LOGARITHMIC TIME DECAY FOR THE CUBIC NONLINEAR
SCHRODINGER EQUATIONS
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1. INTRODUCTION

We study the Cauchy problem for the one dimensional cubic nonlinear Schrodinger
equation

(1.1) i+ FUze =N, TER, t>1,
u(lvx)ZUO(x)v 1’€R,

where N = A543 4 ul®u, 0 < |A| < V3. A more general cubic nonlinear
Schrédinger equation

g+ 2 = Aeud +wlullu, z €R, > 1,
'LL(L(E) ZUO(x)v T € Ra
where \,w,x € R, \,k # 0, can be reduced to (1.1) by changing the dependent

. 1 42z . A
variable u = 2¢*z "1, and replacing = by A.

2. PREvVIOUS WORKS

In the past works, it was studied the Cauchy problem for the cubic derivative
nonlinear Schrédinger equation

iy + %um =N
with a nonlinearity N decomposed in two parts N’ = N7 + N>, where
N = Arful®u+idg [u]? ug + idzu’T,
4+ |ugE|2 u + )\5ﬂui +i)Xg |ugE|2 Uy
satisfies a gauge invariance property Ni(eu) = e?? Ny (u) for all § € R and
No = Mulu, 4+ dguu? + \oud
AT Ty + A1 TU2 4 A\2T
FAgTuy + Mg Jul’ Ty
FA15UTa + Aol [ue|® + N7 o] Te
is not gauge invariant, the coefficients
A, AdERN €C2L5<5,7<5 <17
are such that

)\2—)\3,>\4—>\5€R.
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It was shown that if the initial data
up € H* nH>!
have a sufficiently small norm
[uollgs + lluollgz.1
then there exists a unique solution
ue C([1,00); H*NH>'),

where the weighted Sobolev space is
m k. m
H™* = {6 €8 [glgns = ||(@)" (0)"0|| | < oo}

with m, k € R, (x) = v/1+ 22. We denote H™ = H™°. Moreover it was obtained
that there exists a unique final state W, € L* such that the following asymptotics
is valid

w(te) = (it) 2 eSow, (5)
X exp (zA (%) ‘WJr (%) 2log t)
+0 (t—%—”)

for large time t uniformly with respect to z € R, where
A©) = A= (M2 = A3) € + (1 = X5) € = A€

and v € (0, %) . Here the logarithmic oscillation is due to a gauge invariant part
N1, whereas N> does not affect explicitly the asymptotic behavior.

The non gauge invariant cubic nonlinearities without derivatives of the unknown
function are more difficult to study. We first survey the final value problems. In a
work by [6], existence of the wave operator for

1
(2.1) tu + Eum = Mu® + oWu + \37°
was shown, where \; € C, j =1, 2, 3. More precisely, if the final state

Uy € HO’3 n I:I74
and the norm
vt llego.s =+l [lgg-a

is sufficiently small, then there exists a unique global solution u € C ([1, 00); L2)
of (2.1) such that

(2.2) lim Hu (t) — e%aim‘

t—o0

= 0’
L2

where the homogeneous Sobolev space is

H™ = {u €S ullgm = H(—@g)? uHLz < oo} :
This result was improved by [5] after the works by [7] and [4] as follows. If the final
state

Uy S Ho’a n I:I_a
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with o > % and the norm

et g0, + [[utllgg-a

is sufficiently small, then there exists a unique global solution u € C ([1, 00); L2)
of (2.1) such that (2.2) holds. Note that the vanishing condition at the origin for
the final data @y (0) = 0 was assumed in these works. Here the Fourier transform
is defined by

f¢=$(§) = \/LQ—F/ReM(b(x) dz.

It seems that if the vanishing condition for the final data is not satisfied, then the
asymptotic behavior of solutions of (2.1) is different from that of the free solution.
We note that if ¢ € H*? and a(O) =0, then g e H"2NH > for0 <o <1+ 5
with n =1, 2.
Global existence and asymptotic behavior of solutions to the Cauchy problem
for (2.1)

1
uy + §um = \u?

was studied by [3] and global existence of small solutions was shown in the case of
the initial data vy € H* N H%® with o > % More precisely, if vy € H® N H%®
with a > % and the argument and amplitude conditions

— ™ . — 5
sup |argug (§)] < =, inf |ug(§)| > e
sup farg 5 (6)] < . i, (75 (€)

are satisfied, then there exists a unique solution u € C ([1, o0); H*N HO’Q) of the
Cauchy problem of the above problem. Moreover the asymptotics

@) "* [ (3)|exp (457)

B 0y )"
(1+ 75 log e

b\
1
+0O [t 2 | log 5

L+ %

is valid as ¢t — oo uniformly with respect to € R, where v > 0 is small. Asymp-
totics (2.3) implies that the following time decay estimate for solutions is fulfilled

(2.3) u(t, x)

[SIE

sup |u(t,z)| < Cet™% (1+¢e*logt)
lz|< Vit
Thus solutions obtain a more rapid time decay in the short-range region |z| < Vi
comparing with the linear case. If we assume a more strong condition such that
the data ug € H2 N H%? are odd functions, then it was shown by [2] that solutions
of

1
1uy + §ux_7‘ = /\1u3 + )\QEQU + )\3E3

are asymptotically free.
We note that the gauge invariant term |u|2 u was not included in the previous
works. Our purpose is to investigate the influence of the resonance term |u\2 U on
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the large time asymptotic behavior of solutions of nonresonance equation (2.1) with
Ao = A3 =0.

3. MAIN RESULT

Our main result is the following. Denote v (£) = ie =2 ug (£) , wo (£) = vy (&) +
¢ (&) vg (€), and

o) = \2/—)%6%52 /05 (e%WZ — \/563%"2) dn.

Theorem 3.1. Let 0 < |\ < V3. Let the initial data vy € H? and the norm
lvollpe <€ and ||lwollzn < €*, where € > 0 is sufficiently small. Also suppose that

(3.1) vo (0)] =9,

where § = e with small v > 0. Then there exists a unique solution u € C ([1, 00); L2)
of the Cauchy problem (1.1). Moreover the time decay estimates

_1
to< sup Ju(t, o)
|:1:\§\/f

Clét_% (1 + et log t)

1
1

< Cyet™2 (1+ 6" logt)
and

sup |u (t,x)] < Cet™ 7
x| >Vt

are valid for large t.

We do not know the last estimate is sharp or not. The estimate

sup |u (t, z)| ~ Cet™2
|z|>t

is true.

Remark 3.1. For example, we can choose the initial data as follows wg € =
—ie38 v (€) and
]

vo (§) = .
\/1 +262 [ ¢ (n) dn + €126

Then

satisfies the estimate

< 036 < .

[[wo g2 < Ce® H (1+ 61252)—1’

L2

Remark 3.2. Condition|vy (0)| > & of Theorem 3.1 excludes the vanishing condi-
tion at the origin for the final data Uy (0) = 0, which was assumed in papers [6],
(7], [4], [5]. The condition 0 < |\| < /3 is essential, since we believe that the
asymptotic behavior is different for the case of |\| > /3.
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