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Abstract. The k-chop integrals are new conservative quantities of the full

Kostant-Toda lattice. We generalize the fundamental formula.

Background

Let G be the complex general linear group GL,(C). Let B C G be the Borel
subgroup of upper triangular matrices. Put g = Lie G and b = Lie B. Let b be
the opposite of b. Let A be a shift matrix defined by A = Z::ll E;it1, where E; ;
is the (4, 7)-matrix element. We define the affine space Lax by Lax = A + b. The

matrix of Lax is called Lax operator. The system of equations for L € Lax

oL ,
— =)+, L], j=1,....,n—1, (1.1)
ot

where (x); is the projection from g to b, is called the full Kostant-Toda lattice.
There exists the Poisson structure on Lax, defined by {L; ;, L ¢} = 8 kLiec —

8¢iLk, j, where L = A+ (L; ;), (L; ) € b [3]. For L € Lax, we have
1 ; .
—— el Ly} = ([(L7) 4, L 1.2
{j 1L Dy = ()4 LD, (1.2)

where we mean (X) ¢ is the (k, ¢)-component of X. Then we see that the Toda

lattice is the system of Hamiltonian equations
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From (1.2) and (1.3), we have 9/dt;trL/*t = 0,i,j = 1,...,n — 1. Then we
see that trL7t!, j = 1,...n — 1 are conservative quantities of the full Kostant-
Toda lattice. Put det(A — L) = A" + My (L)A\""! + -+ + M, (L). Since M;(L)
are polynomials of trL, ... trL™, then M;(L), ¢ = 1,...,n are also conservative
quantities of the full Kostant-Toda lattice. The existence of these conservative
quantities is guaranteed by the AdG-invariance of trL7. For any X € Mat,(C),
put I;(X) := trX/, then we see that I;(AdgX) = I;(X). For X € Mat,(C), we
define the truncated (n — k) x (n — k) matrix (X)) by removing first k rows and
last & columns from X. If X = (2;;)1<i j<n, (X)) is

Tk+1,1 ceo Tk4+1ln—k

Tn,1 e Tn,n—k
For L € Lax, put
det(\ — L) sy = Fo e (L)A"™2 + Fy (DA F o 4 By o (D). (14)

Let By be the Borel subgroup of GL;(C). Let Py be the parabolic subgroup of G
defined by

P1 * *
P, = {P =1 O p2 * ||p1,p3€ By,p2€ Gank((C)}-
O O ps

Let p1,1,...,Pk,k and Dy k11 n—k+1,---,Dn,n be diagonal components of p;, p3 re-
spectively. Let x be the character of Py defined by

X(p) = Pn—k+1n—k+1"" 'pmn/pl,l © Pk
In [1], they showed the relative invariant formula of det(X)) such as
det(AdpX) ) = x(p)det(X) &), (1.5)
for p € Pj. Put
Qr(L,X\) = det(A = L)y /Foe = N2 + I (DA oo 4 Lo (L),

where I, (L) = F; x(L)/Fox(L),i =1,...,n — 2k. Then it holds

n—2k
det{p()\ — L)p_l}(k) = X(p)det()\ — L)(k) = Z X(p)Fi,k(L))\n_2k_i.
=0
It implies Fi4x(AdpL) = X(p)Fix(L), i = 0,...,n — 2k. Then it holds that
Iz,k(AdpL) = X(p)FZ,k(L>/X(p)F0,k(L) = i,k(L)7 7 = 17.“,,,1 — 9k for pE Pk;.



This invariance brings new conservative quantities of the full Kostant-Toda lat-
tice I; (L) which are called k-chop integrals [2]. The result of this paper is a

generalization of their formula. We extend Py, and its character x as follows,

P1 k k
P, = {p =1 O p2 * ||p1,p3€GLL(C),p2 € GLn%((C)},
O O ps

X(p) = detps/detp;. The relative invariant formula is generalized as follows.

Theorem For X € Mat,(C) and p € Py, it holds that

det(Ade)(k) = X(p)det(X)(k) .

1 Proof of the Theorem

Let Oyxm be the £ X m zero matrix. Then we have
En g
Xy = (Otn—r) x> En—1) X ( ' ) -
ka(n—k)

Then we have

-1 —1 En—k

det(pXp™ ) r) = det(On—k)xks En—k)pXp :
Okx(n—k)

Note that

P okkk ok ko

* ok %
Oy Bni) | O b2 wxr =<O<nk)xk7<p02 ))
0 0] P3 b3

Dok k%
= On— yEn_k).
< 0 s )( (n—k)xk k)

On the other hand, we see that

pl_1 Kok ok ok ok ok > pl_1 * ok ok

Okx(n—
O O p;t B (k) Okx (n—k)

_ E,_ pl_l * % %
Okx(n—k) o pt )
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Then we have

—1
det(poil)(k) = det ( p02 e ) det ( plO *fl* > det(X)(k)

p3 Po
—1 _1 det p3

= det po det p3 det py ~ det p; ~ det(X) () = dotp det (X) (k)
1

Q.E.D.
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