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Abstract. The twisted relative simplicial homology and the twisted rela-
tive singular homology of the configuration space with coefficients in a local
system are investigated systematically. An exterior power structure of the
relative homology group of the complement of hyperplanes in a projective
space associated with the general hypergeometric integral is established.

1 Introduction

The generalized confluent hypergeometric function was introduced in the paper
[14] as a "Radon transform” of characters of maximal abelian subgroup H) of
GL(N) indexed by a partition A of N. In the case A = (1,1,...,1), the confluent
hypergeometric function is called Aomoto-Gelfand hypergeometric function. The
Aomoto-Gelfand hypergeometric functions are interpreted as the pairing between
the twisted homology and the twisted cohomology of the complement of hyper-
planes in a complex projective space. In this paper, we shall consider a general
hypergeometric integral which includes the integral for the confluent hypergeomet-
ric function.

In the paper [9], the author considered the homology theory associated with the
general hypergeometric integral, that is the homology group on the complement of
hyperplanes in a complex projective space with coefficients in a local system and
the family of supports. A fact is given in [9] that the homology group associated
with general hypergeometric integral is isomorphic to a relative twisted homology
group with coefficients in the local system.

In this paper, we shall investigate an exterior power structure associated with a
general hypergeometric integral and make systematic investigation of the twisted
relative simplicial homology and the twisted relative singular homology of the
configuration space with coefficients in a local system. This kind of study will be
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important for further study, for example, the study of dimension of the homol-
ogy group and of intersection theory associated with the general hypergeometric
integral.

This paper consists of three parts, Part 1(§2-3), Part I1(§4-13) and Part 1T1(§14-
17). In Part I, we recall the twisted homology theory on the complement of hyper-
planes in a complex projective spaces associated with the general hypergeometric
integral. We shall establish the exterior power structure of the relative homology
group of the complement of hyperplanes in a projective space associated with the
general hypergeometric integral. This result will be stated in Theorem 3.1.7 - the
main theorem of Part I. Theorem 3.2.1 gives a motivation to Part II and Part III.

In Part II and Part III, we give a discussion on a relative simplicial theory
and a relative singular theory for the configuration spaces of n-points in detail,
respectively. The main theorems of Part IT and Part III are Theorem 12.2.2 and
Theorem 17.2.3, respectively.

2 The general hypergeometric integrals

2.1 Definition of the integral

We recall briefly the definition of general hypergeometric functions (integrals) on
the Grassmannian. Let N be a positive integer and A = (lp,l1,...,ln) be a
partition of N, namely, [; are positive integers satisfying lo > --- > [, and
Z,T:O I = N. The partition A is identified with the Young diagram which is
obtained by arraying N boxes, [y boxes in the first row, [; boxes in the second
row, and so on where the first boxes in each row are arrayed in the same column.
The number of boxes N in the diagram is called the weight of A and is denoted
by |A]. With the partition A\, we associate the maximal abelian subgroup H) of
GL(N) of the form

Hy =J(p) x -+ x J(ln),
where
J():==qh= Y hA"; h; €C, hg#03 C GL(I),
0<i<l

A = (0i41,5)1<i,j<i being the shift matrix of size . The group J(I) is a maximal
abelian subgroup of GL(!) and is called the Jordan group since it is a centralizer of
an element of the Jordan normal form al+A € GL(!). Note that J(I) is isomorphic
to the group of units of the quotient ring C[X]/(X") by an obvious correspondence

0<i<li 0<i<l

We describe the characters of unversal covering group H, of Hy. Let z =
(0,1, 22,...) be a sequence of variables and let 0;(x) (k > 0) be the funciton
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defined by
Z Op(x)T* = log(xo + 21T + 22T + - --) (2.1)
0<k<o0
zlogxo—i—log(l—i-xlT—i-mTQ—i--n). (2.2)
i) ZTo

Here Oy(x) = logxo, and Oi(x) (kK > 1) is a quasihomogeneous polynomial of
x1/x0, ..., xK/xo of weight k if the weight of x;/x¢ is defined to be i which is
written explicitly as

) = Sty )" (o

k(@)= (=1) ] %o w)

where the sum is taken over the indices (i1,...,ix) € Z% such that iy +2ip+- - -+
ki = k. )

Lemma 2.1.1. [5] We have the isomorphism J(I) ~ C* x C'=! by the correspon-
dence '
h = Z hiA* = (ho,01(h), ..., 0i—1(h)).
0<i<l

It follows that the character x; : J(I) — C*is given by

xi(h; @) = exp Z a;0;(h) | = hy®exp Z a;0;(h) |,

0<i<l 1<i<l

where @ = («w,...,aq—1) are arbitrary complex constants. Noting the fact that
H) is a product of J(Ix), we have the following,.

Lemma 2.1.2. A charactery : Hy — C* is given, for some o = (@, alm) e
CV, a® = (af?,a, ... oM ) e Cl, by

xhsa)= T xud®;a®)= T[ 05" exp | 3 alFo,(n®)
0<k<m 0<k<m 1<i<ly
(2.3)
where h = (), ... ™)) e Hy, h®) € J(1},).

Next we consider the “Radon transform” of the character x. Roughly speaking
we substitute homogeneous polynomials of degree 1 in the homogeneous coordi-
nates t = (to,t1,...,t,) of P into the character and integrate. We first define
the space of coefficients of these polynomials which is a Zariski open subset of the
space M(n+1,N) of (n+ 1) x N complex matrices.

For A = (lp,l1,...,lm), a sequence p = (ig,...,im) € Z;"OH is called a sub-
diagram of X of weight |u| = Y, 4 if it satisfies 0 < i, < my (0 < k < m)
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and is denoted as u C \. For z = (2(9,...,2(™) € Mat(n + 1, N) with z(*) =

(z(()k), . 727(7271) and for any subdiagram pu C A, |u| =n + 1, we put
Z, = (z(()o), ... 7'31'(2)71» ... ,z(()m), ... ,zf:zlzl) € Mat(n + 1).

Definition 2.1.3. The generic stratum Z,, x C Mat(n + 1, N) with respect to Hy
is defined by

Znx={z€Mat(n+1,N) ; detz, #0 for any p C A |p|=n+1}.
Define a biholomorphic map

vi Hy— [ (@ xc+')cceV

0<k<m
by
0 0
d(h) = (S, RS R

for h = (h,... (™) € H,. The map ¢ can be lifted to that from H, to
[o<k<m ((@X X (Cl’“_1> . This lift is also denoted by .

Definition 2.1.4. For the character x(-; ) given in (2.3), we assume

Z aék) =-n—1, (2.4)
0<k<m
ol A0 I =2 (25)

The general hypergeometric integral of type X (GHI of type A, for short) is defined,
forze Z,,, by

/ (7 (t2), @) - T, (2.6)
A

where
n

T = Z(—l)idto VANCERWAN dti_l N dti+1 VANEERWAN dtn
1=0

and A, is an n-dimensional cycle in P™\ Uogkgm{tz(()k) = 0} of the homology
group defined by the integrand x (1= (tz), ) (see also Section 2.2).

The integral (2.6) can be written in an affine coordinates of P". For example,
in the affine chart {t € P" | ¢z # 0}, we take an affine coordinates (si,...,s,) by
s; = t;/to. Noting 7 = tiT'd (%) A---Ad (%) and using the condition (2.4), we
have

TH2), Q) T = T (s2), a AR Sn
[t r = [ s neend

A

where s = (1, 81,...,8p)-
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Let us write x(¢: 71 (t2), ) = P(t) exp f(t) with

m m lkfl
(k)
Pty = J-=")" re) =33 aPeit- ).
k=0 k=0 =1

The multivalued n-form P(t) -7 defines a local system £ of C-vector space of rank
lon X :=P"\Uj-y Dk, Dy := {t € P" | tozék) = 0} such that each branch of
P(t)-7 determines a horizontal local section of £, and f(t) is the rational function
on P™ with poles Dy, of order I, — 1. Here we used the assumption (2.5). In the
following we fix a z € Z, yand consider the integral

/ P(t)exp f(t) - 7 (2.7)
A

2.2 Twisted homology with the family of supports

We recall the definition of the homology group associated with the general hyper-
geometric integral ([9] Section 2). For f defined as above, the family of supports
® is the family of closed subsets A of X, such that for any 7 € R, AN f~1(Rw > 1)
is compact.

Let £ e the local system as in Section 2.1. For any singular ¢-simplex o : A? —
X, let 0*£ be the pull-back of £ by o. We define a ¢-chain S:}’(X;ﬁ) with the
local system £ and with the family of supports ®.

Definition 2.2.1. A g-chain c € S,‘II’(X; £) is a formal infinite sum

c= E Uy« O
(e

where the sum is taken over all singular q-simplexes o in X, such that
(1) uo € T(Ay,0%L) is a global section of the local system o*£;

(2) The summation is locally finite, namely any compact subset in X intersects
with only finite number of o(A,) with us # 0;

(8) supp(c) € ®, where supp(c) = Uy, 200(Aq).

Let 0 be the boundary map, then we get the chain complex (S;? (X;£),0). The
p'" homology group of the chain complex (S’;,I> (X;£),0) is denoted by Hg’ (X;2).
For 7 € R, we put

A, = {te X;Rf(H) < 7},
A is a subspace of X. Consider the relative homology of the topological pair
(X, A;) with coefficients in the local system £. Then the following result is known.

Theorem 2.2.2. ([9] Theorem 2.3) For any sufficiently small T € R, we have an
isomorphism
HY(X; L) = Ho(X, Ar; £).
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2.3 Pl-case

We consider the integral (2.6) in the case n = 1. In this case the form in the
integral (2.6) is multivalued on X = P!\ {xo,...,7,,}, where z, is the zero of
tzék). We may assume xy = oo without loss of generality and then the rational

function f in (2.7) is written as

lo—1 m lp—1

IR S S

k=1 i=1

in the affine coordinates s = t1 /to with ¢, —1 # 0 for k satisfying I, > 2 by virtue
of the assumption z € Z; 5 and (2.5).

Theorem 2.3.1. ([9], Theorem 8.1) Assume the condition (2.5) and aék) ¢ 7 (for
k s.t. ly = 1) for « in the integral (2.6), then

(1) HP(X;2)=0ifp#1,
(2) dimcHY (X;£) =N -2,
where N = Y"1 (1

3 The exterior power structure

3.1 The exterior power structure associated with the hy-
pergeometric integral

Let X, f and £ be the same as in Section 2.3. By virtue of Theorem 2.2.2, there
exists a sufficiently small 7{ € R such that, for any 7 < 77, the following isomor-
phism holds:

HY (X;8) ~ Hi(X, Ar,; £),

where A, = {t € X;Rf(t) <7}

Lemma 3.1.1. For any sufficiently large ¢ € R and any 71 < 70, we have an
isomorphism B
Hy(X, A7 £) ~ Hi(B, A7 £)

where B = {t € X;Rf(t) < &}.
To prove the Lemma 3.1.1, we need the following result.

Lemma 3.1.2. ([20], Corollary 5.1) Let X andY be separated complex algebraic
variety of finite type and let f : X — Y be a morphism. Then there exists a Zariski
open set U C'Y such that f : f=1(U) — U is a locally trivial topological fibration.

Proof of Lemma 3.1.1 Let f be given in Section 2.3. We regard the rational
function f a holomorphic map
f: X—>C.
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By virtue of Lemma 3.1.2, there is a finite subset {2 of the target space C such
that
FrXNfH2)—C\0

defines a locally trivial topological fibration. Let w be the coordinates of the target
space C. Take gy sufficiently large so that {Rw > dp} C C contains no point of
2. Since {Rw > gy} C C is contractible, then the fibration

FAXNfT(R) - C\R

is trivial over {Rw > g} C C. It follows that, for any parameters oy > g1 > dy,
the inclusion

iy U=fT{weCRow<d}) = V=["1{weCRw<d})

is a deformation retract. Put $f:= {U}, $l is a directed set for inclusion. Then i};

induces a chain map
iy Se(U; £) = So(V; L)

On the other hand, an inclusion
igp:U—X

induces a chain map
vy Se(Us; £) = Se(X : £)

such that
lyg =1yy o i}jﬁ (UcCV).

Then we have a chain map
lim iy : lii>n5.(U;£) — Se(X; £).

Note that for any compact subset W of X, W is contained in some U € 4, then
we have a chain isomorphism

lim iy : lim S (U; £) ~ Se(X; £)
which induces a homology isomorphism
lim iy, : lim Hy (U; £) ~ Hy (X £).
We deduce from this fact that, for sufficiently large &,
Hy(B; £) ~ Hi(X; £)
where B = {t € X;Rf(t) < &}. By the five-lemma, we have
Hy(X, Ar; L) ~ Hy(B, A5 £).

This proves the lemma. O
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Consider the n-copies of the pair (X, f), we use the following notation:

n times

X"=XxXx---xX

n times

—_—N—
X'E=CNELX- .- KL

Let t = (t1,t2,...,t,) be the coordinates of X", we define a rational function
F=F(t,ta, ..., tn) = f(t1) + f(t2) + -+ f(tn).

Let ¥ be a family of supports defined by the function F', we consider the
homology group of X™ with coefficients in the local system X"£ and with the
family of supports ¥. We apply Theorem 2.2.2 to our case. Then, there exists
a sufficiently small 7° € R such that, for any 7 < 7°, the following isomorphism
holds:

HY(X™"X"E) ~ H, (X", A KL,

where
A, = {(tl,t27. .. ,tn) S X;%F(t17t27...7tn) < T}.

We may assume 70 < n7{ and for the fixed 7y < 70, we fix 7 < nry, where 70 is

that in Lemma 3.1.1.
Take any basis vector [c] € H, (X", A ;K" L),

c= > a5 -0 € Sp(X", Ar;H"L).
(X™—A,)Nsuppo#l

Note that ¢ is a finite sum, then supp(c) is compact. Moreover, the homology
group H, (X", A,;X"£) has a finite dimension. It follows that, if we take 0 € R
sufficiently large and put B; = {t; € X;Rf(t;) < ¢°}, for which we may assume
Lemma 3.1.1 holds, then B™ := By X By X - - - X B,, contains all the supports of the
representative of the basis vectors of H, (X", A,;X"£). Hence the homomorphism

p: Hy(B", A, NB";X"L) — H, (X", A;; K" L),

induced from the natural chain map S,(B", A, N B";K"L) — S, (X", A; K" L),
is surjective. Hence we obtain the following:

Lemma 3.1.3. Let 7 be that in Lemma 3.1.1 and 7° be as 7° < n7}. Then for
any T < 7Y, there exists a sufficiently large 0° € R, the homology homomorphism

p: Hy(B", A, N B";R"E) = H, (X", A,; K" &)

is surjective, where B™ := By X By X -++ x By, and B; = {t; € X;Rf(t;) < o'}
(i=1,2,...,n).
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For a fixed 7, < 7, using Kiinneth formula, we have the isomorphisms:

®H1 (X, A L) =~ Hy (X", A K" 8),

g
o

WhereAgl) UL, X x-+x A, x-x X, and
®H1 (B, A.,; &) ~ H,(B", A" R"¢),

i
where A(T?) =, Bx-x A, x ---x B. On the other hand, we can easily
obtain an isomorphism from Lemma 3.1.1:

Q) Hi(B. A, £) ~ Q) Hi(X, Ay, £).
Hence these isomorphisms induce the following:

Lemma 3.1.4. For any sufficiently small 7, we have an isomorphism
H,(B", A" R"¢) ~ H, (X", A", &"¢).

For the fixed 7 and ¢°, where 7 and ¢° appeared in Lemma 3.1.3, we take
7 <7 —no? and fix it. Put

Ay = {te XiRF() < 7},

[

A(") U Bx- A .- x B.

For the 7°, 71, 7,7{ taken as above, we have
A(T?) CA,NB"Cc A" c A,onB",

where fli?)7 A, fl(;f) are defined as above and

Ao i={(t1,...,tn) € X RF(t) + -+ Rf(tn) < 1°}.

Then we obtain the natural inclusion homomorphism diagram:
H,(B",A™)xng) — H,(B" A, N B";&"2)

| J¢

H,(B", A" ®rg) ———  H,(B", A", x"g)

H,(B", A, N B &) ——  H,(B", A":x"g)

| |
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such that 1 = (o (3, and 3 = (3 o (. By Kiinneth formula, the map 7; is an
isomorphism. On the other hand, we consider the homology exact sequence for
(Bn, ATI n Bn, ATH n Bn)

Hn(A-,-/ n Bn7ATN n Bn; |Z|n£> =0— Hn(Bn,A-,-H N Bn7 |Z|n£)
— Hn(Bn7 A N B"; gng) — H’I’L*l(ATI NB™ A.»NB"; Ign}:) =0.

where 7/, 7 are any sufficiently small complex numbers satisfying 7/ < 7/. This
induces 72 is an isomorphism. Hence we have the following:

Lemma 3.1.5. There exists an isomorphism of C-vector space
H,(B", A, N B";K"L) ~ H,(B", A";®"¢).

By Lemma 3.1.3, Lemma 3.1.4, Lemma 3.1.5, we obtain the homomorphism
diagram:

H,(B", A, N B"&"&) — H,(B", A", K" ¢)
pl lz
Ho(X", A Rne)  —— Hy (X", A, ne)
n

where 7 is a natural homomorphism. We can easily check that p is injective
homomorphism. By Lemma 3.1.3, p is bijective. We have proved the following
theorem.

Theorem 3.1.6. There exists an isomorphism of C-vector space:
Ho (X", A R'E) ~ Hy (X", A K2,
Let &,, be the symmetric group. &,, acts on X™:
o (ti,to,tn) = (to(1), to(2) - - - s ta(n))-

for any o € G,,. We can easily see that the action of &,, on X" induces the action
of &,, on A, and A(T?), respectively. Let X, := X™/&,, be the configuration space
of n-points (see Section 16), M a local system on X,,. There exists a canonical
topological projection

T X" — X"/G,,.

We assume 79 = X" £, then we have an isomorphism
Hy (X" /6, Ar /6,3 M) = H, (0" Se(X, Ar,; £)) 0.
By Kiinneth formula, we have an isomorphism
Ho(@"Se(X, Ayy; £))57 o~ {@"H1 (X, Ayy; €))7

Hence we have the main theorem as follows.
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Theorem 3.1.7. Let £, M be the local systems of 1-dimension C-vector space on
X, X"/6,, , respectively. Assume 7*9M = X"L. Then for any sufficiently small
Ty, there exists an isomorphism of C-vector space

Hy (X" /Gy, A7 [&n; M) = A"Hy (X, Arp; £),
where T < nTy.

This result has previously been obtained by K.Iwasaki and M.Kita in the case
of A = (1,1,...,1), i.e., the case of Aomoto-Gel'fand hypergeometric functions,
(see [7]). In their paper, the Wronskian determinant formula given by T.Terasoma
(see [18]) was understood in the sense of homology theory. Theorem 3.1.7 is an
extension of the result given by [7].

3.2 Application of the twisted relative homology theory

The subspace of A, of X can be decomposed into connected components
-1
Ar = U;cn:O U;'Lil Ajk7

where A; ,A2 k,...,An,—1,k are components each of which contains the point z; in
its closure in P!. Note that each Ajy, is contractible and we assume Aj;, contract to
a point a;,. We take a simplicial pair (K, Ko), where K is a bouquet B,,, with extra
edges which is constructed in Section 13.1, Ky is a subcomplex of B,,, only contains
O-simplexes a;;. Then the inclusion map v : |K| — X is a homotopy equivalence
between |K| and X so that the restriction of mapping vk, : |Ko| — A is a
homotopy equivalence between |Ky| and A,,. So (X, A, ) is a polyhedral pair
with underlying simplicial structure ((K, Kp),v). Let £ = £., where £, is the
simplicial local system defined in Section 13.2, then by Theorem 3.1.7 and Theorem
17.2.3, we have the following:

Theorem 3.2.1. Let £, 9 be the singular local systems of 1-dimension C-vector
space on X, X" /&, respectively. Assume that 79 = XL, where 7 : X" —
X" /&, is the canonical projection. Then there exists a canonical isomorphism of
C-vector space:

Hn(Xn/Gna AT/6n§ m) =~ /\nHl(Ka KO; SK)a

where L = L is the simplicial local system defined in Section 13.2 with e; =

exp(2mv—1a;), (1 =1,2,...,m).

4 Relative simplicial homology with local systems

4.1 Simplicial pair

Let us briefly recall some notions of simplicial local systems, and establish some
notational conventions following those of [7] and [17]. By a simplicial complex
K we mean an abstract simplicial complex. Namely, K is a collection of finite
nonempty subsets of a set V' such that the following conditions hold:
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1. forany a €V, {a} € K,
2. if 0 € K, then any nonempty subset of ¢ belongs to K.

An element o of K is called a simplex of K. A nonempty subset of a simplex
is called a face. For ¢ € K, its dimension fo is one less than the number of its
elements. The i-th skeleton of K is denoted by K7, i.e.

K'={oecK;fo <i+1} (1=0,1,..)

The vertex set of K is denoted by Vk. A g¢-simplex (¢ > 0) with vertices
ap, ai, ..., aqg € Vi is denoted by {ag, a1, ...,a4}. A subcollection of K, which itself
is a complex, is called a subcomplex of K. (K, Ky) is called simplicial pair, where
Ky is a subcomplex of K. We have Vi, C Vk.

Let K, L be two simplicial complexes. A simplicial map is a map of the set
of vertices f: Vx — Vp such that, for any simplex o € K, f(o) € L, where
flo)={f(a);a € o}. A simplicial map f : (K, Ko) — (L, Lo) is a simplicial map
K — L, such that f(Ky) C Lo.

4.2 Subdivision

There is a barycentric subdivision associated with a simplicial complex K, is de-
noted by SAK, whose vertices are the simplexes of K, i.e Vsqx = K, and whose
simplexes are the sets {0¢, 01, ..., 04}, where 0; € Vgqxk, such that

og Coyp C---Coyg.

The iterated barycentric subdivision SAK are defined for n > 0 inductively, so
that

Sd"K = K, (4.1)
SA"K =Sd(Sd"'K), n>1. (4.2)

If Ky is a subcomplex of K, SdKy := SdK|g, is a subcomplex of SAK.
(SAK,SdK)j) is called the barycentric subdivision of the simplicial pair (K, Kj).

Lemma 4.2.1. If Ky is a subcomplex of K, then SAKq is a full subcomplex of
SdK.

4.3 Local systems on simplicial complexes
We defined a local system £ = (£, &) of C-vector spaces on K.

Definition 4.3.1. A local system £ = (£4,&a) of C-vector space on K is an
assignment:
(1) Vk 2 a— £, : C vector space,
(2) KM > {a,b} — &q : Lo — Ly : isomorphism,
such that
(1) for any a € Vi, &ua is the identify map on £,
(”) fOT’ any {a7b7 C} € K(Q); fcb o Eba = gca-
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Remark 4.3.2. For Ky C K, the restriction of the local system £ on K to K
gives a local system £|k, on Ko. The pair (Ko, £|k,) is also denoted by (Ko, £).
So the simplicial pair (K, Ko) with local system £ is denoted by (K, Ko; £).

Definition 4.3.3. For any simplex o of K, a section of £ on o is a map
u:odar—ufa) € L

such that
u(b) = Epau(a), for any {a,b} € 0.

The set of all sections of £ on o is denoted by £,.

4.4 Pull-back of local systems

Let (K, Ky),(L,Ly) be the simplicial pairs, f : (K, Ky) — (L, Lp) a simplicial
map, i.e. f is a simplicial map K — L such chat f(Ky) C Lo. Let £,9% be the
local systems on K and L, respectively.

Definition 4.4.1. A local system map over f is a pair
(f, ) : (K, Ko; £) — (L, Lo; M),
where ¢ = {@q} is a collection of homomorphism of C-vector space
a Lo — My(a), (a € Vk)
such that, for each {a,b} € KW | the following diagram is commutative:

Lo —— My(q

gbal lnf(b)f(a)

£y —— M,
b f(®)

There is a category of simplicial pairs (K, Ky) and local system maps (f, ).
This category is called the category of local systems and is denoted by L. A
simplicial map f : K — L induces a covariant functor f* : L(L) — L(K) called
pull back functor, where IL(L),L(K) are the categories of local systems on the
simplicial complex L, K, respectively.

Definition 4.4.2. Given a local system £ = {£4,&a} on L, put
(fL)a= Sf(a) (a € Vi)
(Fba =&y ({a b} € KW).

Then f*£ = {(f*L)a, (f*E)pa} becomes a local system on K, called the pull-back
of £ by f.

Remark 4.4.3. A local system map
(fa QO) : (Kv KO; f*E) — (La LO; 2)
where ¢ = {@a}, 0o : (f*L)a = L) (a € Vi) is well-defined.
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5 Polyhedra

5.1 The topological realization

For a simplicial complex K, let |K| be the set of all functions o : Vg — [0, 1]
such that
(1) For any «, supp « is a simplex o of K,
(2) Forany o, >, ., a(a) =1,
where supp o := {a € Vk;a(a) # 0}.
We provide the set |K| with the coherent topology ([17] Chapter 3 §2 ). Then
|K| is a topological space of K.

Remark 5.1.1. (1) For any subcomplex Ko of simplicial complex K, |Ky| is a
closed subset of |K]|.

(2)If {Ko;}jes is a collection of subcomplexes of K, then U|Ky;| = | U Ko,
and ﬂ|K0j‘ = ‘ N K0j|.

Remark 5.1.2. For a simplicial map f: K — L, let |f| : |K| — |L| be the map
defined by

fl(e) = Y ala){f(a)),

acVi
where for a,b € Vi,
)1 (b=a)
(@) 0) 5= {0 o

Then |K| — |L| becomes a continuous map.

5.2 The polyhedral pair

Let (K, Ky) be the simplicial pair, we call the topological realization associated
with (K, Ky) a topological space pair (| K|, |Kp|).

Definition 5.2.1. Let (X, A) be a topological space pair. (X, A) is said to be an
polyhedral pair if there exists a simplicial complex pair (K, Ky) and a continuous
map f : |K| — X such that f is a homotopy equivalence between |K| and X,
and flix,| : |[Ko| — A is homotopy equivalence between |Ko| and A. We call
(K, Ky); ) an underlying simplicial structure of (X, A).

Remark 5.2.2. In the usual definition of polyhedral pair, the above condition on
f is replaced by the one that [ : (|K|,|Ko|) — (X, A) is a homeomorphism.

6 Group action

6.1 Group action on simplicial complexes

Let K be a simplicial complex and G be a group. Let AutK be the group of all
simplicial automorphisms of K. A group action of G on K is a group homomor-
phism p: G — AutK. For g € G and a € Vi, we simply write p(g)a = ga. Then
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for any simplex o = {ag, a1, ...,aq} € K, go = {gao, ga1, ..., gaq} becomes another
simplex of K.

If G acts on K, we define a simplicial complex of K/G as follows. The vertices
of K/G are just the orbits [a] = Ga of the action of G on the vertices of K, i.e.
Ve = {Ga;a € Vi }, and we take the simplexes of K/G to be those simplexes of
the form {[ao], [a1], ..., [aq]}, where {ao, a1, ...,aq} is a simplex of K. The simplex
{ao, a1, ...,aq} is said to be over the simplex {[ao], [a1], ..., [aq]} of K/G. We have
a natural projection

m: Vg — Vi/a, a — [a],

then the projection

m: K — K/G, {ap, a1, ...,aq} — {[ao], [a1], ..., [aq]}

is a simplicial map.

6.2 The regular action
Given a simplex ¢ of K/G, we put
O(oc)={6€ K;n(6) =0}
O(o) is called the set of all simplexes of K over o. The action of G on K leads to
that on O(o).

Definition 6.2.1. If G acts on O(0) transitively for any simplex o of K/G, then
the action of G on K is said to be regular.

Remark 6.2.2. If G acts on K regularly, then for any o € K/G, O(o) forms an
orbit of the action of G on the simplexes of K.

Let (K, Ky) be a simplicial pair, G a group. Then we consider the restriction
of the action to Ky. If K is invariant under the action of G, i.e. G(Ky) = Ky,
where

G(Ko) :={go;g9 € G,0 € Ko},

then for any o € Ky and g € G, we have go € K. Hence we obtain a subcomplex
Ky/G of K/G, so that a simplex of K/G is a simplex of K(/G if and only if there
exists a simplex & of K such that 7(6) = 0. For o € Ky/G, we put

O(o) ={6 € Ky;m(6) = 0o},
O(o) forms an orbit of K. Hence the regular action of G on K implies that on K
and 7 : (K, Ky) = (K/G, Ky/G) is a simplicial map.
6.3 Group action on the subdivision SdK

Let SAK be the subdivision of the simplicial complex K, G a group. The action
of G on K induces an action of G on SAK in a natural manner:

G x Vsak — Vaar, (9,0) — go.

We have the following:
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Lemma 6.3.1. Let K be a subcomplex of K. If Kq is invariant under the action
of G, then SAKy is also invariant under the action of G.

Proof. For any g € G and 6 = {09,071, ...,0,} € SdKp, we have
96 = {900, go1, ..., gog} € SAK

and for o; € Ko(i = 0,1,...,q), Ko is G-invariant, then gog € Ky. On the other
hand, SdK, is full subcomplex of SAK and go; € Veax, = Ko (¢ = 0,1,...q),
then gd € SAdKy. Hence G(SdKy) = {gd;9 € G,0 € SAdK} = SAK,.

The following theorem is important:

Theorem 6.3.2. (/7] Theorem 8.3.2) If G acts on K, then G acts on SA°K
regularly.

7 External product

7.1 The external product of simplicial pair local system

Let K41, Ko, ..., K,, be ordered simplicial complexes, Kq1, Ko, ..., Ko, the subcom-
plex of K, Ko, ..., K, respectively. Let £;, (i = 1,2, ...,n) be the local systems on
K;, (i=1,2,...,n). The direct product of K;, K», ..., K, was described explicitly
in [7]. We refer to the Definition 7.1.3 and Definition 7.2.1 in [7]. We can define
the direct product of the simplicial pairs (K71, Ko1), (K2, Ko2), ..., (Kpn, Kon) in the
same way.

We use the following notation.

o K =K; x Ko x---x K, : the direct product of K1, Ko, ..., K,,

o Kl = Ky x -+ x Ko; x -+ x K,: the direct product of K7, ..., Ko, ..., Kp,

(K, M) = (K17K01) X (KQ,KOQ) X e X (KnyKOn)

= (K1 xKyx---xK,, KIMUKPIU. . .UK"): the direct product of simplicial
pairs (I(l7 [(01)7 ceey (K", Kon),

Vi = Vi, x Vi, x -+ x Vi, : the vertices of K,

£ = (£4,%0) @ the external product of £4,...,£,, where for each vertex
a=ay X ag X - Xap, b="by X by x - x b, € Vi, and {a,b} € K,

L£a=(£1)a, ® - ®(£n)a

n

fba = (gl)bhal Q- Q (gn)bnaan'

(K, M; L) is denoted as X (K, Ko;; £;) and is called the external product of
(K1, Ko15£1), ooy (Kpy Kon; £5). We write £ = £;K---XK£,,. The partial order on
Vi is the lexicographic order, i.e., for a = a1 Xag X« -+ X a, and b = by Xby X+ - X by,
we put a < b if and only if a; = b; (j < i)) and a; < b; for some i € {1,2,...,n}.
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e ¢=(q1,42,---,qn) : an n-tuple of nonnegative integers,

T :(I1+Q2++%7 (7’: 1,27...,71),
o ji = (ji1,Jizs---»Jig;) & gi-tuple of integers such that

1< <Jin << Jig, <1,

e j=(j1,42,--,Jn) : the map from {1,2,...,r} into itself defined by

j:(l e 71 7"1_'_1 e 79 PN ',"n_l_l’_l e 7‘n>
Jii o i Jai v Joge vt 1 o Gngn )
e J(q): the set of all j’s such that j € &,,
o 0, ={aio, i1, - .., 0iq }: & g-simplex of K; such that a0 < ai1 < - < a4q;,
e X(q) ={o=(01,09,...,0,) : 0; is a ¢;-simplex of K;}.
e (0;7): the simplices of K, for any 0 € X(q) and j € J(g), is defined as

follows. For i =1,2,...,n, we put

0 Jir Jiai "
(bi07bi17 .. 'ab’ir) = (ai();- sy @30y Agly e e ey Bgly e v vy Ay - - - 7aiQi)'
For £k =0,1,...,r, we define a vertex c; of K by cx = b1 X bap X -+ X bug.
Since j € J(q), we have ¢cg < ¢; < -+ < ¢, in the lexicographic order.

Now we define (o;j) = (01,...,0n;51,---,Jn) by (0;7) = {co,c1,...,¢-}. A
simplex of K is, by definition, a nonempty subset of (c; j) for some o € X(q)
and j € J(q). Clearly, the partial order on Vi induces a total order on every
simplices of K.

7.2 The symmetric group acts on the external product

Let (K;, Ko;), (i = 1,2,...,n) be the simplicial pairs, £;, (i = 1,2,...,n) the lo-
cal systems on K;(i = 1,2,...,n). Let &, be the group of all permutation of

{1,2,...,n}.
For 7 € &,,, we use the following notation.

TK :Kr(l) X KT(Q) X X KT(TL)?
TK['L] :KT(I) X X KOT(i) X oo X K,,.(n),
TL :»87-(1) X )3.,.(2) X...X QT(n),
(K, M) =(tK,7M) = (+K,7rKl urK® u...urKM).

For each vertex a = a1 X as X --- X a,, € Vi, we define
T: Vi — Vik, a1 X ag X -+ X an — ar(1) X Gr(z) X **+ X Qr(n),

T: 80— (T€)r(a), W1 U2 ® -+ @ Up > Ur(1) @ Ur(2) @ -+ @ Ur(n)-
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Then 7 : (K, M;£) — (1K, 7M;7£) is an isomorphism of the category L of local
systems.
We shall consider the following special case:

(K, Ko; £) := (K1, Ko1; £1) = (K2, Ko2; £2) = -+ - = (K, Kon; £5)

In this case, we write

n times
K'=KxKx--xK,

i

Kéi]:Kx---xK0x~-~xK
M =ur K

n times

—~
X'E=CXEX - -KL.

9

Then there is a natural action of &,, on (K";X"£). We obtain the following:

Lemma 7.2.1. U?ZlK([)i] is an &, -invariant subcomplex of K™.

8 Relative chain complexe with a local system

8.1 Chain complex with a local system

Let K be a simplicial complex, we let K,,.q denote a set of all ordered simplexes
of K (see [7] Definition 9.1.1) and K,,; a set of all oriented simplexes of K (see
[7] Definition 9.1.3). If ¢ is an ordered simplex of o, where o is a ¢g-simplex of K
then o is said to be the simplex under ¢. We put o = (¢). Let ¢ be an ordered
simplex over a g-simplex o and [¢] the equivalence class determinded by ¢. We
have a sequence of forgetting maps:

Kord — Kori — Ka ¢ = [QS] — <¢>

Let K be a simplicial complex. An ordering of K is a right-inverse K —
Korg, 0 — ¢ of forgetting map K,.q — K. Similarly, an orientation of K is a
right-inverse K — K,.;,0 +— & of the forgetting map K,.;, — K. An ordering
0 +— ¢, induces an orientation o — ¢ = [¢,], called the associated orientization.
If K is an ordered simplicial complex , then the associated orientization is called
the natural orientization of K . In the case of K is an ordered simplicial complex,
the natural orientization will be chosen unless otherwise is stated explicitly.

Let K be the simplicial complex, £ a local system on K. Given an orientization

K — Koriyo :={ao, a1, ...,aq} = [ag,a1,...,aq] =: G,

then any oriented chain ¢ € Co(K, £) is uniquely expressed in the formal form

c= E Uy T

ceEK
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such that
(1) for each 6 € Koppi, uy € Lo,
(2) supp(c) := {o € K;u, # 0} is a finite set .
We shall often express an oriented chain ¢ by

c= E UgO

ceK

for simplicity of notation.

Forcy =) uso,ca =) v,0 € Co(K, L), we define c14+co =) (us+v,)o €
Co(K, £), then Co(K, £) becomes a C-vector space. The boundary operator is a
homomorphism of C-vector space

Op: Cp(K, £) — Cyr (K, £)

defined by

Opc = Z Z [6: T)(ug|r)T

ceK teK

where 7 is a principal face of o (see [7] Definition 9.2.1) and, [5 : 7] is the incidence
number (see [7] Definition 9.7.1). We can easily check that 92 = 0.

8.2 Relative chain complex with a local system

Let (K, Ky) be a simplicial pair, £ a local system on K. Then the chain complex
Ce(Kp, £) can be considered as a C-vector subspace of the chain complex Cq (K, £)
in the natural way. We have the following:

Definition 8.2.1. Let (K, Ky) be a complex pair, £ a local system on K. The
quotient C-vector space Co(K, £)/Ce(Ko, £) is called the relative chain complex of
(K, Ko; £) and is denoted by Co(K, Ko; £).

The element of Co (K, Ko; £) = Co(K, £)/Cae(Ky, £) is residual class c+Clq (Ko, £),
(c € Co(K, L£)). Then Co(K, Ko; £) with the boundary operator

O(c+ Cy(Ko, £)) = 0c+ Cy—1(Ko, £), (c e Cy(K, L))
becomes a chain complex. Note that the boundary operator
0:Cy(Ko, L) = Cy_1(Ko, £)
is just the restriction of the boundary operator on C, (K, £).
Remark 8.2.2. (1) A relative q-chain c+ Cy (Ko, £) is a relative cycle if and only
if Oc € Cy—1(Kop, £).

(2) A relative g-chain ¢ + Cy(Ko, £) is a relative boundary if and only if ¢ =
od + ¢ (dECq+1(K,£),C/GCq(Ko,S».
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8.3 The subdivision isomorphism

Let SAK be the subdivision of simplicial complex K, Sd€ = {(Sd€),, (Sdf),o}
the local system on SAK. There exists a natural chain map

(Sd : Cu(K, Ko; £) = Co((SAK, (SdKo; (SAL).

For any subcomplex Ky of K, we let SAK| denote the induced subdivision of Kj.
Then we have the following;:

Lemma 8.3.1. The subdivision
Sd : Co(K, Ko; £) — Co(SdK,SdK; SAL)
s a chain homotopy equivalence.

As in the classical case where the local system £ is trivial, the method of
acyclic models works out to prove this lemma. So the proof is omitted. Lemma
8.3.1 immediately imply the following:

Theorem 8.3.2. There exists an isomorphism of C-vector space:

Sd : Hy(K, Ko: £) — H(SAK, SdKy; SdL).

9 The isomorphic relative chain complex

9.1 Group actions on relative chain complexes

Let K be a simplicial complex, G a finite group, G act on K regularly. Assume
Ky is a G-invariant subcomplex of K.
Let m: K — K/G be the canonical simplicial map, then

T (K, Ko) = (K/G, Ko/G)

is a canonical simplicial map.

Let £ be a local system on K. An action of G on (K, Ko; £) induces an action
of G on the chain complex Co(K, Ko; £). For any c € Co(K; L), ¢ = Y ) Uo0T,
the action of g € G on c is given explicitly by

gec=g Z UpT = Z (gus)(go),

oK ceEK

where u, € £, is defined in Definition 4.3.3, and ¢ : £, — £4,, u — gu is defined
by
(gu)(a) = g-u(g 'a), a€ go.

Hence we have the following :
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Lemma 9.1.1. Let £ be a local system on K/G, then the canonical simplicial
map 7 : (K, Ky) = (K/G, Ky/G) induces a chain map

7 Co(K,Kop;7* L) = Co(K/G, Ky /G; £),
¢+ Co(Kp; L) = e+ Co (Ko /G; L)

where mc =Y 7y (U )T(0)
and 7 : (1*L)s = Lr(o), Uo = To(Us) is defined by
(7o (us))(a) = (T(x| ,)-1(a) O Us © (7]o) ") (a), @€ (o),

7|le : 0 = w(0o) being a restriction of w to o € K.

9.2 The transfer
Let Co(K, Ko; 7 £)% be the G-invariant part of Cy(K, Ko; 7*£), i.e.
Co(K, Ko 2)¢
={c+ Co(Kp;m"L) € Co(K, Ko; 7" L); he = ¢ mod Co(Ko; L) for any h € G}.
Then the inclusion map C, (K, Ko; 7 L)% < Co(K, Ko;7*£) induces a natural

chain map
7 Co(K, Ko; 7 8)% — Co(K/G, Ko/G; £).

We shall prove that the chain map 7 is an isomorphism. To see this, we construct
its inverse chain map, called the transfer.

Definition 9.2.1. Assume G is a finite group and G acts on K regularly. Let K
be a G-invariant subcomplex of K. The transfer

tf: Co(K/G, Ko/G; £) — Co(K, Ko; 7 £)¢
is defined by
1
tf(uo + Co(Ko/G; £)) = = > (7 ulgs)(95) + Co(Ko; 7 L),
1G
geG
where 0 € K/G, u € £, and 6 € O(o) ={6 € K;7(5) =o}.

By assumption, G acts on O(o) transitively. So the sum is independent of
the choice of ¢ € O(c). Moreover, for any o' € Ko/G and ¢/ € O(0'), we have
go' € Ky since K¢ is G-invariant. This implies that ﬁLGdeG(7r*u|go-,)(g(r’) €
Co(Kp;m*L). So this definition is well-defined.

Lemma 9.2.2. tf(uo + Co(Ko/G; £)) € Co( K, Ko; 7 £)C.
Proof. By Definition 9.2.1, for h € G and ¢ = uo + Co(Ky/G; £),

tf(c) = ﬁ% > (mulgs) - (95) + Co(Ko; m*L).
geqG
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For any h € G,
1 *
hﬁ—GZ(ﬂ Ulgs) - Zhw ulgs) - (hgo).
9eG geG

On the other hand, for any & € O(o) and any a € ha,

(h - (r*ul3))(a) = (7*uls)(h™" ()
= u(r(h™' () = u(r(a)) = (T"ulns)(a),

this implies that h - (7*uls) = 7*u|ps. Then h - tf(uo) = tf(uo). Hence for any
h e G,
h-tf(uo) = tf(uo) mod Co(Ky;L).

This establishes the lemma.

Lemma 9.2.3. The transfer is the inverse of the natural chain map =, i.e.
motf =id|o,(k/c Ko Gi0)
tf oM = id|C,(K,K0;7\-*£)G .

Proof. For any g € G and ¢ € O(o), we have m5(96) = o, where 75 :
(m*L)s = Lr5) = Lo Then 7, (7*ulgs) = ulr, (95) = Uls = us € £,. Hence

o o tf(c+ Co(Ko/G; £)) =m - tf( > uy -0+ Co(Ko/G; £))

ceK/G
1 § N \
—W(ﬁ—GZ Z (m*ulgs) - g + Co(Ko; 7" L))
9g€G oeK/G
Z D w(mulgs) - w(g5) + Co(Ko/Gs £)
geGaeK/G
T Z 7 up o+ Cu(Ko/G: £)
9€G oeK/G
Z Uy -0+ Co(Ko/G; £).
0cEK/G

This shows 7 o tf = id|c, (k/c,K,/c;c)- On the other hand, let
c+ Co(Kp;m*L) = Z Uy - 0+ Co(Kp; m*L)
ceEK

be any element of Co(K,Ky;7*€)%, where u, € (7*£),. Similarly we have
T (U )|o = Ug for my : (7°L)6 = £5(5). Then

w(e+ Co(Ko;m*2)) = D mo(ug) - (o) + Co(Ko/G; £)

ceEK
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and hence
(tfom)(c+ Co(Kp;m*L)) :ﬁ% (7T (Ue)|go) - (g0) + Co (Ko, m* L)
geGoeK
:ﬁ% 9(m" 7o (uo)]o) - (90) + Co(Ko; 7" L)
geGoeK
:ﬁ% S 3 (gus) - (90) + Cal(Kos 7°2)
€GoeK
1
Tl

Zzaowm, Y
€eGoeK
+

Ko,T( 2)

Z
€eG

Z + Co(Ko;7* £)
€G
o

=c+ Co(Kp;7*L).

This shows tf o m = id|c, (k,Kky;x-¢)c- Hence the lemma is established.
Lemma 9.2.2 and Lemma 9.2.3 induce the following:

Theorem 9.2.4. Let G be a finite group, G act on K regularly and Ky be G-
invariant. Then the chain map

7 Co(K, Ko; 7 2)% — Co(K /G, Ky/G; £)
s an isomorphism.

Corollary 9.2.5. If G is a finite group, G acts on K regularly and Ky is G-
invariant, then the transfer induces an isomorphism

tf: Ho(K/G, Ko/G; £) — Ho(Co(K, Ko; 7*£)%).
Moreover, we have the following:

Theorem 9.2.6. ([7] Theorem 12.3.2) There exists a natural equivalence i, in-
duces an isomorphism

in = (ix)c, - Ho(CS) —s Ha(CW)C.

Composing these isomorphisms in Corollary 9.2.5 and Theorem 9.2.6, we obtain
the following:

Corollary 9.2.7. Let G be a finite group, G act on K regularly and Ky be G-
invariant. Then there exists an isomorphism of C-vector space:

tf: Ho(K/G, Ko/G; £) — Ho(K, Ko; £)°.
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10 The relative chain complex of external prod-
ucts

10.1 The cross product

Let (K, Ko;) be the ordered simplicial pairs, £; the local systems on K; (i =
1,2,,...,n). The external product of (K, Ko;; £:), (j € J(q)) is defined in Section
7.1 and let 0 = (01,...,0n) € X(q), and j = (J1,...,Jn) € J(g). We denote by
(03 7) a simplex of K (see Section 7.1). We put £=£, KL X--- X E,,.

Definition 10.1.1. The cross product
C.(Kl, K()l; 21) X CO(Kn7KOn; 2,7,) — C.(K, M, 2)
(ulal +C.<K01; £1))® ' '®<un0n+Co<K0n§ Sn)) = Uupop X - Xunon"’CO(M; 2)

i a chain map defined by

WL X Us0 X+ X UnOn =Y, (5gn5)u(o) + (73])
Jj€J(a)
where u; € £, 0 € Ky (i =1,2,...,n) and w5 € L5,y i defined by
Uiy (@) = ur(ar) ® ug(az) @ -+ @ uy(an)

forai X ag X -+ X ap, € {0} 7).

10.2 &,-equivariance of the cross product

We shall give an &,,-equivariance of the cross product. To see this, we define a
chain isomorphism for any 7 € &,, as follows.
(i) For a weight (q1,...,qn), put

ATy, ooy T qLy e oy n) = 1—[(1‘Z —x;) 09,

i<j

(ii) For 7 € &,,, the weight signature of 7 with weight ¢ is the number sgn,m €
{£1} defined by

A(xru),xf(g), <3 Tr(n)s 4r (1), 4r(2) - - -7q‘r(n)) = (8gngT)A(T1, -+ s Tni q1y -+ -5 Gn)-
For any 7 € &,,, define

T Co(Klv KOl; 2/1) Q- ® Co(Kna KOn; gn)
= Co(K7(1), Kor(1); £7(1)) @ -+ @ Co(Kr(n)s Kor(n)i Lr(n))

by

(T(Ulgl + CO(KOH 21)) R ® (Uno'n + C.(KO'IL; £n)))
= sgnq(T)((uT(l)O'T(l) + C.(KO,,.(l); 27(1))) ®--® (UT(n)UT(n) + C.(KO.,_(H); ST(n)))a
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where 0 = (01,...,0,) € E(¢) and u; € £,, (i =1,...,n).
Note that
T (K, M;8) = (tK,7TM;7L)

is an isomorphism (see Section 7.2). By Definition 10.1.1 and the chain isomor-
phism defined above, we can easily show the following:

Lemma 10.2.1. For any 7 € G,,, there is a commutative diagram of chain com-
plexes:

Co(K1,K01;£1) ® -+ @ Co(Ky, Kon; £1) ——  CJ(K,M;£)

Tl lT

Co(Kr(1); Kor(1); £7(1)) @ -+ - @ Co(Kr (), Kor(n); £r(n)) — Co(TK,7M;7L)

10.3 The special case

Let us consider the special case where
(K, Ko; £) = (K1, Ko1; £1) = - = (K, Kon; £0),

we put
®C.(K, Ko; £) = Co(K, K0; £) @ - @ Co (K, Ko; £).

Co (K™, M;X"L) := Co((K, Ko; £) x -+ x (K, Ko; £)).

Lemma 10.3.1. The cross product

Q) Co(K, Ko; £) — Co(K", M; K" L)
is a chain homotopy equivalence.

We can use the method of acyclic models to prove this lemma as the classical
case where the local system is trivial. So we omit the proof here.

The group &,, acts on the chain complex ®@"C, (K, K¢; L), Co (K™, M;X" L),
and hence on the homology groups He(®"Ce(K, Ko; L)), He(Co(K™, M;K"L)).
Using Lemma 10.2.1 and Lemma 10.3.1, we obtain the following:

Lemma 10.3.2. The cross product
Ho(R"Co(K,Ko; £)) — Ho(Co( K™, M; X" L))

is an &, -equivariant isomorphism.
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11 The Kunneth formulae

In the paper, any local system is a local system of C-vector space. Then the
Kiinneth theorem simplifies considerably in this case:

Theorem 11.1. (The Kinneth formula) Suppose the chain complexes Co and
D, ar those of C-vector spaces, and the boundary operators are vector space ho-
momorphisms. Then H,(C,) and Hy(D,s) are C-vector spaces, and there is a
natural isomorphism of C-vector spaces

Q Hy(Ca) ® Hy(Da) — Hu(Co® D).
ptg=m
As an application of the Kiinneth formula, we obtain the following:

Theorem 11.2. Let C, be a chain complex of C-vector space such that Hy(Co) =0
if ¢ £ r. Then we have

(1) Hy(®"C,) =0 if ¢ # nr, and

(2) there exists a natural isomorphism of C-vector space:

G éHT(CJ — Hnr(®n00)

where ¢ is induced from the inclusion map

Q) Z:(C) — Zun(7C).

Proof. We show this theorem by induction on n. If n = 1, there is nothing to
show. Assume that the theorem holds for n — 1 with n > 2. Put D, = " 1C,,
by virtue of theorem 11.1, there exists an isomorphism

R H,y(Co) @ Hy(@"71C) — Hp (97 C).

p+g=m
Since H,(Co) =0 (p # r), we have an isomorphism
M+ Hy(Ca) © Hyyr (@771 Co) — Hin(9"Cy),
where 1, » is induced from the inclusion map
Zp(Co) @ Zim—r(@"1Co) — Zn(®"CL).

If m # nr, then by induction assumption, H,, .(®" 'C,) = 0. So we have
H,,(®"Cs) = 0. This establishes (1) of Theorem.
To prove (2), we consider a commutative diagram of C-vector space:

®7L H’!(CC) HT(O.) ®H(n71)r(®n—10.)

H l"

®7l HT(CO) <—> Hn7(®nco)

1®¢n—1
e
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where (,, is induced from the inclusion map

é Z,(Ca) — Zop(27Cl)

By induction assumption, ¢,—1 is C-vector space isomorphism. Since H,.(C,) is
C-vector space, 1 ® (,—1 is also an isomorphism. Moreover, the isomorphism 7, ,
implies that 7y, is an isomorphism. Hence ¢, is an isomorphism.

12 Twisted relative homology associated with the
configuration space

12.1 The configuration space of n-points

Let K be a order simplicial complex, £ a local system of C-vector space on K. In
the paper [7], the configuration space of n-points in K is defined by the quotient
simplicial complex

K, :=Sd’K"/&,,.

Note that the natural action of &,, on SA2K™ is regular.

Let K¢ be a subcomplex of K. The external product of n-factors (K, Ko; £)
is denoted by (K™, M;X"£), see Section 7.2. By Lemma 6.3.1 and Lemma 7.2.1,
we obtain the following;:

Lemma 12.1.1. Sd*M is a subcomplex of M which is invariant under the action
of S,,. We denote SA>M/S,, by M,,.
12.2 Twisted homology of the configuration space

Let £ , 9 be the local systems of C-vector spaces on K, K,, respectively, Sd£
the local system on SAK. We obtain a local system Sd* X" £ on Sd*2K™. We let
7 :Sd’K"™ — K,, denote a canonical projection.

Theorem 12.2.1. Assume m*9M = SA2X" &. Then there exists a natural isomor-
phism of C-vector spaces:

Ho(K, My M) — He(2"Co(K, Ko; £))°".
Proof. We can apply Corollary 9.2.4 to obtain an isomorphism
Hoy (K, My,; M) = Hy(SA*K™, Sd* M; w*90) Sn
= H,(SA*K™,Sd*M;Sd* X" £)®.
On the other hand, by Theorem 8.3.2 we have an &,-equivariant isomorphism
Ho (K", M;X"8) — Hy(SA*K™, Sd*M;Sd* X" &)
which induces an isomorphism

Ho(Sd?)™": Hy(Sd*K™,8d*M; Sd® K" £)°" — Ho (K", M;X"£)"".
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Hence we have an isomorphism
Hy (K, My; M) — Hy(K™, M;X"£)%n,
Moreover, by Corollary 10.3.2 we have
Hy(®@"Co(K,Ky; £))" — Ho (K", M;R"£)%".

These isomorphism establish the desired isomorphism.
We have the following main theorem.

Theorem 12.2.2. Assume 7*9 = SA* K" £ and H, (K, Ko; £) =0 (¢ # r). Then
we have

(1) Hq(Knanamt) :O (q;énr),

(2) Hpr(Kp, Mp; M) ~ {Q" H,.(K, Ko; £)}°" is a canonical isomorphism of C-
vector space.

When r is odd, (2) implies that there is an isomorphism
Hiy (K, My; M) ~ A" H, (K, Ko; £),
where N"H,.(K, Ko; £) denotes n'" exterior power.
Proof. 1If ¢ # nr, Theorem 11.2 (1) implies that H,(®"C, (K, Ko; £)) = 0 and
hence H,(®"Ce(K, Ko; £))®" = 0. Using Theorem 12.2.1 we obtain H,(K,,, M; M) =

0. Next, we consider the case ¢ = nr. By Theorem 11.2 (2), we have an isomor-
phism

&) Hr (K. Ko £)) = o (9" Ca(K, Ko: £)),
which induce an isomorphism
(R H (K. Ki: £))) O = (9" Cu(K Ko: £))".

By Theorem 12.2.1, we obtain an isomorphism

Hyp (K, My 9) ~ {Q) H, (K, Ko; £)}°.

We have obtained the desired isomorphism.

13 Local systems on a bouquet

13.1 Bouquets

We construct a bouquet B,, as follows. B,, is a 1-dimensional ordered simplicial
complex whose vertices are ax1, ak2;..-,ak,1,—1,Ck1,¢k2 (K =0,1,...,m), c and whose
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ordered l-simplexes are (¢, ag1),...,(¢, ag1,—1), and (¢, cr1),(ck1, cr2), (cr2,c¢), (k=
0,1,...,m).

Given m-points x1, za, ..., T, in C, we take Ap = A(e, cg1, cr2) is the triangle
in C with vertices ¢, cx1, ck2 so that xy is in the interior of Ay and z;(k # 1) is
in the outside of Ag. The orientation of Ay is given by m . We may assume
that this orientation coincides with the anti-clockwise orientation of C.

We take K = B,, with vertices ak1, ..., ak,1,—1,Ck1, k2 (K =0,1,...,m) and ¢,
K is a 0-dimensional simplicial complex with vertices a1, ..., ak,lk,l(k’ = 0, 1,...,
The topological realization |K| of K is the union of m-triangles A and n-edges
[C, aik} (’L = ].7 2, ceey lk - 1)

K= (J 200 U lea:
k=1 k=0 =1

13.2 Local systems on a bouquet
Let e1,e9,....,e,, € C*, K = B,, the m-bouquet. Put e = (e, e2,...,e,,). We
define the local system £ = £, of C-vector spaces on K by
Len =Le, =L.=C (k=1,2,...,m)
Lajy = Loy, = = Sak,lk—l =C (k=0,1,...,m)
and
€Ck1,c : ‘80 — Sckn gckl,c = id(C
gckQaCkl : £Ck1 - Sckza gckg,c = id¢
gC,Ckz : ’QCkQ — Sc; fc,ckg = e} -id¢

Earire Lo = Layyr Eapsoc = idc.

The chain groups are

m m lg—1
Co(K, £) = @) (Cer @ Cexs) & Ce P EP Ca,
k=1 k=0 i=1
m lk 1
Oy ( @{(C (¢, cr1) ® Clegr, cra) ® Cega, ¢ }@ @ Cle, agi)-
k=0 i=1

and the boundary map 9 : C1(K, £) — Co(K, £) is defined by

m m lkfl
(Y uk(e, ern) + vilcrt, ko) + wi(ch2, ) + > > skilc, aki))
k= k=0 i=1
= {(ur —vp)err + (v — wi)cr2} + Z(ekwk — ug)c
k=1

I MS [ANgE -

§ Ski ak)z - 7

m).
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where ug, vg, Wi, Ski € C. Let

m

D:C" - C  (UpyeeyUpp) — Z(ek — Duy
k=1

The boundary group By(K; £) consists of elements of the form:

m m
> (vrert + wier) + Y _{(er — Vg — ex(vi + wi) Je
k=1 k=1

£35 saton 0

k=0 i=1

where ug, vg, wi, sk € C. The cycle group Z;(K; £) consists of elements of the

form:
m
E UROk,
k=1

where o, = (¢, cg1) + (ck1, cr2) + (cr2, ), and (ug, uz, ..., um) € kerd.

13.3 Homology of (K, Ky; £)

Clearly, we have the following:

Lemma 13.3.1. (1) Ho(K; £) =0 if and only if ® : C"™ — C is surjective.
(2) Hi(K;8) = Z1(K; £) ~ ker®.

By the lemma, we can easily obtain the following:
Proposition 13.3.2. If & : C™ — C is surjective, then
(1) Hy(K;£)=04ifq#1,

(2) Hi(K; L)~V

where Ve = {(u1,u2, ..., up) € C™; 30 (1 —e;)u; } = 0.
Note that
m lp—1
K07 @ @ Cak?a
k=0 =1

and we have dc = 0 for ¢ € Cy(Ky; £). Hence we have
Ho(Ko; &) =~ Cmh

where n =" Ik
From the Lemma 13.3.1 and the homology long exact sequence for the pair
(K, Ky), we have
0 p#1
Hy(K, Ko; &) =4 ", 7
C p=1

By Theorem 12.2.2; we obtain the following:
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Theorem 13.3.3. Let m : SA°K™ — K,, be the canonical projection, M a local
system on K. Assume that 79 = SA* K" &, where £ = £., and that ® : C™ — C
is surjective. Then

0 q#n

H, (K, M,; M) ~
ol ) {/\”Hl(K,KO;E) g=n

14 Relative Singular homology with local systems

14.1 The singular local systems

Let X be a topological space., £ a local system of C-vector space on X. Let A4
be the standard g-simplex with vertices vg,v1,...,v4. For any singular g-simplex
o: A7 — X let v, be the curve in X defined by

Yo (t) := o ((1 — t)vg + tvy) (0<t<1).

There is an isomorphism

£(70) + Lo(vo) = Lour):-
We define the singular chain complex with coefficients in the local system £ as

follows:

Definition 14.1.1. A g-chain c € S¢(X; £) is a formal sum:
=Y uy o
ag

where the sum is taken over all singular q-simplez o in X, us € L5(y) and ug =0
except for a finite number of o’s. The boundary operator

0:54(X; L) — S4-1(X; 8)
is defined by

oc = Z{f(’ya)(ug) . (900' + ;(_1)1’,&0 . 81-0'},

where ;0 is the ordered (¢ — 1)-simplex defined by 0,0 = o o A} restricted to
{0,1,...,q — 1} fori =0,1,...,q (see [7] Remark 9.1.4, Definition 9.2.6). For
d =% ,u, o, we define

c+c = Z(u,I +ul)o.

g

If X is a topological space and A is a subspace of X, the local system £ on
X restricted to A induces a local system £|4 on A, we also denote £|4 by £.
There is a natural inclusion map Se(A4; £) — Se(A; £). The quotient chain com-
plex So(X, A; £) := S¢(X; £)/Se(A; £) with boundary operator 0 : S, (X, 4; £) —
Sp—1(X, A4; £) is called the singular chain complex of the pair (X, A) and its ho-
mology group He(X, A; £) is called the singular homology of the pair (X, A) with
coefficients in the local system £.
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14.2 Homology invariance of the singular homology functor

Let (X,A), (Y,B) be the topological space pairs, J a local system on Y. A
continuous map f : X — Y induces a local system f*J on X, which is called the
pull-back of J by f.

Using the five-lemma, we obtain the following:

Lemma 14.2.1. Let f: (X, A) — (Y, B) be a continuous map, J a local system
onY. If f: X =Y and f|a: A — B are homotopy equivalences, then

fo i Ho(X, A; f*3) — Ho(Y, B;J)

is an isomorphism.

15 Comparison theory

15.1 The comparison theorem

Let (K, Ko) be a simplicial pair, (|K]|,|Ko|) a topological pair of (K, Ky). Giving
a singular local system £ = (£,¢) on |K|, there exists an induced simplicial local
system 0 £ = (0L, 0K&) on K defined by

(1) for any vertex a € Vi, (0x L) := £(q), and

(2) for any {a,b} € KM (0x&)pa := E(pa) : Liay = Ly, here ypq(t) :=[0,1] —
| K| is the curve in | K| defined by 4, (t) :=t{a) + (1 —t){b) (0 <t <1).

Definition 15.1.1. The chain map Ok : Co(K;0x L) — So(|K|; £) is defined by
K(Zu" c0) = Zﬂg -,

where for any o = {ag, a1, ...aq} € K, we define

q q
&:Aq—>|K‘, ZtiviHZtimi} t >0, th—l
=0 =0

and for any u € (0xL),, we define
U= u(ao) S E&(vo) = E<a0>.

For any g-simplex o of the subcomplex Ky of K, we can define the singular
g-simplex & : A7 — | K|, then 0 maps Co(Ko; 0k L) to Se(|Kol; £). Hence the
chain map 6 defined in Definition 15.1.1 induces a chain map

Ok : Co(K, Ko; 0k L) — So(| K|, | Kol; £)
and a homomorphism of C-vector space
Ok : Ho(K, Ko; 0k L) — Ho(| K|, |Kol; £).
Theorem 15.1.2. This homomorphism is an isomorphism of C-vector space.

Proof. Refer to the proof of the classical case where the local system is trivial.
Since we can prove this theorem in an almost similar manner, we omit it.
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15.2 Homology of the polyhedron

Let (X, A) be a polyhedral pair with underlying simplicial structure ((K, Ky), f),
£ a local system on X. Then we have an isomorphism

fe it Ho(IK|, [Kol; /7€) — Ho(X, A; ).
By Theorem 15.1.2, we have an isomorphism
Ok : Ho(K, Ko; 0k f*L) — Ho(|K|, |Kol; f*L).
Composing these isomorphisms, we obtain the following:
Proposition 15.2.1. There exists an isomorphism:
Ho(K, Ko; 0k f*£) ~ Hy (X, A; £).

Remark 15.2.2. Proposition 15.2.1 shows that if (X, A) is a polyhedral pair
(X, A) with underlying simplicial structure ((K, Ko), f), then the singular homol-
ogy of (X, A) is computed as the simplicial homology of (K, Ky).

16 External product for singular local systems

Let (X;,A;) (i =1,2,...,n) be the topological spaces with the local systems £;
on X;. Then the external product of (X1, A1;£1), (Xa,Ag; £2),...,(Xn, An; £1)
is defined as follows:

e X :=X; xXg X+ x Xy,
o Al .= X x oo x A; x - x X, A=A U AR U...u A",
e £=(£4) =L KLHK - - KL, =(£1,5) X (L2, )R- K (L,,&n),
e for each point p = (p1,p2,...,Pn) € X
Lp=L1p, @L2p, ® Ly,
e for each curve v : [0,1] — X with v(0) = p = (p1,p2,---,Pn), Y(1) = ¢ =
(q1,92, -y qn), we define
£(7) =6n) ®&(12) ©@ - @ &n(m) : £ — Lg.

The triple (X, A; £) is denoted by (X1, A1;£1) K- X (X, An; £5).
In particular, when
(X1, A L) = = (X, Ans £5),
we denote X;, A;, £; as X, A, £, respectively, and write
(X", N;H"8) = (X, A; &) K - K (X, A; £),

i
where N := 3" Nl for Nl = X x ---x Ax - x X (i=1,2,....,n).
The group &,, acts on the product space X™ by permutation of n points which
induces an action on N.
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Definition 16.1. The quotient space
X, =X"/6,

is called the (topological) configuration space of n points in X. N, := N/G,, is a
subspace of X,,.

17 Twisted singular homology of the configura-
tion space

17.1 Naturality of |- | with respect to a group action

Let (K, Ky) be a simplicial pair, G a finite group. G acts on K regularly. Let
m : K — K/G be the canonical simplicial projection, p : |K| — |K|/G the
canonical topological projection, respectively. Then we have the following:

Lemma 17.1.1. If G acts on K regularly, then there exists a homeomorphism
X : |K/G| = |K|/G such that the following diagram is commutative

|[K| —— |K]|

ol

K/G —— |K|/G

Proof.  See [3] p.117.

Similarly, in the case of simplicial pair, we have the following:

Lemma 17.1.2. Let Ky be a G-invariant subcomplex of K and G act on K
reqularly. Then
Xlixo/c) ¢ [ Ko/G| — |Kol/G

is a homeomorphism.

Proof. In fact, if Ky is G-invariant, a regular action of G on K implies that
on Ky. It follows that x| k,/q| is a homeomorphism.

Lemma 17.1.3. (1) For any simplicial complex K, we have
|K| = |SdK]|.

If a group G acts on K, then this homeomorphism is G-equivariant.
(2) For any ordered simplicial complex K,

K = [
is &, -equivariant.

Proof. See [7] Lemma 19.1.1 and Lemma 19.2.2.
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By Lemma 17.1.3, we can easily obtain the homeomorphisms ¢ and 1 as fol-
lows.
@ (|K], [Ko|) = (ISAK], [SdKo|),
e (K" M) = (K" |[M]])
where || M|| := U, ||K¥|| = U | K| x- - x| Koi| x. .. | K| and 9 is & ,-equivariant
homeomorphism. Note that the homeomorphism ¢ induces an &,,-equivarian

homeomorphism
¢ (SK™(,[SA*M]) = (|K™|,| M]).

17.2 Twisted relative singular homology of the configura-
tion space

Let X, Y be the topological spaces. For any continuous map f : X — Y, we define
fr X" =YY" by
fn(p17p27 7pn) = (f(p1)7 f(p?)v ) f(pn))

This map is &,,-equivariant. Hence it follows that we have a continuous map
fo=f"/6,: X, =X"/6,>Y"/6, =Y,.

Let (X, A) be a polyhedral pair with underlying structure ((K, Ko), f), (| K|, |Ko|)
the topological space pair of (K, Kg). Then f : |K| — X and f||k, : [Ko| = A
are homotopy equivalences. So the following lemma holds:

Lemma 17.2.1. Let f: (|K|,|Ko|) = (X, A) be as above. The homotopy equiv-
alences f : |K| — X and f||k,| : |Ko| = A induce the &, -equivariant homotopy
equivalences

fre KT = X"
and
Flon_ ki) - U | K1) — up Al
where the symbol || - || is same as in Section 17.1.

Here we use the following diagram of continuous maps:

IS2K"| —— [Sd®K"| —F— K" —Y K] L x7

b”scﬂkn\ lﬂ-sde" JT(\K"\ lﬂ'u{\n J/Trxn

|K,| —— |S*K"|/6, — |K"|/6, — |K|, —— X,
X »/Gn v/G, fn
where x is a homeomorphism obtained by Lemma 17.1.1. Hence, a continuous
map g : |K,| — X,, defined by

g:=Ifno(W/&n)o(p/G&n)ox

is a homotopy equivalence between |K,| and X,, and g|x/s,| @ [M/&,| — Np
is also a homotopy equivalence between |M/S,| and N,,. Hence we obtain the
following:
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Lemma 17.2.2. (X,,, N,,) is a polyhedral pair with underlying simplicial structure
(K, Mp), g).

Let £x, L£x, be the local systems on X, X,, respectively. We define the
simplicial local systems £x and £x, as follows:

Lr=0gof"Lx, Lk, =0k, 09" Lx,.
Put mx» : X" = X,,. f 7%, £x, = X"Lx, then
Taa2pen L0, = SA° K™ £
where 7§20 £k, SA’K™ — K, is the canonical projection (see [7] Lemma

21.3.2). We have the following main theorem.

Theorem 17.2.3. Let (X, A) be a polyhedral pair with underlying simplicial struc-
ture ((K, Ky), f). Let £x and £x, be singular local systems of C-vector spaces on
X, X,,, respectively. Assume that 7%.Lx, = W"Lx, where nxn : X" = X,, is
the canonical projection. Then

(1) there exists an isomorphism

Ho(Xn7 Nn; ’SX'n,) = H’(®nC°(K7 KO; SK))GH7

where £k is the simplicial local system of C-vector space on K defined by £x =
GK o f*SK
(2) Assume further that Hy(K, Ko; £x) =0 if ¢ # r, then

Hy(Xn,Nu; £x,) =0 qg#nr
and there exists an isomorphism

AH (K, Ko: &) (r: odd)

Hy, (X, Ny £ ~
nr(Xn, No; £, {@"HT(K,KO;SK) (r : even)

where the symbol © means the symmetric power and N means the exterior power.
Proof. By Lemma 17.2.2 and Proposition 15.2.2, we have
Ho(Xn; Nn; £Xn) =~ Ho(Kn» Mn; 'QK,L);

where £k, = 0k, 0 g*Lx,. By assumption we have W;d2Kn2Kn = Sd? X LK.
using Theorem 12.2.1, we obtain

Hy(Kp, My,; £k,) ~ Ho(2"Co(K, Ko; £))Cm.

Combining the isomorphisms above, we obtain the first assertion (1).
By virtue of Theorem 12.2.2, we obtain the second assertion (2). This completes
the proof of the theorem.
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