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Abstract. We consider a special map on a finite group. We give a congru-
ence of the cardinality of the inverse image of an element by the map. Also
if the cardinality of the inverse image of the identity element by the map is
greater than the order of the group, then the group is of even order. Also
we give a condition the group to be solvable using the map.

1 Introduction

In [1, 2], Bandman et al. constructed a sequence of words on a finite group with
two variables which gives a criterion for the group to be solvable. Similar sequences
are studied in [5]. With easy modification of some words in [1, 2], we will find the
following map over a finite group G:

fi: GxG — G

w w
(@y) — y ey e e e =y )Ty
where [a,b] = a~'b~tab and a® = b~ ab for a,b € G.

In this note, we will study a relation between the set of solutions of an equation

fl(x7y) =a

for a € G and structures of the finite group.
Foramap f: GXG — G and a € G, denote the set of solutions of the equation
f(z,y) = a, or the inverse image of a € G by f, by

Shla) ={(z,y) € Gx G| f(a,y) = a}.
Since f1(b,a™!) = a for a € G and b € Cg(a), we see that fi is surjective,

Sél (@) 2 {(bya™t) | b € Cg(a)} and |Sé1(a)\ > |Cg(a)]. First we will give a
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congruence of the number of solutions like a theorem of Frobenius as an application
of the method of Brauer [4]:

Theorem 1.1. Let G be a finite group. For any a € G,
IS2 (@) =0 (mod |Ca(a))).

Next we will focus on |Sél(1)|. As mentioned above, S(’;l(l) 2{(z,1) |z € G}
and |Sé1 (1)| > |G| for any finite group G. We will show the following:
Theorem 1.2. If |S£(1)| > |G|, then G is of even order.

After explaining how to get f; from [1, 2], we will consider a decomposition of
G x G by Sél (a) for a € G. We will prove the following as an application of a
result of [1, 2].

Theorem 1.3. Suppose that |Sé(a)| = |G| for any a € G, then G is solvable.

We mention that Theorem 1.3 is proved by using the classification theorem of
finite simple groups.

2 Congruence of the number of solutions

For a subgroup H of a group G, we say that g1, go € G are weakly equivalent
with respect to H if there exists h € H such that g; "hgy € H for any r € Z. We
denote by g1 g go if g1 is weakly equivalent to go with respect to H. For = € G,

set H, = ﬂ,«eZH“?T.
In [4], Brauer proved the following:

Proposition 2.1 ([4]). For a subgroup H of a group G and z € G,
(1) {9 G| ggw} ={h~tzkh |h € H,k € H,}, and

(2) Hg e G g~} =[H]

Proof. See the paragraph after Proposition 3 of [4] for (1) and Proposition 5
of [4] for (2).
For a,y € G, set Sé} (a,y) ={x € G| fi(z,y) = a}.

Proposition 2.2. \Sé} (a,y)| =0 (mod |Cg(a) N Cq(y)|) for a,y € G.

Proof. Suppose that Sél (a,y) # 0. Take x € Sél (a,y). Set H = Cg(a) N
Ca(y). Forb € G with b ~ T, there exists h € H and k € H,, such that b = h~'zkh
by Proposition 2.1 (1). Then

by 'o7t = (W lakh)y Y (A kT h) = (ay 27, and
b lyb = (R ke h)y(h akh) = h e ek e y(eka ™Y zh

= (a7 'ya)"
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since h,k € Cg(y) and xk~'z~! € H, C Cg(y). We have
by =071 b7 b = [ay e 2 gl = (ya)” = ya.
Thus b € Sél (a,y). This implies that Sél (a,y) is a union of some g—classes of G.

By Proposition 2.1 (2), we have the result.
Now we give a proof of Theorem 1.1.

Proof of Theorem 1.1. Take a set {y; | i =1,--- ,r} of representatives of Cg(a)-
conjugacy classes of G. Since |Sé;1 (a,y)| = |S(’;1(a,g’1yg)| for g € Cg(a), we
have

S5 = X 188 @)l = X o SEO st o)

yeG

- r \Sfl(a,yi)l
= |Cc(a)| ; |CG(5 NCa(y)|

By Proposition 2.2, we have the result. O

3 Solutions of fi(z,y) =1

In this section, we focus on \Sél (1)|. The following lemma is easy but fundamental.

Lemma 3.1. The following hold:
(1) file,y) = (1) ly,alve e,

—1 —1

(2) fi(z,y) = (y’l[:c,y][ﬁy])y [y,22%]z

Proof. Although it is just a direct calculation, it is somewhat tricky. So we
give a detailed calculation.
(1) We have

fl(xay) = y_l[xy_lx_lax_lyx]
=y Hayr )@y ) ey e (2 )
= (y taya )y &Py e ) (!

= @) ] = ()l ] D

zyx)

Lyl

(2) We have

fi(zy) =y Moy et
1

=y Nayz (@ ty ) (zy e (2 )
Lay) (2 2y aPy)y T (T e Py e

- v,z 2?2 - y,z2)z?!
= ([z,y)(y™ )" = ([, y) Yy~
= (yil[m,y] [12:y])y_1[y7w2]$_1

,a hya]

=ax(zty” !
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which is required.
We prove Theorem 1.2.

Proof of Theorem 1.2. Suppose that |Sé(1)\ > |G|. There exists (z,y) € G x G
with y # 1 such that fi(z,y) = 1. We have [y, x] = yz[x_l’y] by Lemma 3.1 (1),
and we have [y,z] = (y~1)¥*’] by Lemma 3.1 (2). This implies that y** ¥ =
(y‘l)[y"”Q], or equivalently,

yole Tl — -1

Set t = xlx~1,y][z%,y]. Then t € Ng({y)) \ Cg(y) and t* € Cg(y). Thus
|Nc({y))/Cqs(y)| is even and the result follows. O

The following is a restatement of Theorem 1.2
Corollary 3.2. If G is of odd order, then |Sél(1)| =1|G|.
Easy observation gives the following:
Proposition 3.3. If G is solvable, then |S£1(1)| =|G|.

Proof. Suppose that G is solvable and that there exists (x,y) € Sél(l) with
y # 1. Then y = [zy 'z~ 27 tyz]. Consider the derived series G = Gy D
G1 D Gy D+ DG, =1, where Gj41 = [G;,G;] for i = 0,--- ,r — 1. There
is j < rsuch that y € G; and y ¢ Gj;+1. Then zy~'z~! and 27 'yz € G; and
therefore y = [zy~'z~!, 27 'yx] € G411, a contradiction. This yields that y = 1
and SL (1) = {(z,1) | = € G}.

The following is a restatement of Proposition 3.3.

Corollary 3.4. If |S£1(1)| > |G|, then G is non-solvable.

Remark 3.5. There is a non-solvable group G such that |S£}(1)\ = |G|. For
example, let G = 2%.5L(2,5), a non-split extension. A direct calculation shows
that |S£1 (1)| = |G]. Thus the converse of Proposition 3.3 does not hold in general.

4 Some variations of f;

We define f; : G x G — G (j = 2,3,4) by

folz,y) = (1) [y, 2],
fs(@.y) = (yo) [y,a]® ), and
fa(z,y) =y~ [z, )Y,

Proposition 4.1. For any finite group G and a € G, \Sé"(a)| = \Sél (a)| for
i=2,3,4.
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Proof. By Lemma 3.1, we have |S£3 (a)| = |S£? (a)] = |S£.4 (a)]. Since

()™ = (=)™, [wy,z]=[y,z], and [zy,z" '] =[y,27"],

we have fa(x,zy) = f3(z,y). Thus we have |Sé2 (a)] = |Sé3 (a)].

Consider two maps f : G x G — G and f' : Gx G — G. Wesay f ~ fif
|Sé(a)| = \Sg(a)| for each finite group G and for any a € G. We have proved
fi ~ fo ~ f3 ~ fy by Proposition 4.1. Of course, there are many maps f with
f ~ fi. We have listed some of them which looks simple.

5 A theorem of Bandman et. al.

1

Define uy (x,y) = =2y 12 and inductively

Un1(2,y) = [pun(2,9) 2 yun(z,y) "ty

The following is proved in [1, 2]:

Theorem 5.1 ([1, 2, Theorem 1.1]). A finite group G is solvable if and only if
for some n the identity u,(z,y) =1 holds in G.

Note that a commutator is defined by [a,b] = aba=1b~! in [1, 2]. We rewrite
the definition of the sequence u,, by using our notation [a,b] = a~1b~1ab.

A non-abelian simple group is called minimal simple if all of its proper sub-
groups are solvable. Minimal simple groups are classified by Thompson [6].

Theorem 5.2 ([2, Theorem 1.2]). Let G be a minimal simple group. Then there
are x,y € G such that uy(z,y) # 1 and uy(z,y) = uz(x,y).

The following theorem is proved by using the classification theorem of finite
simple groups.

Theorem 5.3 ([3]). If G is a non-abelian simple group, then G contains a subgroup
which is a minimal simple group.

Combining Theorems 5.2 and 5.3, the following holds:

Corollary 5.4 ([2, Corollary 1.3]). Let G be a non-abelian simple group. Then
there are x,y € G such that ui(x,y) # 1 and ui(x,y) = uz(z,y).

Set z = yx. Then

ui(z,y) = x 'z 2, and

ug(z,y) = [z(z7 zx)z™t, (za (27 2) ) (227 ) 7Y = [2, 22 222?27

72271 2 -1 -2,,.2

=272z 2227 2z 222% 27 = (272222, 27,
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Thus the condition u;(z,y) # 1 is equivalent to z # 1 and the condition u; (z,y) =
us(z,y) is equivalent to
z =[xz a7t 27 2],
or equivalently fi(z,z) = 1.
In our situation, we can rewrite Corollary 5.4 as follows:

Corollary 5.5. If G is a non-abelian simple group, then |S£1(1)| > |G|.

6 A decomposition of G x ¢

We consider the decomposition of G x G by S'Cf; (a) for a € G. By using the
classification theorem of finite simple groups, we have Theorem 1.3

Proof of Theorem 1.3. Suppose that G is a counterexample of minimal possible
order. By Corollary 5.5, G is not a non-abelian simple group since |S£3 (D] =|G).
Take a minimal normal subgroup N of G. If N is a direct product of r-copies of
non-abelian simple group S for some r, then there exists (z,y) € S£1 (1) C Sé} (1)
with y # 1. This is not our case because \S'Cf; (1) = |G]. Thus N is an elementary
abelian subgroup.

For any a € G, [{(z,y) | fa(z,y) € aN}| = |G| x |N| because |S£3(an)| = |G|
for n € N. For (z,y) with fi(x,y) € aN and for any n,m € N, we see that
fi(zn,ym) € aN. This yields that

G| < N

[{(zN,yN) | fi(zN,yN) = aN}| = IN[x|N]|

=|G/N]|.
Thus |S/!

G/N(aN)\ = |G/N]| for any aN € G/N. Since G is a minimal counterexam-
ple, we have G/N is solvable. This implies that G is also solvable, a contradiction.

Remark 6.1. There is a solvable group G such that \Sél (a)| # |G| for some
a € G. The group 3% : SL(2,3) with trivial center is an example of smallest order.
The second smallest one is A4 ! Z>. Thus the converse of Theorem 1.3 does not
hold in general.
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