3 [0 ) 9

> [ Nolcggan [ gdv, (3.9)

/ / G(y, 2) Ty, (dydz) - / gdve, .
R4 x R4 R4

We note that the limit is already known by (3.4)) provided g = ¢, because
N[Ge™" - B{i_py00] = N[Ge™ - ¢o] € L' (R?; ggm)

does not depend on t. From this observation, the converse inequality in the limit
is deduced as follows: let g, := g A (ngg). Applying ngy — g, to g in the left-hand
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side of (3.9)), one has

e 1 5 _F ~F
lim inf mppt (N [Ge 'p(l,p)t(nd)o - gn)D (x)

t—o0 Dy

= lim inf F; {ﬁgt (N[Ge™™ -ngy)) (z) — ﬁﬁ; (N [GefF 'ﬁa—p)tgn]) (x)}

t—o0 Dy

1(x)
T odm G dyd
f]Rd ¢Odm /Adxmd (y”z)j%( ydz)
1 — ~
~limep sy P (V (6077 Blipisn]) ()

while its right-hand side is less than

n

So we have

lim sup — 11( )ppt( {Ge Fl p)tgnD (x)

t—o00 pt

§// G(y,z)j¢0(dydz)-/ gndvg, .
Rd xRd Rd

By the monotone convergence theorem, the L!(R%; ¢gm)-norm of g — g,, tends to
0 as n — oo. Thus, the L*(R%; ¢Zm)-norm of

(3.10)

Yt = NG -ply_ (19 = gnl/d0)]

converges to 0 as n — oo uniformly for ¢ sufficiently large:

/ e SR
Rd
0 0 |g_g’ﬂ|
_ / N? [G o p)t< - $2dm
N™[G]g5dm

H (|9 gn|)
1—p)t LN(Rd;(bg’m) Rd

ScrEd/a/Rd ‘g—gn\¢0dm-AdN¢°[G]¢gdm — 0 as n — oo.
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Then, we have for large ¢ such that pt > ry for a fixed r1 > 0,

B (N [Ge Bl ppe) ) (@) = B (N [Ge™" B 90] ) (@)]
< (NG Bz (19 = 9aD)]) (@)
— oulolt (N (G B0 lla -] ) @

Py <N¢° [G Pl p>t<|g;09n|)]>

< CT;d/a%(x)/dvn,t(bgdm — 0 as n— oo.
R

< ¢o()

Lo (R;¢3m)

Hence, letting n — oo proves that (3.10]) extends for g.
(2) For each r¢ > 0 such that both (1—p')t > ro and (p’ —p)t > 1o, the inequality
below is deduced by virtue of (3.7):

et P (Y [6e T Bl (¥ [0 ) )@

> s i (V[0 o)) @)

where p1(z) = N[G'e F - ¢0h$ﬁ>](x). By the definition of A" and the fact that
{p?°}1>0 satisfies (UC), one can also check as in (3.8) that N[Ge ™ - ¢ h(pl)]
L'(R%; ¢pgm), with a norm upper-bounded by

1520 VG gy 195 NI iy ., 0 < o
Thus, thanks to , and ,

i g (V[0 3 (V[0 58] )0
Jua N [GeF - 60n{2” | godm

>

N fRd podm
Joa N0 |G- 2D gham

B Jra dodm

B fRd N¢0 ]h(pl)gb%dm
fRd ¢0dm
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Further, by Fatou’s lemma,

hmlnfh(”l)( ) > lim inf ( lim p? (pl) (y))

T0—00 ro—00 \ r—00 ¢0
= liminf [ N {G’ : h§ﬁ>] $2dm
r9—>00 Rd 0

> [ N%[G'] (liminf {9 ) p2dm
]Rd T0—00 0

= [ N%[G¢2dm - / gpodm
Rd

Rd

for any y € R?. With these two estimates, we can conclude the lower bound by
letting 79 — oo:

Hggfjfi(x)@’t( (G Bl (N [Ge " Bliyn] ) ) @)

> N¢°[ Jpadm - N¢0[ Jpadm - / gdvg, (3.11)

// Gy, z) T, (dydz) - // "(y, 2 )T (dydz) - / gdvg, .
R4 xR R x R4 R

For the converse inequality, we focus again on the specific g = ¢q, in which
case the left-hand side of (3.11)) takes the following form

1 N _F -~ ’ -
liminfﬁ(z)pg1t (N [Ge F -p{;up)t (N [G e . CbO])D ().

t—o0 Dy

On the other hand, the assertion (1) implies the following convergence, with g =
N[G'e ™t ¢pg] = N [G')do, t' = p't, ¢ =p/p’ € (0,1):

i sy P (V[0 By (VG 0] @

= lim 1()p§1/ (N [Ge_F -ﬁ{l’fq)t/ (N[Ge " (;50])}) (z)

eSS pt, 1|
[, 6wt [ NG,
R4 x R4 Rd

_ / /R G20 Ty ) / /R o G 2) T dyd) - /R doduy,

Thanks to pp,t x)/pF'1(x) tends to 1 as t — oo, which concludes the proof
of the assertlon (2) in the specific case g = ¢. From this fact, one can deduce the
upper-bound on the supremum limit in the same way as the proof of (1). O

Ezample 3.3. Let G be a bounded measurable function on R? x R¢ such that

|G(z,y)| < c|lz —y|®, (z,y) € Dx D and G(zx,y) =0, otherwise,
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where D is a compact set of R?, ¢ and 8 are two positive constants such that
B > «. Then,

[, NG @) in(a)m{az)

<ol [ [ A m@pmiar)

|

1
o[ 1] i [ (Gl
i D{ DNB(x,1) |z — y|dte—p (dy) DﬂB(z,l)c| (2, y)lm(dy) (dz)

1
=¢ oz (dy) + |G| D] p m(dz) < oc.
/D{/B() ) + 1G] |} ()

This implies that N|[G]¢y is integrable on R?. With our conditions implying that
¢o and F are bounded, we thus deduce that N*°[G] € L'(R¢; $3m).

3.2 Quasi-ergodic limits for purely discontinuous additive
functionals

We characterize quasi-ergodic limiting measures for the first and second moments
of a discontinuous additive functional under the non-local Feynman-Kac scheme.

Theorem 3.4. For any symmetric Borel measurable function G on R? x R?
vanishing on diagonal such that N%°[G] € L*(R%; ¢2¢m) and any x € R?, we have

. 1
s 8, 148 = [ G T,
o0 R4 x R4

Proof. First, suppose that GG is nonnegative. By the Markov property, we
have

E2, EA?}: g, et S G(XS_,XS)]

tpfl(x) 0<s<t

1 —AF _cpt
= AiE e t F G(X _,X)
TR 2, O

1 —AF _Cps —Cp(t—s) _AF
-1 g e AT OP G(X L, X, )e CF IRy, [e H]
T | 2, X

1 _AF _cns —F(Xe_,Xs)~F
=—— T, e T TEG(Xem, Xo)e s—hpy (XS |-
tpy 1(x) 0;@
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Then, by applying Lemma (1) together with [I7, p. 346], and using the mono-
tone convergence theorem, it follows that for any = € R,

1 1 t
lim B2, |ZA%| = lim ———E, | [ e 4~ N [Ge Fpl 1] (X,)ds
t—oo O t t—00 tp ]_() 0 s

mlAAl B (N [Ge™ BT 1]) (2)ds

et o pEL@)"
1
. 1 .
Jim, /0 i) P (N |G B )

//WXW Gy, 2) T, (dydz).

It directly extends to a signed function G by linearity. ]

Theorem tells us that the quasi-ergodic limits for the number of jumps
caused by X under Q,; is characterized by the jumping measure of X%.

Theorem 3.5. For any symmetric Borel measurable function G on R? x R?
vanishing on diagonal such that N*°[G], N®°[G?] € L'(R%; ¢2¢m) and any x € R?,

we have
R

Proof. Suppose first that G is nonnegative. Note that

1 2
(747)

1 e
E2, [ﬁAE ] +2E2,

lim E2
b Fat

Q
Ew,t

(3.12)
t% S G(Xem, X)G(X—, Xo)

0<s<s’' <t

In view of Proposition the first term of (3.12) in the right-hand side converges
to 0 as ¢ — oo:

1 1 1
Jlim EZ, LQAEZ] = lim - - lim E2, [A?Z]

t—oo t t—oo

1 dyd
t;%ot/Adxkd (9:2) g0 (dyd2)

What remains is the following sum over the parts of ordered jumps, which we also
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handle thanks to the Markov property in combination with Lemma 2):

G(Xe—, Xs)G(Xg—, Xor)

0<s<s'<t

2
—  E,
t2p; 1(x)

2
—  E,
t2p; 1(x)

2
—  E,
t2p; 1(x)

-E.

tzAFl |:

™ |

t
- Ea, U e AGTAL ~Or (' —a) )y [Ge*%ﬂs,l} (X,)ds’

—FE
epii(z)

-Ex

s

2
—  E,
t2p; 1(x)

2 g [ At ey e tAF, (N [Ge*FAF d])d (X,)ds
tQﬁf‘l(x) x /o DPs'—s Pt—s s

e Y G(X o, X)G(Xy_, Xy )e™

F
D e

0<s<s’'<t

ST eI QX X G(X s, X )BE o 1(X )

0<s<s’<t

e T Q(Xe, Xs)

F
> e

LO<s<t

F ’
S A OGN XA | M.

s<s'<t

F
Z e~ S*e_CFSG(XS_,XS)e_F(XS*’XS)
0<s<t
—AF, 4AF _cp(s'—s) —F(X_, X )~F
Z e s se G(Xy_,Xg)e o= (X
s<s'<t
F
Z e S—echSG(XS,,Xs)efF(XS*’X”
0<s<t

||

s

F
Z 6_A57 e_chG(Xs_, Xs)e—F(Xs—yxs)

LO<s<t
t
|:/ e Afibe—C’F(s - N [G _Fpt S/l] (Xs’—s)dsl:”
S
Z e—Affefc’psG(X57’Xs)efF(Xsf,Xs)
Lo<s<t

Ex, [e Al se=Cr(d'=a) |:G67F]/)\f,5/1] (Xs/,s)] ds/}

= ﬁ/tps ( [Ge / psus( [Ge prlsledS’D (z)ds

w [ e
[ ] 7w
| [ mw

[Ge psf,s( [GefFﬁf 5/1])]) (x)ds'ds

By (N [Ge™ " Bl e (N [Ge "B pi1])]) (@)ap'dp

B (N [Ge™" - Blyvppame (N [Ge™ B prvpe1] )] ) (@)dn'dp.

Af_s/oes/epr(tfs')

17

)‘Ms
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Hence by applying Lemma 2) to the cases G = G’ and g = 1, we have

_ 1
2t13§o]E3t [1&2 > G(XS,XS)G(XS/_,XS/)]

0<s<s’'<t

t—o0

- </ /RdXRd G(Y,2) T (dydz)>2 ,

The desired result is obtained for nonnegative G. It now extends for arbitrary G
by linearity. O

— lim /01/01 mﬁ,‘;} (N [Ge*F BErpp Ayt (N [Ge*Fﬁﬁw,vp)tlm) (z)dp'dp

As a corollary, we have the following L?-convergence:

Corollary 3.6. For any symmetric Borel measurable function G on R? x R?
vanishing on diagonal such that [[.. pa |Gy, 2)[F Ty, (dydz) < oo fork =1,2, we

have
1 2
(349 [[ 6217 (a) ] -0
Rd x R4

Proof. The proof is a direct consequence of Theorems [3.4] and Indeed,

<1A? - //Rded G(yaz)%o(dydz))z]
(3)] (. o000

for any = € R%. |

; Q
tlggo Bt

for any x € R%.

lim E2
oo Bt

= lim E2
oD Bt

=0

4 Large deviations for discontinuous additive func-
tionals

The aim of this section is to study the large deviation principle for AY /¢. The weak
conditional law of large numbers under the special Feynman-Kac functional e~ AT
helps to establish the large deviation principle for Af' /¢ by using a rate function
in a more direct representation via spectral functions.

In the sequel, we assume in this section that F' is in the Kato class of X. Thus,
OF is also in the Kato class for any § € R!. Further, we assume that for any
6 € R!, the condition for 0F holds, which is a slightly stronger condition
than depending on the sign of § € R*.
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For 6 € R!, let
Cr(0) := —inf {EQF(u,u) cu€F, [ u?dm= 1} . (4.1)
Rd

Then, it follows from Lemma Corollary 2.2] and Lemma [2.3] that there exists
a ground state ¢\ := ¢F of the quadratic form (E?F, F) such that

¢<9>() m(dz) =1 and Cg(0) = —E°F (¢, 6{"). (4.2)

Further, by Lemma the Feynman-Kac semigroup {p?¥'};>¢ is (IUC), that is,
there exist constants ¢,(f) > 0 such that the integral kernel pf¥ (y, z) of {p?¥}>0
satisfies

P/ (y, 2) < ct(ﬁ)gbée)(y) (()9)(2), for all t > 0 and y, z € R%.

The quadratic form (E%F F) corresponding to {p{F'};>¢ is an analytic function
in 6 and constitutes a holomorphic family of type (A) in the terminology of [12]
p. 395]. Thus, by [12, Chapter VII; Theorems 1.8 and 4.2], the principal L2-
eigenvalue of (EF, F) is differentiable in § by the analytic perturbation theory
and so is Cr(0).

For ¥ € R* and u € F, set t(9)[u] := —E?F (u,u). By the Taylor expansion at
¥ = 0, we see that t(¢)[u] can be expressed as

SOl = - Blu,) - | / () (1= ) Ny azm(dy)

— E(u,u) — //]Rded u(y)u(z) (1 - efoF(y’Z)) N(y,dz)m(dy)
~(@-6) / [ Foulu)e TN . dz)m(d)

19 )" //Rded L(yz)u(y)u(z)e_eF(y’z)N(y,dz)m(dy)

n!

o0

=t (O)[u] + (9 — )tV (O)[u] + Y (9 — )" (B)[u],

n=2

where t(™ (0)[u] denotes the n-th differential coefficient of t(9)[u] at ¥ = 6. By
virtue of [12, Chapter VII (4.44)], the first differential coefficient of Cr (V) at ¥ = 6
is given as follows:

Cp(0) =tV (9)[6]

, 0 ore (4.3)
—— [ P2 06 e N (g, dmicy)

R4 xR
Note that Cr(0) is a function that is not only convex (cf [B], Lemma 5.5), but
actually strictly convex as stated in the next lemma. Thus, Cr(6) is a strictly
increasing function in R!.
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Lemma 4.1. The function : 0 — Cp(0) is strictly convez on RL.

Proof. Let 6,0, € R' and A € (0,1). Denote 6, = A0; + (1— A)f,. Since ¢’

is the minimizer of (I1), EF (¢, 6\") < EOF (4{"), 4{")) for any 6 € R!. So
we have

ACEp(0h) + (1 = A)Cr(62) > At(01) [qﬁ (0. )} + (1= M\)t(6,) [QS(()O*)} .

The right-hand side above is equal to

0. 6.
E (o), ¢”)
[ @ @) (A D (1 Ne B0 1) Ny, d)m(dy).
Re xR

OF

Since 8 — e~ %" is strictly convex in 6, it holds that

F_1<xe ™ 4 (1-N)e 2 -1
Hence, we have, together with the fact qsff*) > 0, that

ACp(61) + (1 = X)Cr(62)
N E( ©) 406 ))

[ W) (T 1) Ny, deym(ay)
R4 xRd
_EO-F (¢>§f’*>,¢0 . ) = Cp(Mbr + (1= \)bs).

It concludes the proof of the present lemma. O

Let U (0) be the function given by

0) = //Rded F(y,z)j¢ge> (dydz).

Then we have Up(0) = —C}(0) by (£.3). Hence Up(0) is a strictly decreasing
and continuous function on ]Rl Denote by V5 ! the inverse function of ¥p. Put
R := (—00,0). Set Up(RL) := {¥x () : 0 € RL} and denote by ¥p(RL) the
interior of \I/F(Rl). We note that W (R )° # () because of the strict convexity of
Cr(6). Now, we give the following large deviation principle for Af /.

Theorem 4.2. For any v € Vp(RY)° and any v € RY, we have

lim flogIP (At € [’y,oo)) = Cr(0y) — 0,C%(65), (4.4)

t—oo t t

where 0., is the nonpositive real number given by 0., = W' (7).
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Proof. First, we prove the upper bound. By the convergence of the Feynman-
Kac heat content ([3.5]), the logarithmic moment generating function of —9Af has
the limit C'r(6):

.1 _OAF
tlgrologlong [e gAt] =Cr(), 60cR.

Since the function W () is strictly decreasing and continuous on R! | there exists
6, € RL such that v = Up(6,) for any v € Up(RL)°. Then, by the celebrated
Girtner-Ellis theorem (cf. [6]), it holds that for any = € RY,

t—o0 t—o00

1 AF 1 —AF
limsupglong (tt € [y, oo)) = hmsup;logIPm ( tt € (—o0, —7])
<— inf sup {M—Cpr(6)}

A€(—00,—7] peRr?

< s {Cr(8,) -2}
AE(—00,— VR (0,)]

< CF(G'y) + HV\IJF(G,Y)
= Cr(by) — 9“/0}?(97)-
Next, we turn to the proof of the lower bound. Let {6,} C Rl be a sequence such

that 6,, 16, asn — oco. Put e, := ¥p(0,) —VYr(8,) = ¥p(h,) —v > 0. Then, we
have for large enough t > 0,

AF
IFDQ? (tt € [’Y,OO))
AF

AF
= CrOn)te=Crba)tg {ee"Afee"Af; Tt €+ 25n]]

> e(CF(9n)+(’Y+2€n)9n)t6*CF(9n)t

x E e—enAf~A—fFe[\p (0n) — €0, Ur (0
T 3 + F\Un €n, F( n)+5n]

By applying Corollary with (6, F, F) instead of (F,G), and using the fact due
to (3.5)) that

e OrOIE, [0 AT) — pi 1) 2T ™ () / & dm,

one can see
Cr (0 o7 A _ s +
e~ F( ")tET |:6 ndt tt c [\Dp(an) En, YF (en) 5n}]

=5 o) [ dpam
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Hence we have for {0, } C RL,
Co ] Al
htrglnf n log P, - € [y,00) | > Cr(6,) + (v + 2e,)0,.

Letting n — oo, the right-hand side of the above converges to Cr (6., )+76~ because
en =Yp(0,) —v=Yp(0,) —Yp(d,) = 0 and Cp(d,) = Cr(6,) as n — oo by
the continuities of W (0) and Cp(0), respectively. This leads us that the lower
bound is given by Cr(6y) + 0,V (0,) = Cr(0,) — 0,Cr(0,). O

We can represent the rate Cr(6.,) — 0,Cp(64) given by (4.4) in a more direct
way via quadratic form:

Corollary 4.3. For any v € Vp(RY)° and any v € RY, we have

o1 AF 0,) (0
lim Zlong (tt 6[7,00)) =—A( (() ), (() ))7

t—00
where 6, is the nonpositive real number given by 0., = \11}1(7) and
A(57.057)
=B (o, 00")

[ W@ (1= T - 0, (e ) Ny, dym(dy).
Rd xR4
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