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Abstract. The k-chop integrals are new conservative quantities of the full

Kostant-Toda lattice. We generalize the fundamental formula.

Background

Let G be the complex general linear group GLn(C). Let B ⊂ G be the Borel

subgroup of upper triangular matrices. Put g = Lie G and b = Lie B. Let b̄ be

the opposite of b. Let Λ be a shift matrix defined by Λ =
∑n−1

i=1 Ei,i+1, where Ei,j

is the (i, j)-matrix element. We define the affine space Lax by Lax = Λ+ b̄. The

matrix of Lax is called Lax operator. The system of equations for L ∈ Lax

∂L

∂tj
= [(Lj)+, L], j = 1, . . . , n− 1, (1.1)

where (∗)+ is the projection from g to b, is called the full Kostant-Toda lattice.

There exists the Poisson structure on Lax, defined by {Li,j , Lk,ℓ} = δj,kLi,ℓ −
δℓ,iLk,j , where L = Λ+ (Li,j), (Li,j) ∈ b̄ [3]. For L ∈ Lax, we have

{ 1

j + 1
trLj+1, Lk,ℓ} = ([(Lj)+, L])k,ℓ, (1.2)

where we mean (X)k,ℓ is the (k, ℓ)-component of X. Then we see that the Toda

lattice is the system of Hamiltonian equations

∂L

∂tj
= { 1

j + 1
trLj+1, L}. (1.3)

Mathematical Subject Classification (2010): Primary 13A50,Secondary 35Q51

Key words: full Kostant-Toda lattice, k-chop integrals, relative invariant formula, parabolic

subgroup



2 K. Ikeda

From (1.2) and (1.3), we have ∂/∂titrL
j+1 = 0, i, j = 1, . . . , n − 1. Then we

see that trLj+1, j = 1, . . . n − 1 are conservative quantities of the full Kostant-

Toda lattice. Put det(λ − L) = λn + M1(L)λ
n−1 + · · · + Mn(L). Since Mi(L)

are polynomials of trL, . . . , trLn, then Mi(L), i = 1, . . . , n are also conservative

quantities of the full Kostant-Toda lattice. The existence of these conservative

quantities is guaranteed by the AdG-invariance of trLj . For any X ∈ Matn(C),
put Ij(X) := trXj , then we see that Ij(AdgX) = Ij(X). For X ∈ Matn(C), we
define the truncated (n− k)× (n− k) matrix (X)(k) by removing first k rows and

last k columns from X. If X = (xi,j)1≤i,j≤n, (X)(k) is
xk+1,1 . . . xk+1,n−k

... · · ·
...

xn,1 . . . xn,n−k

 .

For L ∈ Lax, put

det(λ− L)(k) = F0,k(L)λ
n−2k + F1,k(L)λ

2n−k−1 + · · ·+ Fn−2k,k(L). (1.4)

Let Bk be the Borel subgroup of GLk(C). Let Pk be the parabolic subgroup of G

defined by

Pk =

{
p =

 p1 ∗ ∗
O p2 ∗
O O p3

 |p1, p3 ∈ Bk, p2 ∈ GLn−2k(C)
}
.

Let p1,1, . . . , pk,k and pn−k+1,n−k+1, . . . , pn,n be diagonal components of p1, p3 re-

spectively. Let χ be the character of Pk defined by

χ(p) = pn−k+1,n−k+1 · · · pn,n/p1,1 · · · pk,k.

In [1], they showed the relative invariant formula of det(X)(k) such as

det(AdpX)(k) = χ(p)det(X)(k), (1.5)

for p ∈ Pk. Put

Qk(L, λ) = det(λ− L)(k)/F0,k = λn−2k + I1,k(L)λ
n−2k−1 + · · ·+ In−2k,k(L),

where Ii,k(L) = Fi,k(L)/F0,k(L), i = 1, . . . , n− 2k. Then it holds

det{p(λ− L)p−1}(k) = χ(p)det(λ− L)(k) =
n−2k∑
i=0

χ(p)Fi,k(L)λ
n−2k−i.

It implies Fi,k(AdpL) = χ(p)Fi,k(L), i = 0, . . . , n − 2k. Then it holds that

Ii,k(AdpL) = χ(p)Fi,k(L)/χ(p)F0,k(L) = Ii,k(L), i = 1, . . . , n − 2k for p ∈ Pk.
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This invariance brings new conservative quantities of the full Kostant-Toda lat-

tice Ii,k(L) which are called k-chop integrals [2]. The result of this paper is a

generalization of their formula. We extend Pk and its character χ as follows,

Pk =

{
p =

 p1 ∗ ∗
O p2 ∗
O O p3

 |p1, p3 ∈ GLk(C), p2 ∈ GLn−2k(C)
}
,

χ(p) = detp3/detp1. The relative invariant formula is generalized as follows.

Theorem For X ∈ Matn(C) and p ∈ Pk, it holds that

det(AdpX)(k) = χ(p)det(X)(k).

1 Proof of the Theorem

Let Oℓ×m be the ℓ×m zero matrix. Then we have

X(k) = (O(n−k)×k, En−k)X

(
En−k

Ok×(n−k)

)
.

Then we have

det(pXp−1)(k) = det(O(n−k)×k, En−k)pXp−1

(
En−k

Ok×(n−k)

)
.

Note that

(O(n−k)×k, En−k)

 p1 ∗ ∗ ∗ ∗ ∗ ∗
O p2 ∗ ∗ ∗
O O p3

 = (O(n−k)×k,

(
p2 ∗ ∗ ∗
O p3

)
)

=

(
p2 ∗ ∗ ∗
O p3

)
(O(n−k)×k, En−k).

On the other hand, we see that p−1
1 ∗ ∗ ∗ ∗ ∗ ∗
O p−1

2 ∗ ∗ ∗
O O p−1

3

( En−k

Ok×(n−k)

)
=


(

p−1
1 ∗ ∗ ∗
O p−1

2

)
Ok×(n−k)


=

(
En−k

Ok×(n−k)

)(
p−1
1 ∗ ∗ ∗
O p−1

2

)
.
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Then we have

det(pXp−1)(k) = det

(
p2 ∗ ∗ ∗
O p3

)
det

(
p−1
1 ∗ ∗ ∗
O p−1

2

)
det(X)(k)

= det p2 det p3 det p
−1
1 det p−1

2 det(X)(k) =
det p3
det p1

det(X)(k).

Q.E.D.
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