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Analogue of Ward correspondence
for a degenerated Schlesinger system
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Abstract. A general Schlesinger system (GSS) is treated from the twistor
theoretic point of view. We establish a correspondence between the set of
solutions of GSS and the set of vector bundles on an open subset of twistor
space PN , trivial on twistor lines and equivariant under the infinitesimal
action of a maximal abelian subgroup of PGLN+1(C).

1 Introduction

In this short communication we discuss a degenerated Schlesinger system of sim-
plest degeneracy from the twistor theoretic point of view. This point of view was
introduced in [2] by Mason and Woodhouse.

Let N be a positive integer. Then the Schlesinger system is a nonlinear system
of equations for the N + 1 unknowns A0, A1, . . . , AN of r × r matrices satisfying
A0 +A1 + · · ·+AN = 0:

dAj =
N∑

i=0,i ̸=j

[Ai, Aj ]d log(ti − tj) (j = 0, 1, . . . , N), (1)

which is derived by L.Schlesinger [4] in 1912. The equation (1) describes the
isomonodromic deformation of a Fuchsian differential equation on the projective
line P1:

dy

dζ
=

N∑
j=0

Aj(t)

ζ + tj
y. (2)

Instead of the equation (2), we consider a linear differential equation with N − 1
regular singular points and one irregular singular point of Poincare rank 1:

dy

dζ
=

A0(t)

ζ + t0
− t1A1(t)

(ζ + t0)2
+

N∑
j=2

Aj(t)

ζ + tj

 y (3)
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with
A0 +A2 + · · ·+AN = 0. (4)

Note that the equation (3) is derived from the Fuchsian system (2) by the conflu-
ence; we consider a replacement

t1 → t0 − εt′1, A0 → ε−1A′
1, A0 +A1 → A′

0,

take a limit ε → 0 and then denote again t′1, A
′
0, A

′
1 as t1, A0, A1.

We describe the isomonodromic deformation of the system (3) from the twistor
theoretic point of view following the idea of Mason and Woodhouse [2]. The idea
is to establish an analogue of Ward correspondence between the set of holomorphic
vector bundles of rank r on (some open set of ) PN with certain specific properties
and the set of solutions to the nonlinear system of differential equations describing
the isomonodromic deformation of (3). This nonlinear system will be called the
general Schlesinger system (GSS, for short), see Section 2. The details will be
published elsewhere.

2 From a bundle on PN to a solution of GSS

Let H be a maximal abelian subgroup of GLN+1(C):

H =





h0 h1

h0

h2

h3

. . .

hN


∣∣∣∣∣ hi ̸= 0 (i ̸= 1)


,

which is a centralizer of a regular element in GLN+1(C) of Jordan normal form:

a =


a0 1

a0
a2

. . .

aN

 , ai ̸= aj (i ̸= j).

Let PN be the complex projective space with the homogeneous coordinates
x = (x0, . . . , xN ), which we call the twistor space. Consider the right action of H
on PN defined by

PN ×Hλ ∋ ([x], h) 7→ [xh] ∈ PN ,

where [x] denotes the point with the homogeneous coordinates x.
We know the following reult.

Theorem 2.1 Let U be an open subset of the twistor space PN and E be a holo-
morphic vector bundle E of rank r on U . Assume that
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1. U contains a line and is invariant under the action of H on PN ,

2. the restriction of E to any line L ⊂ U is trivial,

3. the action of H on U can be lifted infinitesimally on E.

Then the infinitesimal action of H determines a flat connection on E locally and
it describes the isomonodromic deformation of the linear equation (3).

Remark 2.2 Theorem 2.1 is stated in [2] with the group Hλ, instead of H, which
is a centralizer of a regular element whose Jordan structure is specified by a par-
tition λ of N + 1. But the proof is given only in the case λ = (1, . . . , 1), the case
where the corresponding nonlinear system is the Schlesinger system (1). For gen-
eral λ, the proof is given in [5]. The group H in the above theorem corresponds to
the case λ = (2, 1, . . . , 1).

Let us give the explicit form of the flat connection, the nonlinear system of
differential equations describing the isomonodromic deformation for (3) in Theo-
rem 2.1.

1. An infinitesimal action of H on E determines a flat connection ∇̃ which is
described in a local trivialization as

∇̃ = d−

Ã0(x)d log x0 + Ã1(x)dθ1(x) +
N∑
j=2

Ãj(x)d log xj

 ,

where Ãj(x) ∈ Matr(C) such that Ã0 + Ã2 + · · ·+ ÃN = 0 and θ1 = x1/x0.

2. Put

T =

{
t =

(
t0 t1 t2 · · · tN
1 0 1 · · · 1

) ∣∣∣ t1 ̸= 0, ti ̸= tj (i ̸= j; i, j ̸= 1)

}
. (5)

The pull back of ∇̃ by the map Φ : P1 × T ∋ ([ζ⃗], t) 7→ [ζ⃗t] ∈ PN gives a flat
connection ∇:

∇ = d−

A0(t)d log(ζ + t0) +A1(t)dφ(ζ) +
N∑
j=2

Aj(t)d log(ζ + tj)

 , (6)

where Aj(t) = Ãj |Φ(P1×{t}) and φ(ζ) = θ1(ζ + t0, t1).

3. The flatness of ∇ is equivalent to the nonlinear differential equation:

dA0 =

N∑
k=2

[Ak, A0]d log(tk − t0) +

N∑
k=2

[Ak, A1]dφ(tk), (7)

dA1 = [A0, A1]d log t1 +

N∑
k=2

([Ak, A1]d log(tk − t0), (8)

dAj =
N∑

k=0

k ̸=1,j

[Ak, Aj ]d log(tj − tk) + [A1, Aj ]dφ(tj) (j ≥ 2). (9)
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The system (7), (8) and (9) is called the general Schlesinger system (GSS for
short).

Remark 2.3 1) T is a realization of the quotient space Z/H, where Z ⊂ Mat2,N+1(C)
consists of matrices z = (zij) satisfying the conditions

det

(
z00 z0j
z10 z1j

)
̸= 0 (j = 1, . . . , N),

det

(
z0i z0j
z1i z1j

)
̸= 0 (i ̸= j; i, j = 2, . . . , N),

z1j ̸= 0 (j ̸= 1).

2) The equation ∇y = 0 is the equation (3) together with

∂y

∂t0
=

(
A0(t)

ζ + t0
− t1A1(t)

(ζ + t0)2

)
y,

∂y

∂t1
=

A1(t)

ζ + t0
y,

∂y

∂tj
=

Aj(t)

ζ + tj
y (j = 2, . . . , N).

The compatibility condition of these equations gives the system of equations (7),
(8) and (9).

Proposition 2.4 The equations (7), (8) and (9) are completely integrable.

Proposition 2.5 Let Aj(t) (j = 0, . . . , N) be any solution to (7), (8) and (9).
Then we have the following.

1. There hold the relations

∂Aj

∂t0
+

N∑
k=2

∂Aj

∂tk
= 0 ,

N∑
k=0

tk
∂Aj

∂tk
= 0 , (j = 0, 1, · · · , N). (10)

2. For any constants λ, µ ∈ C with λ ̸= 0, we have

Aj(λt+ µq) = Aj(t), (11)

where t = t(t0, . . . , tN ), q = t(1, 0, 1, . . . , 1) and

λt+ µq = (λt0 + µ, λt1, λt2 + µ, · · · , λtN + µ)

3 From a solution of GSS to a vector bundle

We can show the converse of Theorem 2.1. Namely, for any solution (Aj(t)) of
GSS, we can construct a vector bundle E of rank r on an open subset U of twistor
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space PN enjoying the properties in Theorem 2.1. We follow the idea of [2] in the
construction.

Let Z and Z/H be as in Remark 2.3 and an element of Z be denoted as

(u, v) =

(
u0 u1 . . . uN

v0 v1 . . . vN

)
.

Let T be a realization of Z/H given by (5). We identify T as an open subset of
CN+1 in obvious manner:

{t = (t0, . . . , tN ) | t1 ̸= 0, ti ̸= tj (i ̸= j; i, j = 0, 2, . . . , N)}.

Then the projection map π1 : Z → Z/H = T is

(u, v) 7→
(
u0

v0
,
−u0v1 + u1v0

v20
,
u2

v2
, . . . ,

uN

vN
,

)
.

Define also π2 : Z → PN by π2(u, v) = [u].
Suppose that a solution (Aj(t)) of GSS is defined on an open subset R ⊂ T .

Taking account of Proposition 2.5, we may assume that if t ∈ R then λt+ µq ∈ R
for any λ ̸= 0 and µ ∈ C. Take a ball B ⊂ {v ∈ CN+1 | vj ̸= 0 (j = 0, 2, . . . , N)}
and put

W = {(u, v) ∈ C2N+2 | π1(u, v) ∈ R, v ∈ B}, U = π2(W ) ⊂ PN .

We construct a vector bundle E on U using a solution (Aj(t)) of GSS. Note
that if (u, v) ∈ W then U contains a projective line joining [u] and [v]. Put
Bj(u, v) := Aj(π1(u, v)), which are defined on W.

Lemma 3.1 For any λ, µ ∈ C such that λ ̸= 0, we have

Bj(λu+ µv, v) = Bj(u, v), (j = 0, 1, . . . , N). (12)

Using Bj(u, v), we define 2N + 2 linear differential operators on W as

D0 = u0
∂

∂u0
+ u1

∂

∂u1
−B0(u, v),

D1 = u0
∂

∂u1
−B1(u, v),

Dj = uj
∂

∂uj
−Bj(u, v) (2 ≤ j ≤ N),

D′
0 = v0

∂

∂v0
+ v1

∂

∂v1
+B0(u, v),

D′
1 = v0

∂

∂v1
+B1(u, v),

D′
j = vj

∂

∂vj
+Bj(u, v) (2 ≤ j ≤ N).
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Note that these operators commute each other since Bj(u, v) comes from a
solution Aj(t) of GSS and that

∑
j ̸=1

Dj =
N∑
j=0

uj
∂

∂uj
,

∑
j ̸=1

D′
j =

N∑
j=0

vj
∂

∂vj
(13)

hold because of the fact B0 + B2 + · · · + BN = 0. The commutativity of the
operators Dj , D

′
j implies that the system∑

k ̸=1

Dky = 0, D′
jy = 0 (14)

is integrable. Using this fact we define the fiber E[a] on [a] ∈ U of the vector
bundle, which we want to construct, by

E[a] =

{
y(u, v)

∣∣∣∣ y(u, v) is a solution of (14) holomorphic on π−1
2 ([a])

}
. (15)

It is seen that E[a] is a r-dimensional C-vector space and that E = ∪[a]∈UE[a] is
a vector bundle of rank r by virtue of holomorphy of solutions of (14) with respect
to parameters.

We have the following result.

Theorem 3.2 The holomorphic vector bundle E of rank r, constructed above from
a solution (Aj(t)) of GSS, has the properties in Theorem 2.1.

Remark 3.3 If we apply Theorem 2.1 to the vector bundle E in Theorem 3.2,
then we recover the original solution of GSS.
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